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PREFACE 



The present volume consists of the second half of the second 
volume of the French edition of Goursat's " Cours d'Analyse 
Mathematique." As was stated in the preface to the first half 
of this volume, it seemed best, for purposes of American schools, 
to issue these two parts separately, and this was done with the 
approval of Professor Goursat. 

It is hoped that the present volume, which is entitled " Differen- 
tial Equations," will prove serviceable in American universities 
for courses which bear that name. 

E. R. HEDRICK 
OTTO DUNKEL 
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DIFFEKENTIAL EQUATIONS 



CHAPTER I 
ELEMENTARY METHODS OF INTEGRATION 

I. FORMATION OF DIFFERENTIAL EQUATIONS 

1. Elimination of constants. Let us consider a family of plane 
curves represented by the equation 

(1) F(x, y, c v c 2 , • • c n )= 0, 

which depends upon n arbitrary constants. If we assign to these con- 
stants definite but arbitrarily chosen values, the successive derivatives 
of the function y of the variable x defined by the preceding equation 
are furnished by the relations 

^ dF , a 

dx dy * 



(2) 



d*F , . d*F . 3 2 F , 2 dF 

&c 2 dxdy u Cy> v dy J 9 



d n F dF 

~— 1 L — = 0. 

0a» ^ dy V 



If we stop with the equation for calculating the derivative of the 
wth order, we shall have in all (n + 1) relations between x, y, y\ y", 
. . •, y (n) and the constants c v c 2 , • • •, c n . The elimination of these n 
constants leads in general to a single relation between x, y,y', • • •, ?/ (n) , 

(3) ®(x,y^j',y",-',y (n} )=o. 

From the very way in which the equation (3) is derived it is clear that 
every function defined by the relation (1) satisfies this equation (3), 
whatever may be the values assigned to the constants c { ; hence 
we say that any such function is a particular integral of the differ- 
ential equation (3). The whole set of these particular integrals is 
the general integral of the same equation. Using geometric language 
for convenience, we shall also say that every curve represented by 

3 
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the equation (1) is an integral curve of the equation (3), or that the 
equation (3) is the differential equation of the given family of 
curves (1). 

We see that the order of the differential equation is equal to the 
number of arbitrary constants upon which that family of curves de- 
pends. It is also clear that the reasoning does not at all prove that 
the equation (3) has no other integrals than those which are repre- 
sented by the equation (1). In fact, the equation (3) may have other 
integrals, as we shall see presently. 

The above statements do not apply to the exceptional cases in which the 
elimination of the n parameters c t - between the (n + 1) relations (1) and (2) leads 
to several distinct relations between x, y, y', y", • • • , ?/ (n) - We could in those 
cases find one relation not containing y(*\ so that the family of curves con- 
sidered would be the integral curves of a differential equation of an order less 
than n. This will occur if these curves depend in reality upon only n — p 
parameters (p>0). For example, the curves represented by the equation 
F[x, y, </>(a, &)] = apparently depend upon two arbitrary parameters a and b ; 
in reality they depend upon only a single parameter c = <f> (a, b) . There is also 
another way in which the lowering of the order of the differential equation may 
occur. For example, the curves represented by the equation y 2 = 2 axy + bx 2 
really depend upon the two independent parameters a and 6, yet these curves 
always satisfy the equation y = xy'. This is because the preceding equation 
represents two straight lines through the origin, each of which is an integral 
curve of the equation y = xy'. 

Examples. The straight lines passing through a fixed point (a, b) are repre- 
sented by the equation 

(4) y -b=C(x-a) 

and depend upon an arbitrary parameter C. The elimination of this parameter 
between the preceding relation and the relation y' = C leads immediately to 
the differential equation of this system of straight lines : 

(5) y—b = y'(x — a). 

Conversely, we can write equation (5) in the form 

y' = 1 ^ 
y — b x — a 

and therefore every integral of that equation satisfies the relation 
Log (y - b) = Log (x - a) + Log C, 

which is equivalent to the equation (4). 

The set of all straight lines in a plane, y = G x x -f (7 2 , form a two-parameter 
family whose differential equation is y" = 0. The converse is self-evident. 

The circles in a plane 



(6) 



x 2 + y 1 + 2 Ax + 2 By + C = 
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form a three-parameter family ; the corresponding differential equation must 
therefore be of the third order. Differentiating the preceding relation three 
times, we find 

(7) x + yy' + A + By' = 0, 1 + y' 2 + yy" + By" = 0, 

3y'y" + yy'" + ■»/" = <>. 

The elimination of J5 between the last two equations leads to the desired equation 

(8) y"'(l+y' 2 )-Sy'y" 2 = 0. 

The only plane curves satisfying this relation are circles and straight lines. 
We see first of all that any straight line is an integral curve, for the equation 
is satisfied if we have y" = and therefore y'" = 0. Now let us suppose that 
y" ; then we can write the equation (8) in the form 

y'" = 3y'y" ^ 
y" l + y' 2 ' 

from which we derive 

Log y" = ? Log (1 + y' 2 ) + Log C v 
A 

where C x is a constant different from zero. This result may be written in the form 



(1 + 2/ /2 )2 

A second integration gives 



Vi + y 



v-- 



Vi-(c 1 *+ c 2 )2 

integrating once more, there results finally 



C 8 =-Vl-(C 1 x+ C 2 )2, 

which is the equation of a circle. 

The differential equation of all conies may be found easily by the following 
method, which is due to Halphen. If the conic has no asymptote parallel to 
the y-axis, its equation solved with respect to y is of the form 



y = mx + n + VAx 2 + 2 Bx + G. 
After two differentiations we find 

AC- B 2 



V =- 

(Ax 2 + 2 Bx + C)4 

or 

(?/")- 1 = C - J3*)- 1 (^lx 2 + 2Bx+C), 

so that (z/' 7 ) -3 / 2 is a trinomial of the second degree in x. Hence, to eliminate 
the three constants A, J5, C three differentiations are sufficient, and the desired 
differential equation can be written in the abridged form 

!>">-*] =o. 
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Carrying out the differentiations, we obtain the equation 

(9) 40 y'" s - 45 y"y"' + 9 y" 2 y* = 0. 

The differential equation of parabolas may be found by the same method. 
We have, in fact, for a parabola A = 0, and (?/')- 2/3 is a binomial of the first 
degree. The differential equation is, therefore, in an abridged form, 

!>->-*] =<>, 

or, after carrying out the indicated differentiations, 

(10) 5y"' 2 -3y"y™ = 0. 



II. EQUATIONS OF THE FIRST ORDER 

Every differential equation of the nth order, formed by the elimi- 
nation of the constants, has an infinite number of integrals that 
depend upon n arbitrary parameters. But it is by no means evident 
that a differential equation given a priori has any integrals. This 
involves a fundamental question to which we shall return in the 
following chapter. We shall first consider some simple types of 
differential equations of the first order whose integration can be 
effected by quadratures. The existence of the integrals will be 
established by the very method by which we obtain them. If this 
order of procedure seems subject to criticism from the point of 
view of pure logic, we may at least observe that it conforms to the 
historical development of the subject. 

2. Separation of the variables. The simplest type of differential 
equation is the equation already studied, 

where f(x) is a continuous function if the variable x is real, or an 
analytic function if we regard the independent variable x as com- 
plex. We have seen that that equation has an infinite number of 
integrals which can be represented by the relation 



f(x) dx + C, 



where the lower limit x Q is considered as fixed, and where C denotes 
an arbitrary constant. The equation 

( 12 ) S = <Ky) 
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I, §2] EQUATIONS OF THE FIRST ORDER, 7 

reduces to the preceding by considering y as the independent vari- 
able and x as the unknown function. The equation may then be 
written in the form dx/dy = l/<f>(y), and consequently 

In general, when a differential equation is solved with respect to 
the derivative of the unknown function, it is often convenient to 
write it in the differential notation, 

(13) P (x, y)dx + Q (x, y) dy = 0. 

This form does not commit us in any way as to the choice of the 
independent variable, which may be either x or y. If we wish to 
substitute for x and y new variables u and v, we need only replace 
x, y, dx, dy in the equation (13) by their corresponding expressions 
in terms of u, v, du, dv. Let us also notice that we may, without 
changing the integrals of the equation (13), multiply or divide both 
its terms by the same function of x and y, /jl(x, y), provided that we 
take account of the solutions of the equation \x (x, y) = which may 
be made to appear or may be suppressed by the operation. The two 
cases which we have just treated are particular cases under a more 
general method, called the separation of variables. If a differential 
equation of the first order is of the form 

(14) Xdx + Ydy = 0, 

where X and Y depend only upon x and y respectively, we say that 
the variables are separated. The equation is then integrable by quad- 
ratures, for if we put 




the equation can be written in the form dU = 0, and the general 
integral is represented by the relation U = C. 
The equation 

(15) XY 1 dx+ X ± Ydy = 0, 

where X and X l depend only upon x, and where Y and F 1 depend 
only upon y, can be reduced to the preceding form by dividing the 
two terms by X X Y V It should be noticed that in this example the 
solutions of the two equations, X = 0, Y 1 = 0, are suppressed. Indeed, 
it is clear that if y = b is a root of the equation Y x = 0, y = b is an 
integral of the proposed equation, while in general it will not be 
included in the general integral of the new equation. 
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3. Homogeneous equations. A differential equation of the first order 
is said to be homogeneous if it can be written in the form 

where the right-hand side is a homogeneous function of degree zero. 
It can be reduced to an integrable form by putting y = ux, where 
the new variables are x and u. This substitution gives 

dy , du 
~T = u + x — > 

dx ax 

and the equation (16) becomes 

du , 

We can now separate the variables by writing the equation in the 
form 

dx _ du 
x f( u ) — u 

and the general integral is obtained by one quadrature in the form 

r du 

(17) x = Ce Jf ^- u . 

We have only to replace in it ubjy/x in order to obtain the equation 
of the integral curves. 

The general equation of that family of curves is of the form 
x = C<j>(y/x), where C is an arbitrary constant. These curves are 
all similar to any one of them, with the origin as center of simili- 
tude, the ratio of similitude being alone variable ; for we can derive 
the preceding equation from the equation x = <j> (y/x) by replacing 
x and y in it by x/C and y/C respectively. Conversely, given a 
family of curves similar to each other with respect to the origin, the 
corresponding differential equation of the first order is homogeneous. 
We can verify this by actual calculation, but the result is evident 
a priori, for the tangents to the different curves of that family at 
the points of intersection with a straight line through the origin 
must be parallel, and therefore the slope of the tangent y' depends 
only on the ratio y/x. 

We can reduce to the homogeneous form any equation of the type 



n Z\ %L = f f ax + by + c \ 

^ dx J \a'x + b'y + e7 
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where a, b, c, a', b', c' are any constants, except that b and b' are not 
both zero. In order that this equation be of the desired form, it is 
sufficient that c = c' = 0. Now, if we put 

x = X+a, y = Y + p, 

where X and Y are the new variables and where a and ft are any 
two constants, the given equation becomes 

dY _ / aX + bY+ aa + bp + c \ 
dX~~^ \a'X + b'Y+ a'a + b'p + c'J 9 

and this new equation will be homogeneous if 

aa + bp+c = 9 a'a + b'p + c' = 0. 

These two conditions determine a and p if ab' — a'b is not zero. 
In the particular case in which ab' — a'b = 0, suppose b 4= ; we 
shall have a'x + b'y = &(<x# + fo/), where & is a constant which has 
a finite value. Putting ax -\-by = u, the equation takes the form 



1 du __a ( u c\ 
1) dx~l> * \ku + c'/' 

in which the variables are separated. 



4. Linear equations. A linear differential equation of the first 
order is of the form 

(19) ^+Xy + X 1 = 0, 

where X and X 1 are functions of x. If X 1 = 0, we can write this 
equation in the form 

(20) i3L + xdx = 0, 

y 

and the general integral is obtained by one quadrature in the form 

™v - [ x xdx 

(21) y = Ce Jx ° . 

In order to integrate the complete equation (19), where X is 
supposed different from zero, we shall try to satisfy that equation 
by taking for y an expression of the form (21), considering C no 
longer as a constant but as an unknown function of x. This 
amounts to making the change of variable y = Yz, where z is the 
new function to be determined and Y any one of the integrals 
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of the equation (20). After this substitution, the equation (19), 
by virtue of the relation (20) which Y satisfies, takes the form 

which is integrable by one quadrature. We derive from it 

where C is an arbitrary constant. The general integral of the 
equation (19) is therefore obtainable by two successive quadratures. 
Replacing Y by its value, we can again write it in the form 



(22) y^e-^(c-jx^ xdx d x y 



where the lower limits in the two integrals are chosen at pleasure. 

The general integral is an integral linear function of the constant 
of integration of the form y = Cf(x) + <f>(x), where f(x) and 4>(x) 
are definite functions of x. This property characterizes the linear 
equation, for if we eliminate the constant C between the preceding 
equation and the equation 

y' = Cf(x)+4>\x), 

we are evidently led to a relation that is linear in y and y\ 

This result may be stated in another way. Let y v y 2 , y s be three 
particular integrals of the linear equation, corresponding to the 
values C v C 2 , C s of the constant C ; the elimination of the two func- 
tions /(sc) and (j>(x) between the three relations, 

Vx = CJ(x) + <f> (x), y 2 = C 2 f(x) + (z), y s = CJ(x) + (s), 

leads to the relation (y z - y,)/(y, - Vl ) = (C, - CJ/(C 2 - CJ, which 
shows that the ratio (y s - y^)/{y 2 - y^ is constant for any three 
particular integrals of a linear equation. If we know two particular 
integrals y v y 2 of a linear equation, we can then write down imme- 
diately the general integral in the form 

— — — const. 



% - Vi 

It is also to be noticed that if we know a single particular inte- 
gral y v the general integral can be obtained by a single quadrature ; 
in fact, putting y = y 1 + u,we are led to the equation du/ dx + Xu = 0, 
which is identical with the equation (20). 
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5. Bernoulli's equation. Bernoulli's equation 

(23) ?M + Xy + Xiir =o, 

where the exponent n may be any number different from zero and 
from unity, can be reduced to a linear equation by the substitution 
z — y x ~ n ' For then we can write the preceding equation, after 
dividing all its terms by y n , in the form 

1 dz 

- — + Xz + X 1 = 0. 

1 — n dx 1 

We can reduce to the preceding type any equation of the form 

(24) <f> (^j dx + xjf{^j dy + kx m (xdy — ydx) = 0, 

where k and m are any two numbers whatever. For if we put 
y = ux, the equation obtained can be written as follows : 

dx 

{^(u)+u^(u)'] — + x\j/(ii) + Jcx m + 2 = 0, 
and, putting z = x~ (m + 1} , we are led to a linear equation. 



6. Jacobi's equation. Let us consider the equation 

(25) f( a + a ' x + a "y) ( xd v - V dx ) 

{ ' \ -(b+b'x + b"y)dy + (c + c'x + c"y)dx = 0, 

where a, a', a", 6, b', b", c, c', c" are any constant coefficients. If a = b = c = 0, 
the equation comes under type (24), for we have only to divide by a'x + a"y to 
reduce it to this type. In order to reduce the general case to this particular 
case, let us put x = X + or, y = Y + p, where X and Y are two new variables 
and where a and p are two constants. Thus we obtain a new equation of the 
same form, which can be written as follows : 

Ua'X + a"Y) (XdY- YdX) 
(250 \ -[B + b'X+b"Y-(A + a'X+a"Y)a-AX]dY 

[ + [G + c'X + c"Y- {A + a'X + a"Y)p- AY] dX = 0, 

where 

A = a + a'a + a"p, B = b + b'a + b"p, C = c + c'a + c"p. 

This equation (25') will be of the type (24) if we have Aa - B = 0, Ap - C = 0. 
We are then led to determine the constants a, p by these two conditions, which 
may be written in a more symmetric form by introducing an auxiliary un- 
known X : 

A - X = 0, B - \a = 0, C - \p = 0. 



12 



ELEMENTARY METHODS OF INTEGRATION [I, § 6 



The elimination of the unknowns a, p leads to an auxiliary equation of the 
third degree for the determination of X : 



a — X a' a" 
b V - X 6" 

c c' c" — X 



:0. 



The integration of Jacobi's equation depends, then, first of all on the solution 
of this equation of the third degree, as will be seen by other methods a little 
later. 

7. Riccati's equation. Eiccati' s equation 

(26) g + ^ + A> + X 2 =0, 

where X, X v X 2 are functions of x, cannot in general be integrated 
by quadratures. The integrals of this equation, when the coefficients 
are unrestricted, form new transcendental functions, whose proper- 
ties we shall study. But this equation is related to the matter which 
we are discussing on account of the following property: If we 
know a particular integral, we can find the general integral by two 
quadratures. 

Let y 1 be a particular integral. The change of variable y = y 1 + z 
leads to an equation of the same form which does not contain any 
term independent of z, since z = must be an integral ; that equa- 
tion is, in fact, 

(27) ^+(X 1 + 2X y Jz+X* = 0, 

and we have only to put u = l/z in order to transform it into a 
linear equation. This proves the proposition just stated. 

From this result, several important consequences follow. The 
general integral of the linear equation in u is of the form (§ 4) 

u=Cf(x)+4>(xy, 

hence the general integral of the Eiccati equation is of the form 

1 _ Cf(x)-\-^(x) 

(28) y - y x + cf( ^ + ^ (x) cf(x) + ^ {x) • 

We see that it is a rational function of the first degree in the constant 
of integration. Conversely, every differential equation of the first 
order which has this property is a Eiccati equation. Tor, let /(»), 
<f>(x), fix), <t> x (x) be any four functions of x\ all the functions y 
represented by the expression (28), where C is an arbitrary con- 
stant, are integrals of an equation of the first order, which is easily 
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obtained by solving the equation (28) for C and then taking the 
derivative. This gives 

c = <t>i-y<t> j 

Vf-fx ' 

and the corresponding differential equation is 

(yf-fd - 4>y' -y<t>')- (<k - y<t>) (y'f + yf -A) = o, 

which is of precisely the form (26). 

Let y v y 2 , y z , y^ be four particular integrals corresponding to the 
values C v C 2 , C g , C 4 of the constant C. By the theory of the anhar- 
monic ratio we have the relation 

2/4 - 1h . Vz - ?A ^C^-C\ g C s -C^ 

y*-y* ' Vz-v* c ^~ c 2 ' c z~ c * 

which is easily verified also by direct calculation, and which proves 
that the anharmonic ratio of any four particular integrals of Hiccati's 
equation is constant. 

This theorem enables us to find without any quadrature the gen- 
eral integral of a Riccati equation when we know three of its partic- 
ular integrals y v y 2 , y r Every other integral y must be such that 
the anharmonic ratio (y - yj/(y - y 2 ) - ( % - y^/(y 9 - y 2 ) is con- 
stant. The general integral is then obtained by equating this ratio to 
an arbitrary constant. It is clear that y will be a rational function 
of the first degree in this constant, which proves that the preceding 
property belongs only to the Riccati equations. 

Let us observe that if we know only two particular integrals, y x 
and y 2 , we can complete the integration by one quadrature; for, 
after the first transformation y = y x -\- z, the equation obtained in z 
has the integral y 2 — y v The linear equation in u has therefore the 
known particular integral l/(y 2 — y^). The general integral of the 
equation in u will then be found by a single quadrature. # 

Application. Let us consider a family of circles in a plane, which depends 
upon one variable parameter. Let (a, b) be the coordinates of the center of the 
variable circle and let B be its radius (the axes being rectangular) . We shall 



* The properties of Riccati's equation established in the text can be derived also 
by observing that the equation is not changed in form by any general linear trans- 
formation y = (fz + <p) z + 0i) , where/, / t , 0, <p t are functions of x. If we know 
one, two, or three integrals of the equation (26), we can always choose the linear 
transformation in such a way that, in the transformed equation in z, one, two, or 
three of the coefficients of the polynomial of the second degree in z will be zero. A 
linear equation may be regarded as a Riccati equation which is satisfied by the 
particular integral ?/= oo, that is, such that the equation obtained by putting y = l/z 
has the solution z=0. 
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suppose that a, 6, B are known functions of a variable parameter a. Let us try 
to find the curves which cut each of these circles at a known angle F, which 
may be constant or a given function of a. The coordinates of any point M of 
the circle C with the center (a, b) and the radius B can be represented by the 
equations 

x = a + B cos 0, y - b + B sin 0, 

where is the angle which the radius terminating at the point M makes with 
the direction Ox. The problem reduces to the determination of the angle 6 as a 
function of the parameter a, so that the curve described by the point M cuts the 
circle G at the angle V. The differential equation of the problem is therefore 

^-tan* 
dx 

ctn V = 



1+ tsmO — 
dx 



which becomes, after replacing dx and dy by their values and reducing, 

B— + b'cosO- a' sine - ctn V(B' + a 7 cos + &' sin 0) = 0, 

da: 

where a', b', B' are the derivatives of a, 6, B with respect to a. Taking for the 
new unknown t - tan (0/2), we obtain the Riccati equation 

(29) 2B—+ b'(l -t2)-2 a't - ctn V [B'(l + i 2 ) + a' (1 - t 2 ) + 2 &'£] = 0. 
do- 
lt will suffice, then, to know a single trajectory in order to obtain all the others 
by two quadratures. 

Let us consider the particular case of orthogonal trajectories ; the angle V is 
then a right angle, and the cotangent is zero. If we also suppose that the circles 
considered have their centers on a straight line, we know a priori two particular 
integrals of the equation (29), for the line of the centers is an orthogonal tra- 
jectory and meets each circle in two points. It is easily shown that the inte- 
gration requires only one quadrature, for if we take the x-axis for the line of 
centers, the equation (29) reduces to B (dt/dx) — a't — 0. 

8. Equations not solved for y'. In the different cases which we 
have just examined the equation was supposed to be solved with 
respect to y\ Let us now consider the general equation of the first 
order F(x, y, y')= 0. Let S be the surface represented by the equa- 
tion F(x, y, z) = 0, obtained by replacing y' by s. To every integral 
y =f(x) of the proposed equation there corresponds a curve T, rep- 
resented by the relations 

(T) y 

which lies entirely on the surface S, since we have 
Fl*> /(*),/'(*)] = <>. 
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But this curve T is not any curve on the surface S ; along this curve, 
in fact, y and z are functions of x satisfying the relation dy — zdx = 0, 
and that relation preserves the same form if we take any independ- 
ent variable in place of x. 

Conversely, let T be a curve lying on the surface 5; the coordi- 
nates x, y, z of a point of that curve are functions of a variable a. 
If these three functions, x = ^(V), y = <£ 2 ( a )> z = < t > s( a )} sa tisfy the 
relation dy = zdx, we can deduce from them an integral of the given 
equation ; for the first two relations, x = ^(a), y = <t> 2 (a), represent 
a plane curve C. Let y = f(x) be the equation of that curve, suppos- 
ing it solved for y. Along the entire curve T we have z —f(x), and 
consequently F[x,f(x), /'(#)] = ; the curve C is therefore an inte- 
gral curve. There would be an exception only in case the curve C 
were to reduce to a point, and the curve T to a straight line parallel 
to Oz. The two problems are then equivalent : to integrate the given 
equation F(x, y, y')= or to find the curves of the surface £ for 
which we have 

dy — z dx = 0. 

This being the case, let us suppose that we can express the coor- 
dinates of a point x, y, z of the surface S explicitly as functions of 
two variable parameters u, v : 

x=f(u, v), y = <l>(u,v), z = if/(u,v). 

Every curve T of the surface S is obtained by establishing a certain 
relation between u and v, and, in order that that curve shall define 
an integral, it is necessary and sufficient that we have dy = z dx, or 

ad> 7 , a<^> 7 , jdf 7 , df \ 

du + — dv = mu. v) tt~ du + tt~ dv ) • 
cu cv v 7 \cu cv / 

We have thus a differential equation dv/du = tt(u, v), solved with 
respect to dv/du. It is clear that the preceding discussion applies 
also to equations which can be solved for y'. 

This transformation is immediate for the equations solved for one 
of the variables x or y. For example, let the equation be 

(30) y=f(x,y'); 

we can here take for the variable parameters x and y 1 = p. The sur- 
face S is then represented by the equations 



x = x, z=p, y=f(x,p), 
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and the relation dy = zdx becomes 

0/ + d f d P 

(31) 

^ dx dp dx 

This result could have been obtained directly by differentiating the 
relation (30) and replacing y' hyp. Let^p = </>(x, C) be the general 
integral' of the equation (31) ; to deduce from it the general integral 
of the equation (30), it will only be necessary to replace y' in the 
equation (30) by <f>(x, C). 

9. Lagrange's equation. Let us consider in particular an equation 
linear in the two variables x and y : 

(32) y = x^y 1 ) + t(y'). 

Differentiating the two sides, and denoting y' by p, we obtain the 
equation , , 

p = m + x*Xp)^ + +Xl>)-£- 

If we consider p as the independent variable, and x as the unknown 
function, that equation, which can be written in the form 

WOO-*] J + + = 

is linear and is integrable by two quadratures. Having obtained x 
as a function of p, by putting that value of x in the expression 

y = x<t>(jp) + f(j>), 
we shall have the coordinates x and y expressed as functions of the 
parameter^ and of an arbitrary constant. * 

We can readily discuss the general appearance of the family of integral 
curves by observing that x and y are polynomials of the first degree in the 
arbitrary constant G : 

(33) a>= CT(p) + *(p), y = CF 1 (p) + ^ 1 (p). 

But the functions F(p), F x (p), ^(p) are not arbitrary functions, since 

the parameter p represents the slope dy/dx of the tangent. On this account 
we must have F{(p) = pF'(p), *[(p) = p&(p). Let r , l\ be two particular 
integrals corresponding to the values C = 0, C = 1 of the constant : 



r 



, Jx = <t>(p), (x 1 =F(p) + *(p), 

°\vo = 1 L2/i = F i(P) + *iCP)- 



* The equation (32) can also be reduced to a linear equation by means of Legendre's 
transformation (I, § 62, 2d ed. ; § 36, 1st ed.). 

A homogeneous equation of the form y = x<f>(i/), not solved for if, may be consid- 
ered as a particular case of Lagrange's equation and integrated in the same way. 
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The equations (33), which represent any integral r, may be written also in 
the form 

T fx = C(x 1 -x ) + z , 
\v = C{y 1 -y ) + y . 

At the points M (x , y ), M x (x^ yj, M(x, y) of the curves r , I\, r, which 
correspond to the same value of p, the tangents to these curves are parallel. 
Moreover, we derive from the preceding expressions 

y-y = x-x = C 
y-y x x-x 1 C —l' 

which proves that the three points M, M , M 1 are on a straight line and that 
the ratio MM /MM 1 is constant. We have then the following geometric 
construction : Given the two curves T , T v we join the points M , M x of these 
two curves where the tangents are parallel, and we take on the straight line joining 
these points the point M such that the ratio MM /MM X will be equal to a given 
constant K. If the points M , M x describe the curves r , T v the point M describes 
an integral curve r, and we obtain the general integral by varying the constant K. 

10. Clairaut' s equation. A remarkable particular case of Lagrange's 
equation had been treated previously by Clairaut ; every equation of 
the form 

(34) y^xy'+fty 1 ) 

is called a Clairaut equation. Following the general method, we 
differentiate the two sides and put p = y 1 ; this leads to the equation 

(35) [x+/ '( i , )] g=0. 

This equation is satisfied by putting dp/dx = ; whence p = C. The 
general integral of Clairaut's equation is, then, 

(36) y = Caj+/(C). 

This equation represents a family of straight lines, and it is readily 
seen that they are really integral curves. But the equation (35) is 
also satisfied by causing the first factor x + f'(p) to vanish. From 
this it follows that there exists a new integral of the equation (34), 
which is represented by the two equations 

x + f(p) =°> y=px+ f(p). 
Now the elimination of p between these two equations would lead 
precisely to the envelope of the straight lines represented by the 
equation (36). Hence Clairaut's equation has also as an integral 
curve the envelope of the straight lines which represent the general 
integral. Since we cannot obtain this integral by giving a particular 
value to the constant C 7 we say that it is & singular integral. 
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We are led to Clairaut's equation when we undertake to determine a plane 
curve by a property of its tangents in which the point of contact does not enter. 
In fact, let y =f(x) be the equation of the desired curve ; then the equation of 
the tangent is Y= y'X + y — xy\ and we are led to a relation between y' and 
y _ X y', that is, to Clairaut's equation. It is clear that in this case it is the 
singular integral which gives the real solution of the problem. 

Let us propose, for example, to find a curve such that the product of the dis- 
tances from two fixed points F, F' to any one of its tangents is always equal to a 
constant b 2 . Let 2 c be the distance FF', let the middle point of the segment 
FF' be taken for the origin, and let the straight line FF' be the x-axis. This 
leads to the differential equation 

(y-xy'f-c 2 y' 2 = b*(l + y' 2 ) 

if we suppose that the two points F, F' lie on the sa me side of the tangent. This 
equation reduces to the form y = xy' ± V& 2 + a 2 y' 2 ; hence the general integral 
represents the family of straight lines 

y = Cx±Vb 2 + a 2 C 2 , a 2 = b 2 + c 2 . 
The singular integral curve, the envelope of these straight lines, is the ellipse 



which is the true solution of the problem. 

11. Integration of the equations F(x, = 0, F(y> y f ) = 0. The 

equations which contain only one of the variables x or y are inte- 
grate by a quadrature, provided that we can solve the equation for 
y' (§ 2). If the equation is algebraic, y is an Abelian integral or 
the inverse function of an Abelian integral. Whenever the relation 
is of deficiency zero or deficiency one, we can express x and y as 
functions of a variable parameter, either rationally or by means of 
the classic transcendentals. Let us consider, first, equations of the 
type F(y, y') = 0, of deficiency zero ; we can express y and y f as 
rational functions of a parameter u, y=f(u), y' =f l (u), and the 
condition dy = y'dx gives us f(u)du =f 1 (u)dx. Then the variables 
x and y are given by the expressions 

/f(u) 

in terms of the variable parameter u. The same procedure is applica- 
ble to the equations F(y, y') = if the relation is of deficiency one ; 
but we must take for f(u) and f^u) elliptic functions, and x and y are 
expressed in terms of the transcendentals p, £, a (Part I, § 75). 

We can proceed similarly with the equations F(x, y')= if the 
relation is of deficiency zero or one ; besides, they reduce to the pre- 
ceding form by interchanging x and y. 
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Example 1. The equation y 2 (y' — 1) = (2 — y') 2 is of deficiency zero. Putting 
2 — y f = yu, we derive from it y' = 1 + it 2 , y = 1/u — u. The relation dy = y'dx 
becomes here dx— — du/u 2 . We have, then, x — 1/u + C, and the general inte- 
gral of the given equation is y = x — C — l/(x — C). 

' Example 2. The equation y' s — 3 y /2 — 9 y* — 12 y 2 = represents, if we regard 
y and y' in it as the coordinates of a point, a unicursal quartic having three 
double points (y = 0, y' = 0), (y = ± V — 2/3, = 2). We can, in fact, write 
the preceding equation 

(2/' - 2)2(2^+1) = (3 2/ 2 + 2) 2 . 

Putting first ^ = w 2 — 1, we have 3 y 2 = (u + l) 2 (w — 2) ; if we then put 
u — 2 = 3 1 2 , we obtain finally the following expressions for y and y' as func- 
tions of the parameter £ : 

y = 3 (* + «*), 1^ = 3(1+ t 2 ) (1 + 3^ 2 ). 
The relation cfy = y'dx reduces here to (1 + t 2 ) dx = dt ; we derive from it 

t = tan(x + C), 
and the general integral of the given equation is therefore 
y = 3tan(x + 0) + 3tan 3 (x + 0). 

Example 3. Let R (y) be a polynomial of the third or of the fourth degree, 
prime to its derivative ; let us consider the differential equation 

(38) y' 2 =R(y). 

We have seen in § 78, Part I, that we can satisfy this equation of deficiency 
one by putting y =f(u), y / =/ / (u), where f(u) is an elliptic function of the 
second order. The condition dy = y'dx becomes du = dx ; the general integral 
of the equation (38) is therefore an elliptic function y =f(x + C). 

If the polynomial R (y) is of lower degree than the third, or if the polyno- 
mial, although of the third or of the fourth degree, is not prime to its derivative, 
the relation (38) is of deficiency zero. We can Express y and y' by rational func- 
tions of a parameter it, and, by applying the preceding method, we easily show 
that the general integral is a rational function of x or a rational function of e"*. 

12. Integrating factors. The method, of integration by the separa- 
tion of the variables was generalized by Euler. The reasoning of § 2 
applies really to every equation of the first order 

(39) P (aj, y)dx + Q (x, y) dy = 0, 

where the coefficients P and Q contain both x and y, provided that 
we have dP/dy = dQ/dx. This condition is necessary and sufficient 
in order that Pdx + Qdy shall be the total differential of a function 
U(x, y), and the function U(x 9 y) is obtained by quadratures, as we 
have seen (I, § 151). The equation (39) is then identical with the 
equation dU = 0, and the most general solution is given by a rela- 
tion of the form U(x, y) = C between x and y. The equation (39) is 
therefore integrable by quadratures whenever the coefficients P and 
Q satisfy the condition dP /dy = dQ/dx. 
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In order that the preceding method may be applied, it is not 
necessary that we have dP/dy = dQ/dx\ it suffices to know an inte- 
grating factor, that is, a factor /i(x, y) such that the product 

p(x, y)\_Pdx + Qdy] 

satisfies the integrability condition d(pP)/dy = d(fiQ)/dx, or, after 
developing, 

da da , IdP dQ\ A 

( 4 °) p ^-^ + H^-w =0 - 

The investigation of the integrating factors is thus reduced to the 
integration of the preceding equation, which is a partial differential 
equation of the first order. It seems that in proceeding in this way 
we have made the integration of equation (39) depend on an appar- 
ently more difficult problem, but it is to be noticed that it suffices 
to know one particular solution of the equation (40) in order to apply 
the method, and in many cases we can find a particular integral of 
the equation (40) by more or less direct processes. Let us see, for 
example, in what case the equation (39) has an integrating factor, 
depending only on x. If we suppose dfi/dy = 0, the equation (40) 

becomeS dji = (?P_dQ\ 

and the expression [dP/dy — dQ/dx~\/Q must be independent of y; 
if it is, we obtain an integrating factor /-c by a quadrature. Let us 
suppose in addition that Q = 1 ; then dP/dy must be a function X 
of the variable x, and the equation (39) is a linear equation, 

(39') dy + (Xy + XJdx = 0, 

where X and X x denote functions of x alone. In this case, the equa- 
tion (40) is satisfied by 

I Xdx 

ft = e Jx <> , 

and it is easy to show that if we multiply the equation (39') by this 
factor, we have on the left an exact differential 

e& Xdx (dy + Xydx + X x dx) = d(ye£ Xdx + f\ 6 ^ dx ) s= °* 

The calculations which have to be made for the integration are 
exactly the same as in the first method (§4). 

We shall show farther on that the equation (40) has an infinite 
number of integrals under very general conditions, which are always 
satisfied in the cases in which we are interested. If we know one 
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integrating factor /jl v we can obtain all others in the following way : 
Putting fM = ^v, the equation (40) becomes 

dp dv 

Now we know one function satisfying this relation : it is the func- 
tion, U(x, y), whose total differential is /^(P dx + Qdy), since the 
partial derivatives dU /dx, dll/dy are equal to /^P and to ^Q. We 
have, then, also (dv/dy) (dU /dx) — (dvjdx) (dU/dy) = 0, which proves 
that v is of the form and that the general expression for the 

integrating factors is jjl = ^(U), where is an arbitrary function 
of U. It is easy to show that fx is really an integrating factor, for 
from the identity 

fM 1 (Pdx+ Qdy)=dU 
we derive, by multiplying by <f>(U), 

rM u ) E p 0> y)<z* + <i ( x > y) d v~] = <*> ( u ) d u > 

and the right-hand side is the exact differential of the function 



dU. 



We deduce from this an interesting consequence : if and fjb 2 are 
two integrating factors, the ratio fij^ is a function of U. If this 
quotient pjp x is not constant, the general integral of the differential 
equation can then be written in the form ^Jfi x = constant. 

The preceding theorem is sometimes helpful in finding an inte- 
grating factor. Let us consider the differential equation 

(41) Pdx+Qdy + P^dx + Q ± dy = 0, 

where P, P , Q, Q t are functions of x, y, and let us suppose that we 
know how to find an integrating factor for each of the expressions 
Pdx + Qdy, P x dx + Q ± dy. The general expression for the integrat- 
ing factors oi Pdx + Qdy is fi<j>(U), where /-c is the known factor, U 
a function of x and y which we obtain by quadratures, and <f> an 
arbitrary function. Similarly, the general expression for the inte- 
grating factors of P t dx + Q^dy is ^(U^, where and U x are 
definite functions and \f/ an arbitrary function. If we can choose the 
functions <j> and \j/ in such a way that we have 

we shall have an integrating factor for the given equation (41). 
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Let us take, for example, the equation 

axdy + bydx + x m y n (axdy + Pydx) = 0, 

where a, b, a, p are constants. Every integrating factor of axdy + bydx is of 
the form <j>{x b y a )/xy, and, similarly, every integrating factor of the second 
part is of the form \f/(x&y a )/x m + 1 y n + 1 . In order to have a common integrating 
factor, it will suffice to find two exponents, p and q, such that we have 

x m y n (x b y a )p = (x& y a ) q , 

which leads to the conditions 

pa — qa + n = 0, pb — qp + m = 0. 

These conditions are compatible if ap - ba is not zero, and determine an inte- 
grating factor of the form x M y N . Multiplying by this integrating factor, the 
equation takes the form vP^dv + vl~ 1 dv 1 = 0, where we have put v = x b y a , 
v l = x?y a ; and this equation is immediately integrable. 

In the particular case where ap — ba = 0, we obtain from it a/a = p/b = k, 
and the equation can be written in the form (axdy + bydx) (1 + kx m y n ) = 0. 

Note. If we know the general integral of a differential equation of the first 
order, it is quite easy to obtain an integrating factor. For let/(x, y) = C be 
the general integral of the equation (39). The differential equation of the curves 
represented by that relation is also (df/dx)dx + (df/dy)dy = 0; in order that it 
be identical with the equation (39), we must have 

df of 

dx_dy 

p~ q' 

and the common value of the two preceding ratios is evidently an integrating 
factor for Pdx + Qdy. Every other integrating factor is equal to this one 
multiplied by an arbitrary function of f(x, y). 

13. Application to conformal representation. The theory of integrat- 
ing factors finds an important application in the problem of conformal 
representation. Let 

ds 2 =Edu 2 + 2 Fdudv + Gdv 2 

be a quadratic form in du, dv whose coefficients E, F, G are analytic 
functions of u and v such that EG — F 2 is not zero. We can also 
write ds 2 in the form 

ds 2 = (adu + bdv) (a^du + b x dv), 

where a, b, a v b x are also analytic functions of u and v. According 
to a result which will be rigorously proved later, each of the expres- 
sions adu + bdv, a^du + \dv has an infinite number of integrating 
factors, which are themselves analytic functions. If fi x are two 
such factors, we have the identities 

piadu + bdv) — dU, \x x (a x du + \dv) = dU v 
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and therefore 

fjifx^s 2 = dUdU x ] 

whence, substituting 

U=X + Yi, L\ = X- Yi, \x\x x — - > 

we obtain 

Edu 2 + 2 Fdudv + Gdv 2 = \(dX 2 + dY 2 ). 

Every analytic surface can therefore be represented on a plane 
conformly ; that is, without alteration of the angles between pairs of 
curves. If the surface is real, we may suppose that the real points 
of the surface correspond to real values of the variables u, v ; the 
coefficients E, F, G are real, while a and a x are conjugate imaginaries, 
as also b and b r We can also take for p and fi v and therefore for U 
and U v conjugate imaginaries, so that to real values of u, v corre- 
spond real values of X and of Y. To real points of the surface 
correspond therefore real points of the plane. 

Since it is possible to represent every analytic surface on a plane 
conformly, we conclude that any analytic surface can be represented 
conformly on any other analytic surface. 

14. Euler's equation. A great many devices have been invented for 
the integration of differential equations of special forms. A cele- 
brated example, due to Euler and now known by his name, is the 
equation 

dx . dy ~ 

where X and Y are two polynomials of the fourth degree in x and y 
respectively, having the same coefficients ; 

X = a Q x* + a x x s + a 2 x 2 + a^x + a v 
Y = a y^ + ay + a^y 2 + a^y + a 4 . 

The variables being separated, we obtain the general integral of 
equation (42) by two quadratures, which introduce two transcen- 
dental functions depending respectively upon x and y. Euler's fun- 
damental discovery, which was the starting point of the theory of 
elliptic functions, consisted in showing that that relation between 
the variables x and y which in appearance is transcendental is in 
reality algebraic. 

Let us first consider the case where X is a polynomial of the sec- 
ond degree, not a perfect square. A linear substitution enables us to 
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bring it to the form X = A (x 2 — 1), and in this particular case the 
equation (42) becomes 

(43) / 

Clearing of fractions, we can write this in the form 



Vl - ifdx + Vl - x 2 dy = d(x Vl - f + y Vl - x*) 
which shows that we have identically 



d{x Vl — if + y Vl — x 2 ) 

= [V(l-^)(1-^)- ay] (-^= + - * 



The expression V(l — # 2 ) (1 — ?/ 2 ) — xy is therefore an integrating 
factor for the equation (43), and the general integral is given by the 
relation. 



(44) x Vl - y 2 + y Vl - x 2 = C, 
or by the relation 

(45) V(l - x 2 ) (1 - y 2 ) -xy = C\ 

since the equation (43) has the two integrating factors, 1 and the 
expression on the left-hand side of (45). It is also very easy to 
verify that the two expressions (44) and (45) are equivalent by 
means of the identity 



( x Vl - y 2 + y Vl - x 2 ) 2 + [ V(l - x 2 ) (1 - y 2 ) - xyj = 1. 

Rationalizing the expression (45), we can write the general integral 
of the equation (43) in the form 

(46) x 2 + if + 2 C'xy + C' 2 - 1 = 0, 

where C f denotes an arbitrary constant, and this equation represents 
the conies tangent to the four straight lines x = ± 1, y = ±l. 

By a bold induction Euler was led to a more general formula of 
the same kind, which corresponds to the case where X is any poly- 
nomial of the third or of the fourth degree (Institutiones calculi 
integralis, Vol. I, chaps, v, vi). 

Let F(x, y) be a polynomial of the second degree in each of the 
variables x and y and symmetrical with respect to these two variables : 

(47) F(x, y) = A 1 x 2 if + A 2 xy (x + y) 

+ A s (x 2 + tf) + A 4 xy+A h (x + y)+A t . 
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This polynomial depends upon six arbitrary coefficients A p A 2 , A 3 , 
A v A 5 j A 6 , and the relation F(x, y) = can be written in two 
equivalent forms : 



/48V fF(x,y) = Mf+Ny+P = 0, 

^ ; \F(x,y) = M 1 x*+N 1 x+P 1 =0, 



where M, N, P are three polynomials of the second degree in x : 

M = A x x 2 +A 2 x + A„ N = ,4 2 cc 2 + + P = A Q x 2 + ^ + A 6 , 

and where N v P 1 are the polynomials obtained by replacing x by y 
in M, TV, P. From the relation F(x, y) = we derive P^cfcc + F' y dy=z 0, 
or, after replacing and by their values, 

(49) (2M x x + <fo + (2 My + iT) dy = 0. 
We derive, moreover, from the relations (48), 

2 My + N = ± ViV 2 - 4 MP, 2 itf^ + ^ = ± ViV 2 - 4 il^P^ 
and the preceding equation (49) may be written in the form 

(50) , = ± - ^ = 0. 
ViV 2 -4iifP WN\ - 

This relation will be identical with the given equation (42) if we 
have iV 2 — 4 MP = X, which necessarily carries with it the other 
equality iVf — 4 M^P^ = Y. Now, since M, N, P are of the second 
degree, N 2 — 4 MP is of the fourth degree, and the preceding condi- 
tion is an identity between two polynomials of the fourth degree, 
which requires only five conditions. Since we have six coefficients 
A { at our disposal, we see that one of these coefficients will remain 
arbitrary. There are therefore an infinite number of polynomials 
F(x, y) of the form (47), depending upon an arbitrary constant C 
and such that the relation 

(51) F(x,y)=0, 

between the variables x and y, leads to the relation (42). Hence the re- 
lation (51) represents the general integral of the proposed equation. 

The actual determination of the polynomial P(x, y) requires a calculation by- 
equating coefficients which can be simplified by means of a geometric repre- 
sentation due to Jacobi. Let us consider, in order to take the general case, a 
polynomial of the fourth degree R(t) prime to its derivative, and let t t , £ 2 , £ 3 , t 4 
be the roots of E (t) = 0. On the other hand, let 2 be any conic the coordinates 
of any point of which are rational functions of the second degree of the varia- 
ble parameter t, so that to a point (x, y) corresponds a single value of t ; let us 
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call m 1? m 2 , m 3 , m 4 the points of 2 which correspond to the values t„ t 2 , t 8 , « 4 
of the parameter. Finally, let 2' be a second conic passing through the four 
points m x , m 2 , m 3 , m 4 . Every straight line tangent to 2' meets 2 in two points 
M and ; if t and t' are the corresponding values of the parameter, the rela- 
tion between t and t' is the one desired. It is evident, in fact, that that relation 
is symmetric in t and t\ and that it is of the second degree in each of the varia- 
bles, for through a point W we can draw two tangents to 2', and so to each 
value of t' correspond only two values of t. 
Let 

(52) F(t, t') = 

be that relation. We can derive from it, as we have just seen, a relation 
between the differentials dt, dt', of the form 

dt ± dt' _ Q 

(58) Vp© V*T) 

where P(t) is a polynomial of the fourth degree. This polynomial P(t) is iden- 
tical except for a constant factor with R(t); for, according to the preceding 
method for obtaining the polynomial P (t) from F(t, t') = 0, the roots of P(t) = 
are the values of t for which the two values of t' coincide. Now the geometric 
significance of the relation (52) shows immediately that this can only occur if 
the two tangents from M to 2' coincide ; that is, if the point M is one of the 
points m 15 m 2 , m 3 , m 4 . We are thus led to the following method, which requires 
only rational calculations, for obtaining the general integral of the equation 

dt , dt' 

(54) , ± , ■ = °» 

where R(t) = a t* + a^ 3 + ^ + ^ + <V This equation differs only in nota- 
tion from the proposed equation (42). We begin by forming the general 
equation of the conies 2 7 passing through the four points m x , m 2 , m 3 , m 4 of 2 ; 
that equation is of the form/(x, y) + 00 (x, y)= 0, where C is an arbitrary con- 
stant. We then write the condition that the straight line joining the two points 
M and W of 2, which correspond to the values t, t' of the parameter, shall be 
tangent to 2'. The resulting relation, which contains the arbitrary constant C, 
represents the general integral of Euler's equation. 

To carry out the calculations, let us take for 2 the parabola y 2 = x, and let 
us put x = t 2 ,y = t. The conic 2' given by the equation 

(55) Ax 2 + A'y 2 + 2 B"xy + 2 B'x + 2 By + A" = 

cuts 2 in four points, given by the equation of the fourth degree in t which is 
obtained by replacing x by t 2 and y by t. In order that that equation shall be 
identical with R (t) = 0, it is sufficient that 

(56) A = a , A'+2B' = a 2 , 2B" = a 1 , 2 B = a s , A" = a 4 . 
The coefficient B' remaining arbitrary, we shall put B' = C, which gives 

A' = a 2 — 2 C. 
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Let us recall now that the tangential equation of 2', that is, the condition that 
the straight line ax + fiy + y = shall be tangent to that conic, is given by the 
equation 

(57) 



A 
B" 
B' 
a 



B" 
A' 
B 



B' 
B 
A" 
7 



= 0. 



The straight line joining the two points (£ 2 , t) and (t' 2 , t') of 2 has for its 

e( l uation x-(t + t')y + tt' = 0. 

We can therefore take 

a = l, (3 =-(t+f), y = tt'. 

Substituting the values obtained for A, I?, A', B', A", B", or, y in the con- 
dition (57), and replacing t and if by x and y respectively, we arrive at the gen- 
eral integral of Euler's equation in the following form, which is due to Stieltjes : 



(58) 



a 

Oi 

2 



Oi 

2 



C 
2 



-(x + y) 



-7t a A 



xy 




:0. 



as 
2 

■ (x + y) xy 

This equation represents a family of curves of the fourth degree, having two 
double points at infinity on Ox and Oy respectively. The equation being of the 
second degree with respect to the constant (7, through each point of the plane 
there pass two curves of the family, as we might have foreseen, since the given 
differential equation gives two equal values, but with opposite signs, for the 
derivative y' at each point. These two values of y' become equal only if the 
point (x, y) belongs to the curve XY — 0, which is composed of four straight 
lines D v D 2 , _D 3 , D 4 parallel to the axis Oy, and of four straight lines A v A 2 , A 3 , A 4 
parallel to the axis Ox. Let us write Euler's equation in the rational form 
Ydx 2 — Xdy 2 = 0, and let us take a point M (x, y) on one of these straight lines, 
A x for example, not belonging to any one of the D lines. For the coordinates 
of the point M we have Y = 0, Xjt. 0, and Euler's equation gives for y' a double 
value, y' — 0. Hence the straight line A x itself is an integral curve through M. 
But it can be verified that the curves represented by the equation (58) have as 
their envelope the set of eight straight lines given by the equation XY = 0. 
Hence there is a new integral curve tangent to the first one at M. Thus the 
eight straight lines D t , A* are singular integral curves, for they are not included 
among the curves represented by the general integral. 

Note. We have supposed, in order to arrive at the equation (58), that the 
polynomial B (x) was one of the fourth degree and prime to its derivative ; but 
it is clear that the result can be verified directly without the hypothesis that 
B(x) is prime to its derivative. We could, for example, form the differential 
equation of the curves represented by the equation (58) by applying the general 
method of § 1, and the equation obtained would necessarily be identical with 
Euler's equation, whatever maybe the values of the coefficients a , a v a 2 , a 3 , a 4 , 
since we reach this result when the coefficients do not satisfy any particular 
relation. The equation (58) therefore applies to all cases. 
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15. A method deduced from Abel's theorem. We can also very easily deduce the 
general integral of Euler's equation from Abel's theorem. Let us now denote 
by B (x) a polynomial of the third or of the fourth degree, prime to its deriva- 
tive, and let us consider the curve C which has for its equation y 2 = i2(x). 
If a variable algebraic curve C meets the curve C in three variable points 
only, M v M 2 , Jf 8 , we have shown (Part I, § 103) that the coordinates (x v y x ), 
( x 2i ^2)' ( x 3> 2/3) of tnese tnree variable points satisfy the relation 
dx, dx 9 , dx» . 

< 59 > lt + n + n= - 

If the variable curve C depends upon two variable parameters which we 
can select in such a way that two of the points of intersection, (x v y x ), (x 2 , y 2 ), 
can be brought to coincide with any two points of the curve C given in advance, 
the coordinates of the third point of intersection, (x 3 , ?/ 3 ), are functions of the 
coordinates {x v y x ; x 2 , y 2 ) of the first two, and satisfy the relation (59) . The equa- 
tion dx x /y x + dx 2 /y 2 = is therefore equivalent to the equation dx z /y z = 0, whose 
general integral is x s = constant. Now, since the points (x v y x ), (x 2 , y 2 ) are on the 
curve C, we have y\ = B (x x ), y\ = B (x 2 ), and the equation dx x /y x + dx 2 /y 2 = 0, 
which may be written in the form 

dx-i dXn rt 

(60) ■ L_ + _!_ = 0, 

■^B(x x ) VB(x 2 ) 

is identical with Euler's except in notation. In the expression which gives the 
general integral 

(61) x s = F(x v y x ; x 2 , y 2 ) = const. 



we should replace y x and y 2 by VB (x x ) and V-R(x 2 ) respectively, the deter- 
minations of the two radicals being the same in the two expressions (60) 
and (61). We thus obtain for the general integral an expression containing 
radicals, while the result (58) is rational. But the irrational form is in certain 
cases the more advantageous. 

Let us carry out the calculations, supposing the polynomial B (x) reduced to 
the normal form of Legendre, B (x) = (1 - x 2 ) (1 — fc 2 x 2 ), where k 2 is different 
from zero and from unity. The parabola C, 

(62) y = ax 2 + bx + 1, 

meets the curve C represented by the equation y 2 = B (x) in the point (x = 0, 
y = 1) and in three variable points whose abscissas x x , x 2 , x 3 are roots of the 
equation 

(63) (a 2 - k 2 )x* + 2abx 2 + (b 2 + 2 a + k 2 + l)x + 2b = 0, 

which is obtained by eliminating y and suppressing the factor x. 
We derive from this equation the relations 

2ab , , 6 2 + 2a + fc 2 + l 
x x + x 2 + x 3 = p^-^> ^2 + + x iH = ' 

- 26 

whence 

(64) x x + x 2 + x 3 = ax x x 2 x z . 
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The condition that the parabola C passes through the two points (x v 
(x 2 , y 2 ), enables us to determine a and b. We have in particular 

flXi x 2 = i + !(&zM, 

X \ X 2 

Substituting this value of a in the preceding expression, we obtain finally the 
expression for x 3 in terms of x v y 1 ,x 2 ,y 2 - 



X 2 V\ ~ X 1 V2 

The general integral of Euler's equation, 

(65) ^ + ^ = 0, 

VbJxJ Vb (x 2 ) 

is therefore represented by the expression 

(66) x 3 = x i ~ x 2 _ c 

x 2 V B — x ± V B (x 2 ) 

16. Darboux's theorems. Let us consider a differential equation of the form 

(67) - Ldy + Mdx + N{xdy - ydx) = 0, 

where L, if, JV are three polynomials in x, y of at most the rath degree, and 
where at least one of them is actually of the rath degree. In order that the 
relation u (x, y) = constant shall represent the general integral, it is necessary 
and sufficient that the equation (67) be identical with the equation 

du du. 

— dx -\ dy = 0, 

dx dy 

which requires that we have 

T du , lir du , r / du du\ A 

(68) L — + M Nix — + y — )= 0. 

V ' dx dy \ dx 9 dy) 

This condition assumes a more symmetric form if we replace x by x/z and y 
by y/z, where z is a fictitious variable which we shall always suppose equal to 
unity after the indicated operations have been performed. Then u(x, y) 
changes into a homogeneous function of degree zero, and we have 

du . du ; du . 
x + y + z = o. 

dx dy dz 
The condition (68) takes now the form 

(69) L^+M d ^+N d ^ = A(u) = 0. 
x ' dx dy dz 

Conversely, if we have obtained a homogeneous function of degree zero, 
u(x, y, 2), which satisfies the relation (69), u(x, y, 1) = constant represents the 
general integral of the equation (67). 

Darboux* nas shown that we could form a function u (x, y, z) satisfying 
these conditions if we knew a certain number of algebraic integrals of the 



* Sur les equations differ entielles algebriques du premier ordre et du premier 
degre (Bulletin des Sciences mathematiques, 1878). 
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equation (67). Suppose that the equation (67) has an algebraic integral denned 
by the relation f(x, y) = 0, where the polynomial /(x, y) is irreducible and of 
degree h. Repeating the previous work, we find that the relation 



(70) LV+MV-N(zV+v%) = 

v ' dx dy \ dx dy) 



must be a consequence of the equation /(x, y) = 0. If we again replace x by 
x/z, and y by y/z, and then multiply by z\f(x, y) becomes a homogeneous 
function of x, y, z, of degree h, satisfying the relation 

X dx- + V di + Z dz- nf > 
and the condition (70) becomes 

(71) A{/) = L%+X%+X%=»V. 

This condition is not satisfied identically, but by reason of the relation 
/(x, y, z) =0. Since the last relation is irreducible by hypothesis, it is neces- 
sary that we have identically 

(72) A(f) = Kf, 

where K denotes a polynomial in x, y, z which is necessarily of degree m — 1, 
for if / is of degree h, A(f) is of degree m + h — 1. 

Let us now suppose that we have found p algebraic solutions of the equa- 
tion (67), defined by the p following equations : 

f x (z, y) = 0, / 2 (x, y) = 0, f P (x,y) = 0, 

where f v / 2 , • • •, f p are irreducible polynomials of the degrees h v h 2 , • • h p . 
This requires that we have p identities of the following form : 

(73) A(f 1 ) = K 1 f v A(f 2 ) = K 2 f 2 , Mf p )=K p f p , 

where the polynomials K v K 2 , • . K p are all of degree m — 1. 

Let us observe that the symbolic operator A(f) has properties analogous to 
those of a derivative. In particular, we can apply to it the rule for the deriva- 
tive of a function of functions : if F(u, v, w) is any function of w, v, w, we have 

dF dF dF 

AiF) = S Tu A { u ) + d -A {v)+ -A {w) . 

Consequently, if we put u =f"i f£* • . • where a v a 2 , • • a p are any con- 
stants, we have 

A(u) = a,/?!- 1 /?* • • A(f x ) + a 2 fp • • -f^A(f 2 ) + • • 

or, by (73), 

A (u) = {a 1 K 1 + oc 2 K 2 + . • . + a p K p )u. 
The function u (x, y, z) is a homogeneous function of degree 
a x h x + a 2 h 2 + > • • + a p h p . 
If we can dispose of the constants a x • • • a p in such a way that we have 



f «A + ••• + a p h p = 0, 
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the equation u (x, y, z) — constant will furnish the general integral of the given 
equation, by what we have established above. 

The equations (74) form a system of m (m + l)/2 + 1 homogeneous equa- 
tions in a v ar 2 ,---, a p , since the polynomials K { of degree m — 1 contain 
m (m + l)/2 terms. We shall surely be able to satisfy all these equations by 
values of <Xi not all zero, and therefore to complete the integration, whenever 
there are more unknowns than equations ; that is, whenever we have 

( 75) pm V&±V + 2 . 

This is Darboux's first theorem. If the equations (74) are not independent, 
we can find the solutions without requiring p to reach the preceding limit 
m(m + l)/2 + 2. A large number of examples in which this is the case will 
be found in Darboux's paper. 

If we know only p = m (m + l)/2 + 1 particular algebraic integrals, we can, 
in general, dispose of the p constants ai in such a way as to satisfy the conditions 

(76) J « 1 ^T 1 +« a ^+ ••• + ^IT,: 

\ a 1 h x + a 2 h 2 + • • • + a p h p = — m — 2, 

which are equivalent to a system of m (m + l)/2 + 1 linear non-homogeneous 
equations. The function u thus obtained satisfies the two equations, 



T du , __dM du , dL , dM , dN\ 
dx dy dz 

du du du 



(dL dM dN\ . 



whence we derive, by eliminating du/dz and replacing z by 1, 

T du , .Jit AT r. , ox , Sm , aw"| , /dL t dM t dN\ . 
dx dy I x ' dx dy] \dx dy dz J 

But, since the function N has been made homogeneous by substituting x/z for a; 
and y/z for ?/, and then multiplying by z m , we also have, after making 2 = 1, 

aiv aiv aiv 

— = mN — x y — — , 

az ax a?/ 

so that the preceding relation may be written also in the form 

(77) £(L-Nx) + ^(1£-Ny) 
dx dy 



, (dL , dM. dN dN _ \ _ 

+ u ( 1 x 2/ 2N) =0. 

\dx dy dx dy J 



It is easily seen that this last condition expresses the fact that u is an integrat- 
ing factor for the equation (67), and we obtain thus Darboux's second theorem : 

If m(m+ l)/2 +1 particular algebraic integrals of the equation (67) are known, 
an integrating factor can be determined. 

The proof of this last theorem is not complete in the particular case where 
the determinant of the coefficients of the unknowns ai in the m (m + l)/2 -f 1 
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equations deduced from the relations (76) turns out to be zero. But we can then 
satisfy the m (m + l)/2 + 1 homogeneous equations, obtained by suppressing the 
right-hand sides, by values of the ai not all zero, and therefore obtain the 
general integral by the first theorem. 

Example. Let us consider in particular Jacobi's equation (§ 6) ; the num- 
ber m is here equal to 1. Let us look first for the linear integrals of the form 
ux -f vy + wz = 0. By the general method we must have identically 

u (bz + b'x + b"y) + v (cz + c'x + c"y) 

+ w (az + ofx + o>"y) — X (ux + vy + wz), 

where X is a constant factor. This leads to the three conditions 

ub + vc + w (a — X) = 0, u (b' — X) + x>c' + wa' = 0, 
ub" + v (c" — X) + wa" = 0, 

and, after eliminating u, u, to, we find again the equation in X obtained by the 
first method (p. 12). 

Let us limit ourselves to the case in which the equation in X has three dis- 
tinct roots \ v X 2 , X 3 . Each of these roots furnishes a linear integral, and we 
therefore have three linear functions, X, Y, Z, giving the three identities 

A (X) = X X X, A(Y) = \Y, A(Z) = \ 3 Z. 

By the general theory we can deduce from them the general integral, since 
in this case m = 1. For this purpose it is necessary to determine three numbers 
a, 7 satisfying the relations 

oc + jS + 7 = 0, a\ + /3X 2 + 7 X 3 = 0. 

We may take a = X 2 — X 3 , /3 = X 3 — \ v y = \ — X 2 , and the general integral of 
Jacobi's equation is therefore 

X^2 — ^7^3~ *iZ*i — *2 = const. 

17. Applications. When we seek to determine a plane curve by a 
given relation F(x, y, m)= between the coordinates (x, y) of a 
point on the curve and the slope m of the tangent at this point, the 
curves desired are evidently obtained by the integration of the differ- 
ential equation of the first order F(x, y, y f )= 0, which we obtain 
from the given relation by replacing in it m by y\ If this equation 
is of the ^th degree in y\ there pass in general q such curves through 
each point of the plane, as will be proved farther on. Let us con- 
sider, for example, a family of curves C, represented by the equation 
<£ (as, y, a) = 0, depending upon an arbitrary parameter, and let us 
try to find their orthogonal trajectories, that is, the curves C which 
cut orthogonally in each of their points a curve C passing through 
the same point. Let m, m f be the slopes of the tangents to the two 
orthogonal curves C, C f passing through the same point (x, y). Then 
m and m\ must satisfy the relation 1 + m'm = 0. On the other hand, 
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let F(x y y, y } ) = be the differential equation of the given curves C. 
Then we have F(x, y, m) = 0, since m is the slope of the tangent to 
a curve C passing through the point (x, y). It follows that 



Moreover, ra' is also the slope of the tangent to a curve C ! passing 
through the point (x 9 y) ; hence the curve C satisfies the equation 



(78) F (x >y> _^J = , 



and we obtain the differential equation of the orthogonal trajectories 
of the curves C by replacing y' by — l/y ! in the differential equation 
of the curves C. 

In order to obtain the differential equation of the curves C, we must 
eliminate a between the two equations <£ = 0, (d^/dx) + (d$/dy) y'= 0. 
Therefore, in order to obtain the differential equation of the orthogonal 
trajectories, it will suffice to eliminate a bettueen the two relations 
$ = 0, (fo/dx) y\ - (d<P /dy) = 0. 

Let us take, for example, the conies represented by the equation 

y 2 + 3x 2 -2ax = 0, 

where a is a variable parameter. The application of the preceding 
method leads to the homogeneous differential equation 

(f-3x 2 )y' + 2xy = 0, 

which becomes, after putting y = ux and separating the variables, 

dx' 3 du du du ^ 

x u u -f- 1 u — 1 

Solving this equation, we find 

xu s = C (u 2 - 1), or f = C (y 2 - x 2 ). 

The orthogonal trajectories are therefore cubics with the origin as a 
double point. 

Let us consider in a more general manner a surface S the coordi- 
nates x, y, z of any point of which are expressed as functions of 
two parameters u, v : 

x =f(u, v), y = <f>(u, v), z = v). 
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We derive from these expressions 

To every value of the ratio dv/dw corresponds a tangent to the sur- 
face passing through the point (u, v). If we wish to determine the 
curves of that surface such that the tangent to one of these curves in 
any point depends only on the position of that point on the surface, 
we are again led to integrate a differential equation of the first order : 

(79) f(u,v,^) = 0. 

Conversely, every equation of this form establishes a relation between 
a point of a curve lying on the surface S and the tangent at that point. 

Let us, for example, try to find the trajectories at a constant 
angle V to a family of given curves lying upon the surface. Given 
two curves, C, C, passing through a point (u, v) and cutting at an 
angle V, we have the general formula (II, Part I, § 20) 

EduSu + F(duBv + dv&u) + Gdvhv 

(80) cos V = ^ Edu2 = 2 Fdudv = Gdv 2 ^ E % U 2 + 2 FhuZv + GSv 2 ' 

where E, F, G have the usual meanings, where du and dv denote 
the differentials relative to a displacement on C, and where Bu and Bv 
denote the differentials relative to a displacement on C\ The curves 
C being given, hv/Bu is a known function of u and v, Bv/Bu == ir(u, v). 
Replacing Sv/Su by ir(u, v) in the preceding relation (80), the result- 
ing relation F(u, v, dv/du) = is the desired differential equation of 
the trajectories. 

Let us consider in particular the trajectories at a constant angle 
to the meridians of the surface of revolution, 

x = p cos a), y = p sin o>, z =f(p)> 
We have here 

u = p, v = «, E = l+f\p), F=0, G = p% Sv = 0; 
hence the equation (80) becomes 



Wl+f' 2 (p)dp 
cos V = J VAV H 



V[i+/ 2 ( P )]^ 2 + P w 

Solving for da>, we find 

d«> = tan V — w H > 

P 

whence a> can be obtained by a quadrature. 
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III. EQUATIONS OF HIGHER ORDER 

18. Integration of the equation d n y /dx n = /(x). Given a differen- 
tial equation of the nth order, 

( 81 > 2 =ir(a; ' 2/ ' 2/ '' 2/ "'-- , ' 2 ' (n " 1>) ' 

where = d l yldx\ this equation and those which are obtained from 
it by repeated differentiation enable us to express all the derivatives, 
beginning with y {n \ in terms of x, y, y\ y", • • 2/ (n-1) . If, then, for a 
particular value x Q of the independent variable we are given the cor- 
responding values y , yi, • • •, ^ n_1) of the unknown function y and of 
its n — 1 first derivatives, we can calculate the values of all the 
derivatives of y for the value x Q of x, and form a power series, 

(82) y + (x - x ) y[ + y'l + • • • + &=f£ 

whose value represents the integral in question, provided that inte- 
gral can be developed by Taylor's series. Up to the time of Cauchy's 
work the convergence of this series had been assumed without 
proof. * We shall see later that the series does converge under cer- 
tain conditions which will be stated precisely. We shall indicate 
here only some simple types of differential equations of the nth 
order whose integration can be reduced to quadratures or to the 
integration of an equation of lower order than n. 
The differential equation 

(83) £*=/<*) 

constitutes the simplest possible type of differential equation of the 
nth order. It can be integrated by means of n successive quadra- 
tures ; for, indicating by x Q any arbitrary constant, we have 



dx' 





J S*X S>X s>x 

' dx I dx • • • I f(x) dx 

C (x x ) n 1 (\(x x ) n 
+ (n-1)! (n-2)! " 



* See, for example, the Traite by Lacroix. 
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where C n _ ly C n _ 2 , • • •, C Q are n arbitrary constants which are equal 
respectively to the values of the integral and of its first (n — 1) 
derivatives for x = x . 

We can replace the expression 



dx I dx • • • J f(x)dx, 



which contains n successive signs of integration, by an expression 
containing only a single quadrature, to be carried out on a function 
in which the variable x appears only as a parameter. It is easy to 
verify this fact, which will appear later as a special case of a general 
theory (§39). For if we put 

(84) Y x = — l — j\x - z)*^f(z)dz, 

we obtain successively, by the application of known rules, 

S-or^jTc-'r-™** 

and, finally, d n Yjdx n =f(x). The function Y 1 is therefore an inte- 
gral of the equation (83). Besides, the two functions Fand Y 1 vanish, 
as do also their first (n — 1) derivatives, for x = x Q . Their differ- 
ence, which is a polynomial of degree equal to n — 1 at most, cannot 
be divisible by (x — x ) n unless it is identically zero. We have 
therefore Y x = F. 

19. Various cases of depression. The most usual cases in which the 
order of the equation can be depressed are the following : 

1) The equation does not contain the unknown function. An equa- 
tion of the form 

( 85 > F { x 'J'd^'---'d^h° cists.) 

reduces immediately to one of order n — k by taking u = d k y/dx k as 
a new unknown function. If the auxiliary equation in u can be inte- 
grated, we shall then obtain y by quadratures, as has just been 
explained. 

It sometimes happens that we can express x and u = d k y/dx k in 
terms of an auxiliary parameter t, 

*=/(<)> S = * (<) ' 
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where the functions / and <f> contain also the arbitrary constants 
introduced by the integration of the equation in u. We can then 
express y in terms of t also by quadratures. We have first 
^yOc — i) = ^^dx = 4>(t)f'(t)dt, 

whence we derive y^'^. Continuing in this way, we calculate suc- 
cessively y (k ~ 2) , • • • , y up to 

2) The equation does not contain the independent variable. Given 
an equation of the form 

we can reduce it to the preceding form by taking y for the independ- 
ent variable and x for the unknown function. Then the new equa- 
tion does not contain x, and, taking dx/dy for the new unknown, we 
are led to an equation of order n — 1. But we can carry out these 
two transformations simultaneously by taking y for the independent 
variable and = dy/dx for the dependent variable. This gives 

d 2 y _dp _ dp dy _ dp 

dx 2 dx dy dx P dy' 
d*y d / dp\__d_f dp\ _ fdp\ 2 2 d*p 
dx*~ dx\ P dy)~ dy\ P dy) V P \dy) +P dy 2 ' 

and so on. In general, d r y/dx r can be expressed in terms of p and 
of its first r — 1 derivatives with respect to y. The resulting differ- 
ential equation is of order n — 1. 

Let us suppose that we have integrated this auxiliary equation of 
order n — 1, and for the sake of generality let us suppose that y and 
p are expressed in terms of a variable parameter t, which may be one 
of the variables themselves. Then we shall have y = f(t), p = <f>(t), 
where the functions / and <j> depend also on arbitrary constants. 
From the relation dy —pdx we derive f'(t) dt = <j> (t) dx, so that x in 
turn is obtained by a quadrature, 

X -J m dt 

This method is especially useful for the equation of the second order, 
which is thus reduced to an equation of the first order, 

F (y>p>p%) = - 
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Let p = <t>(y, C) be the general integral of this equation of the first 
order. From the relation dy/dx = <t> (y, C) we obtain a; by a quadrature, 

, C d v 
X - X ° + J 4>(y,C) 

If the general integral of the equation in p is solved for y and 
appears in the form y=f(p, C), we have, in the same way, 

f'(p) dp = pdx 

and therefore 

o J p 

The coordinates of a point of an integral curve are thus expressed 
in terms of an auxiliary variable p which represents the slope of the 
tangent to the curve. 

3) The equation is homogeneous in y,y',y", y (n) . If the degree 
of homogeneity is m, the equation is of the form 

(87 ) rF ( x £,yl,...y^=o, 

and we see that, if y 1 is a particular integral, \y x is also an integral 
for any value of the constant X. The order of this equation is 
lowered by unity by putting 

f udx. 

y = e J 

This substitution gives 

i f udx II /It 2\ f udx 

y' = ue J , y" =(u' + u 2 )e J , • • 

and, in general, y (r) is equal to the product of e^ udx and a polynomial 
in u, u\ u", • • ^ (r ~ 1) . Substituting these values in the given equa- 
tion, we obtain an equation of order n — 1. 

4) The equation is homogeneous in x, y, dx, dy, d 2 y, • • •, d n y. In 
this case the equation is not changed by substituting Cx for x, and 
Cy for y, where C is any constant. Let us now take a new dependent 
variable u = y/x and a new independent variable t = JjOgx. The 
new differential equation does not change if we replace t by t + Log C , 
leaving u unchanged ; hence it does not contain explicitly the vari- 
able t. This is readily verified, for it is easy to see that the given 
equation must be of the form 



xy " 9 



x 2 y'" y . . .,cc n -V n) ) = °- 
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If we put y = ux, we have, as a general expression, 

y^ = XU ip) + pit^-V, 

and the quantities y\ xy", x 2 y"', • • • are expressible in terms of u, xu\ 
x 2 u", . • x n u (n \ so that the transformed equation takes the form 

xu\ x 2 u", • • x n u^) = 0. 

If we now put x = e\ we have successively for the products xu', 
x 2 u", • • • certain functions of du/dt, d 2 u/dt 2 , . • and we are led to 
an equation which does not contain the variable t* 

Note. In the various cases of reduction which precede, it may 
happen that we can obtain certain integrals of the auxiliary equation 
without being able to determine the general integral. The preced- 
ing methods are still applicable and enable us to obtain by quadra- 
tures integrals of the given equation containing less than n arbitrary 
constants. 

20. Applications. 1) Equations of the form y" —f(y) come under the preced- 
ing types. We can integrate them directly without any transformation, for if we 
multiply the two sides by 2 y', we deduce from the result, by a first integration, 

y>* = C + f y 2f(y)dy = F(y) + C, 
and we have next, by a quadrature, 

J VF(y) + C 

Let us consider, for example, the equation 

y" = a y s + a x y 2 + a 2 y + a 3 , 

where one at least of the coefficients a , a x is not zero. Multiplying the two 
sides by 2 y' and integrating, we find 

= Sy± + ^ tti2/ 3 + a 2 2/ 2 + 2 a 3 2/ + 0. 

The general integral of this new equation is an elliptic function (§11), which 
may in special cases reduce to simply periodic functions, or even rational func- 
tions, if the constant C has been so chosen that the polynomial on the right has 
a factor in common with its derivative. 

* We may proceed in another way by taking u and v = xu' for the variables. This 
gives dv /dx = u' + xu", and therefore x 2 u" = (dv/du) u'x - xu', or 

o ,/ dv 
du 

Continuing in this way, we are led to a differential equation of order (n-1) in 
u and v. 
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2) It may happen that we can apply successively several of the methods of 
reduction to the same equation. Let us take, for example, the equation of the 
fourth order 5 y'" 2 — 3 y"y iY = 0. If we first put y" = we derive from it an 
equation of the second order, 5 u' 2 — 3 uu" = 0, which is homogeneous in u, u\ u". 
Let us put c 

\ vdx 

u = e-> ; 

the equation becomes 3 x>' = 2 u 2 , or v'/v 2 = 2/3, from which we obtain 

3 1 

v = , 

2 x + a 

where a is an arbitrary constant. Hence we have 

u = y" = b(x + a)"i, 
y' — — 2 b (x + a)~ s + c, 
y — — 4 b (x + a)i + cx + 

where 6, c, d are three new constants. We find, therefore, that the general 
integral represents a system of parabolas (§ 1). 

3) Let it be required to determine the plane curves whose radii of curvature 
are proportional to the portion of the normal included between the foot M and 
the point of intersection N of that normal with a fixed straight line. Taking 
the fixed straight line for the x-axis, the differential equation of the problem is 

(88) 1 + y' 2 + iiyy" = 0, • 

where the coefficient fi is equal to the ratio of the radius of curvature to the 
length MN, preceded with the sign + or — , according as the direction from M 
to the center of curvature coincides with the direction MN or with the opposite 
direction. In order to integrate this differential equation (88), let us put 
y'=p; it becomes 

l + P 2 + /w/ = 0, 
dy 

which can be written in the form 

dy fx 2pdp ={) 
y + 2 1 + p 2 ' 

from which we derive, by a first integration, 

2/ = C(l+p 2 )"2, 

where C is an arbitrary constant. The relation dy =pdx gives us next 
— liCp(l+p 2 ) 2 dp=pdx, 

or 

z = z -pCf (l+p 2 )" S "V 

Let us put p = tan a ; all the curves obtained by varying C and x result 
from a translation and an expansion about the origin of the curve r represented 
by the equations 

(r) x=— ijl f cos* 1 ardor, y — cos^ar. 

It is easy to get an idea of the form of the curve from these equations, what- 
ever may be the value of fx. If fx is an integer, we can carry out the integration. 
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If fi is a positive integer, the curve has no infinite branches, but it may have • 
two forms that are very different in appearance, according to the character of 
If fi is an odd integer, x is a periodic function (Part I, § 16), and the curve 
T is an algebraic closed convex curve. If fi is even, x increases by a constant 
quantity different from zero when a increases by 2 it ; y is always positive. 
We have a periodic curve with an infinite number of cusps on the x-axis. The 
appearance of the curve is that of a cycloid ; it is a cycloid for p = 2. 

Note. In the examples which we have just studied we always try to reduce 
the integration of a differential equation to the integration of an equation of 
lower order. However singular it may appear at first sight, the reverse process 
may sometimes succeed. Given, for example, an equation of the first order 
/(£> V, V') = 0, by combining with it a second equation obtained from it by 
differentiation, we obtain an infinite number of equations of the second order 
which are satisfied by all the integrals of the original equation. Suppose that 
we can find thus an equation of the second order which is integrable, and let 
y = <f> (x, C, C) be the general integral. All the integrals of the original equa- 
tion of the first order are included in this expression, but since they depend 
upon only a single arbitrary constant, there must be a relation between the 
constants C, C". In order to obtain it, it suffices to write the condition that the 
function </> (x, C, C") satisfies the original equation of the first order ; we are 
thus led to a certain number of relations between the constants C, C, and these 
relations should reduce to a single one. 

A most interesting example of this device is due to Monge, who made use of 
it to find the lines of curvature of an ellipsoid. Let 2 a, 2 6, 2 c be the three 
axes ; the projections of the lines of curvature on the plane of the major axis 
and the intermediate axis are determined by the differential equation 



Differentiating the equation (89), and then eliminating the expression 
we obtain the differential equation of the second order, 



whence we derive first yy' = Cx, then y 2 - Cx 2 + C. 

The general integral of the equation (89) will be obtained by establishing 
between C and C" the relation ACC + C + BC = 0, as is seen by replacing y 2 
by Cx 2 + C on the right-hand side * 



* The equation (89) can also be easily integrated by the classic processes. It suffices, 
in fact, to put x 2 = X,ij 2 = Y, after having multiplied all the terms by xydx 2 , in order 
to transform it into the Clairaut form. 

Lagrange and Darboux have employed similar devices to integrate Euler's equation 
(see J. Bertrand, Traite de Calcul integral, pp. 569-572). We can also regard a cer- 
tain theorem of Appell's as an illustration of the same procedure (Comptes rendus, 
Nov. 12, 1888). 



(89) 




y' y x 
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EXERCISES 

1. Find the differential equation of all conies by starting from the general 
unsolved equation and eliminating the coefficients between it and the rela- 
tions obtained by rive successive differentiations. 

2. Integrate the differential equations 

(2/2 -y)* = y (y' 2 + 2/) 2 , 2/(1 + 2 y' 2 ) + xy' = 0, 

(i + y /2 ) y V" = (3 y' 2 - 1) 2/" 2 , (a 2 + y 2 ) y" - yy' 2 + x y /s + xy'-y = o, 

x 2 ?/ /2 + 2xy(y-2a)y' -2y 2 (y-2a) = Q, xyy" + «2/ /2 - yy' = 0, 
2,* + 3^ + ^-4 = 0. 

3. Apply the general methods of depression to the integration of the differ- 
ential equation of conies. 

4. Find the integrals of the equation y" = 2y 2 (y-l) which are rational 
functions or simply periodic functions of the variable. 

[Licence, Paris, 1899.] 

5. Given a triangle ABC and a curve Y in its plane, let a, b, c be the points 
of intersection of the sides of the triangle with the tangent at m to the curve T. 
Find the curves T for which the anharmonic ratio of the four points ra, a, b, c 
is constant when the point ra moves on one of them. 

The anharmonic ratio of the tangent at ra and the straight lines mA, mJ5, mC 
is also constant. 

6. Given a point and a straight line D, find a curve such that the portion 
of the tangent MN included between the point of contact M and the point of 
intersection N of the tangent and the line D subtends a constant angle at O. 

[Licence, Besancon, 1885.] 

7. Find the projections on the x?/-plane of the curves lying on the paraboloid 
2 az = rax 2 + y 2 , whose tangents make a given constant angle y with the axis Oz. 

[Licence, Paris, 1879.] 

8. Find the orthogonal trajectories of each of the families of curves repre- 
sented by one of the following equations : 

y 2 (2 a - x) = x 3 , y 2 + rax 2 - 2 ax = 0, 

(x 2 + ?/2)2 = a 2 xy ^ x 2 + y 2 = a 2 log (^j , 

where a is the variable parameter. 

9. In order that the equation 9 (x, y) = C shall represent a family of parallel 
curves, it is necessary and sufficient that we have 

where </> (0) is any function of 9. 

[Write the condition that the orthogonal trajectories are straight lines.] 
10. Find the necessary and sufficient condition that the integral curves of 

the equation y' = /(x, y) form a family of parallel curves, and show that the 

integration can be carried out by a quadrature. 

[Licence, Paris, 1898.] 
11*. Form the general equation of the conies which cut a given conic G 
orthogonally at the four common points. These conies form, in general, several 
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distinct families. Find the orthogonal trajectories of each of these families. 
Hence derive all the orthogonal systems of which the two families are made up 
of conies. [If / = 0, = are the equations of two conies cutting each other 
orthogonally at each of their four common points, we have an identity of the 
form 

dfd<p dfd<p 

— = A/ + fxd>, 

dx dx dy dy 
where X and fi are two constant coefficients.] 

12. Find the condition that the integral curves of the differential equation 
V* = f( x i V) form a family of isothermal curves, and show that an integrating 
factor can be found. 

[Sophus Lie.] 

13. Let y x , y 2 be two particular integrals of Riccati's equation (26) (§ 7). 
Show that the substitution (y — y^)/{y — y 2 ) — z reduces the equation to the 
linear equation 

z / +X(y 1 -y 2 -)2 = 0. 

14. Find a plane curve C such that the triangle formed by any point M of 
the curve, the corresponding center of curvature, and the foot of the ordinate 
of the point M, has a constant area. Show that one of the coordinates can be 
expressed as a function of the other by a quadrature, and that we can obtain a 
knowledge of the form of the curve without having the definite equation. [The 
axes of coordinates are supposed to be rectangular.] 

[Licence, Paris, 1877.] 

15. Given a plane curve C, let M be any point of that curve, P the center of 
curvature of the curve at the point, and MT the tangent. Through the point 
T where the tangent cuts the axis of x, draw a straight line parallel to the axis 
of y, meeting the normal MP in a point N. Determine the curve C so that the 
ratio of MP to MN is constant. 

[Licence, Toulouse, 1884.] 

16. Determine the surfaces of revolution such that in each of their points 
the radii of curvature of the principal sections are directed in the same sense 
and have a constant sum a. Sketch a figure of a meridian of the surface. 

[Licence, Toulouse, 1878.] 

17*. Show that the general integral of Euler's equation can be written in 
the form 

/Vx-Vy\ 2 

( ) - %{x + yf- a 1 (x+ y) - a 2 = C, 

\ % — y / 

where X — a x 4 + a x x z + a 2 x 2 + a 3 x + a 4 and where Y has an analogous 
meaning. 

[Lagrange.] 

[It suffices to solve the equation (58) (§ 14) with respect to the constant. 
After a few transformations we obtain Lagrange's form.] 

18. The asymptotic lines of the surface represented by the equations 

x = A(u— a) m (v — a) n , 
y = B(u— b) m (v — b) n , 
z— C (u— c) m (v — c) n 
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are obtained by the integration of Euler's equation when we have m = n or 
m + n = 1. Deduce from this result the asymptotic lines of the tetrahedral 
surface 

19. How can we determine whether a differential equation 
dy—f(x, y)dx = 

has an integrating factor of the form J7, where X depends only upon x, and 
Y depends only upon y, and find this integrating factor when it exists ? 

[Licence, Paris, October, 1902.] 

20*. Given a plane curve C, the middle point m is taken of the cord MM' 
which joins any two points M, W of that curve. The point M remaining fixed, 
if the point M' describes the curve C, the point m describes a similar curve c. 
Prove that the curves c satisfy a differential equation of the first order, which is 
integrated, like Clairaut's equation, by replacing y' in it by an arbitrary con- 
stant. (Bulletin de la Societi matMmatique, Vol. XXIII, p. 88.) 

21. Integrate the differential equation 

F(y", y' - xy", y - xy' ^ + |- y'^j = 0. 

We observe that ?/"' appears as a factor in the derivative of the left-hand 
side. There exist equations of an analogous form and of any order (see Dixon, 
Philosophical Transactions, Vol. CLXXXVI, Part I ; Raffy, Bulletin de la 
Socm matMmatique, Vol. XXV, p. 71 ; Bounitzky, Bulletin des Sciences 
matMmatiques, Vol. XXXI, 2d series, p. 250). 



CHAPTER II 



EXISTENCE THEOREMS 

The first rigorous investigations to establish the existence of the 
integrals of a system of ordinary differential equations or of partial 
differential equations are due to Cauchy. That illustrious mathe- 
matician gave for analytic equations a type of demonstration based 
on a method of comparison to which he gave the name of " calculus 
of limits" (calcul des limit es). We owe to him also another method 
which does not assume the functions to be analytic, and which we 
shall discuss later. 

I. CALCULUS OF LIMITS 

21. Introduction. The fundamental idea of the calculus of limits 
consists in the use of dominant functions. The reasoning is quite 
analogous to that which has already been used to establish the 
existence of implicit functions (I, § 193, 2d ed. ; § 187, 1st ed.). 
Since every analytic function has an infinite number of dominant 
functions, we see that the method can be varied in a great many 
ways. The simplicity of the demonstrations depends largely on the 
choice of the dominant functions. Since the work of Cauchy, his 
proofs have been perfected and extended to more general cases by 
Briot and Bouquet, Weierstrass, Darboux, Meray, Eiquier, Madame 
Kovalevsky, and many others. Even to-day we make use of this 
same method constantly to treat analogous questions relative to par- 
tial differential equations with various initial conditions. 

22. Existence of the integrals of a system of differential equations. 

Let us consider first a single equation, 

a) 

the right-hand side of which, f(x 9 y), is an analytic function in the 

neighborhood of a system of values x , y . We propose to prove that 

this equation has an integral y(x) analytic in the neighborhood of the 

point x Q and reducing to y for x = x Q . 

45 
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Let us suppose for the sake of brevity that x = y = 0, which 
amounts simply to writing x and y in place of x — x and y — y . 
If the given equation has an integral which is analytic in the neigh- 
borhood of the point x — 0, and which vanishes with x, and if we 
can calculate the values of all the successive derivatives of that 
integral for x = 0, we can write the development of that integral in 
a power series. 

The equation (1) gives us first of all (dy/dx\= f(0, 0). On the 
other hand, the equations which we derive from it by repeated dif- 
ferentiations enable us to calculate the value of a derivative of any 
order in terms of x, y and of derivatives of lower order, 



(2) 



dx 2 dx dy dx 
d?y 
dx s 



" dx* dx dy dx ^ dy 2 \dx) ^ dy dx 2 



Setting in these relations x = y = 0, we calculate step by step the 
initial values (d 2 y/dx 2 ) , (<Py/dx*) , • • (d n y/dx n \, ... of the succes- 
sive derivatives of the desired integral in terms of the coefficients 
of the development of fix, y) in a power series in x and y. Until 
Cauchy's work appeared, mathematicians had assumed without proof 
that the power series thus obtained, 

(dy\ x , (d 2 y\ x 2 t . (d n y\ x n 

was convergent for values of x near zero. 

To establish rigorously this essential point, let us observe that the 
operations by which we calculate the coefficients of the series (3) 
reduce precisely to additions and multiplications alone, so that the 
value obtained for (d n y/dx n \ can be written in the form 

(4 ) (S) = Pn(%) ' %v aw ' " a ° n ' ' * *' ^ 

where P n is a polynomial with positive integral coefficients, and where 
a ik is the coefficient of x l y k in the development of f(x, y). If, then, we 
replace the function fix, y) by a dominant function <j> (x, Y), and if 
we seek to determine an analytic integral of the auxiliary equation 

( 5 ) dx-^^ 

vanishing with x, the coefficients of the series obtained for the devel- 
opment of Y will be positive numbers greater than the absolute value 



II, § 22] 



CALCULUS OF LIMITS 



47 



of the corresponding coefficients of the same rank in the series (3). 
If the series obtained for Y is convergent in a certain neighborhood, 
the same must be true a fortiori of the series (3). Now the series 
obtained for Y will certainly be convergent if the auxiliary equation 
has an analytic integral vanishing for x = 0. 

Let us suppose that the function f(x, y) is analytic when the varia- 
bles x and y remain in the circles C, C of radii a and b described in 
the planes of the two variables about the two origins as centers, and 
that it is continuous on the circumferences, and let M be the upper 
limit of \f(x, y) \ in this neighborhood. We can take for the domi- 
nant function 



MX 1 -!) 



and, multiplying the two sides by (1 — Y/b), we may write the 
auxiliary equation (5) in the form 

M 



l-i 

a 



We can show directly that this equation has an analytic integral 
which vanishes for x = 0. In fact, separating the variables, we obtain 
the integral of that equation in the form 



(7) r -f b = - aML o g (l-f). 



The constant which must be added to the right-hand side to 
express the general integral of the equation (6) is here zero if we 
adopt for the determination of the logarithm the one which is zero 
for x = 0. Solving equation (7) for F, we get 



(8)' Y=b- 



^l + 2afLog(l-f). 



If we take for the radical the determination which reduces to 1 
for x = 0, the result (8) represents precisely an integral of the 
equation (6) which is zero for x = 0. This function Y is also ana- 
lytic in the neighborhood of the origin, for the function under 
the radical is analytic in the interior of the circle C of radius a, 
and is zero for 

(9) x = p =za(l- e"^ 1 ). 

When the variable x remains in the interior of the circle C p of 
radius p described about the origin as center, the absolute value 
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of (2 aM/b)~Log(l — x/a) remains less than unity,* and the radical 
is an analytic function of x in this circle. The series obtained for 
the development of Y is therefore convergent in the circle of radius p, 
and the same is true a fortiori of the series (3) first obtained. 

It is easily seen from the formula (8) that all the coefficients of 
the development of Y are real and positive, a fact which is evident 
also a priori. If we give to x any value whose absolute value is less 
than p, the absolute value of Y will be less than the value obtained 
by replacing x by p. We have, then, for every point in the circle 
C p , \ Y\ < b, and therefore \y\ < b. If we replace y in/(#, y) by the 
sum of the series (3), the result of the substitution is therefore an 
analytic function in the circle of radius p. From the manner 

in which we have obtained the coefficients of the series (3), the two 
functions $(x) and dy/dx are equal, as well as all their successive 
derivatives for x = 0. Hence they are identical, and the analytic 
function y satisfies all the given conditions. 

In order to calculate the coefficients of the series (3), we can substi- 
tute directly for y in the equation (1) a power series y= C x x-\- C 2 x 2 -] 

and write the conditions that the two sides are identical. The coeffi- 
cient of x n_1 in dy/dx is nC n , while the coefficient of x 71-1 on the right 
depends evidently only on C v C 2 , • • C n _ t and the coefficients a ik . 
It is easily seen that the coefficients C n are calculated in this way 
by the use of the operations of addition and multiplication alone. 

The method can be extended without difficulty to a system of any 
number of differential equations of the first order. Let 



be a system of differential equations in which the functions f are 
analytic in the neighborhood of the values x Q , (y^) , • •, (y n ) * These 
equations have a system of integrals analytic in the neighborhood of 
the point x Q and taking on the values (y^) Q , (^ 2 )o> ' ' "> OOo r espectively 
for x = x Q . 

The proof of this theorem can be made to depend on the fact 
that the system of auxiliary equations 



(10) 



(i = l, 2,..., 



n) 



dx 



dl\ _ dY 2 



dx 



M 



n 



dx dx 



* In fact, all the coefficients of the development of that function in powers of x 
are real and negative. The absolute value of the preceding expression for | x | < p is 
therefore less than its absolute value when x = p, that is, less than unity. 
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has a system of integrals which are analytic in the neighborhood 
of the origin, and which vanish for x = 0. The functions f t are sup- 
posed to be analytic as long as we have \x - x Q \ ^ a, \y { — (y,) | ^ b, 
and M denotes again the maximum absolute value of the functions 
f in this neighborhood. These integrals, having their derivatives 
equal and all vanishing for x = 0, must be identical, and it suffices 
to consider the single equation 

dY M 

dx 



in which we can again separate the variables. This equation has 
the integral . 

xr * z W+1 C (n + T)Ma T T. x\ 
Y=b-b > J 1 + L__2_Log(l--j, 

which is analytic in the circle with the radius 

p = a(l-e< n+1)Jfa ), 
and which is zero for x = 0. Hence the system (10) has a system 
of integrals that are analytic in the same circle. 
A single equation of the nth. order, 



d n V J dy d n ~ x y 



can be replaced by an equivalent system formed of n equations of 
the first order, 



(13) 



by introducing as auxiliary dependent functions the successive 
derivatives of y up to the (n - l)th order. We deduce from the 
general theorem, then, the proposition that the equation (12) has an 
analytic integral in the neighborhood of the point x Q and such that 
that function and its first n — 1 derivatives take on for x = x Q the 
values y , y , • • •, 2/o w_1) 9^ ven ^ n advance, provided that the function 
F is analytic in the neighborhood of the system of values x Q , y , y , 



From the demonstration it results that there cannot be more than 
one analytic integral of the equation (1) taking on for x = x Q the 
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value y . But nothing enables us to say up to this point that there 
do not exist non-analytic functions satisfying the same conditions.* 
This is a point which will be rigorously established farther on 
(§ 26). 

23. Systems of linear equations. We shall find farther on, by another 
method, a larger value for a lower bound of the radius of convergence 
of the series which represents the integrals (§ 29). If the functions 
fi have special forms, we can sometimes employ more advantageous 
dominant functions, still making use of the method of the calculus 
of limits. 

In particular, this is what happens in the very important case of 
linear equations. Let 

(14) ^ = a ilVl + a i2 y 2 + . • • + a in y n + h {i = 1, 2, . . ., n) 

be a system of linear equations in which the functions a ik and b { are 
functions of the single variable x, analytic in the circle C of radius R 
about the point x Q as center. These equations have a system of inte- 
grals analytic in the circle C and reducing respectively to (y^) , (y 2 ) , 
• (l/n\forx=x . 

We may suppose in the proof that 

(2/i)o = (^2)0 = • = (Vn\ = °> 
for if we change y { into (y { ) Q + y i} the system (14) does not change 
in form, and the new coefficients are again analytic in the circle C. 
Let M be the maximum value of the absolute values of all the 



* The following is the reasoning used by Briot and Bouquet to treat this matter. 
Let y x be an analytic integral of the equation (1) taking on the value y for x = x . 
Putting y = Vi + z, the equation (1) takes the form 

(10 g-**(*,*), 

where ^ (x, z) is analytic for x = x , z = 0. Let us suppose that this equation has an 
integral, other than 2 = 0, approaching zero when the variable x describes a curve C 
ending in the point x . Let x t , x 2 be two points of this curve to which correspond the 
two values z x and z 2 of z. We obtain from the equation (10 



v z, Z J x . 



If x x approaches x , z x approaches zero, and the absolute value of the left-hand side of 
this equality becomes infinite, while the absolute value of the right-hand side remains 
finite; there cannot be, then, an integral approaching zero different from z = 0. But 
the reasoning supposes that the point x approaches x along a curve C of finite length. 
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functions a ik , h i in a circle C" with the center x and the radius r < R. 
The function 

_^_(i + r 1+ F 2 +... + r„) 



is a dominant function for all the functions a n y x + • • • + a in y n + b iy 
and we are led to consider the auxiliary system 

/-.f-x ^1 ^ 

(15 > ^ = = = = 7^( 1 + Y i + Y > + '- + Y "> 

r 

Since the functions Y v Y 2 , • • F n are required to be zero for 
a? = x , and since their derivatives are equal, they are identical, and 
the system (15) can be replaced by the single equation 

(16) dY - M (11 nY) 

r 

which can be integrated by separating the variables. The integral 
which is zero for x — x Q has the form 



and it is analytic in the circle C'. The same thing is therefore true 
of the integrals of the system (14), and, since the number r may 
be taken as near R as we wish, it follows that these integrals are 
analytic in the circle C. 

24. Total differential equations. Let x 1? x 2 , • • •, x n be a system of n independ- 
ent variables, let z be an unknown function of these variables, and let f 11 / 2 , 
• • •, f n be n given functions of x 1? x 2 , • • •, x n , z. A total differential equation is 
a relation of the form 

(17) dz = f l dx 1 + f 2 dx 2 + • • • + f n dx n ; 
it is really equivalent to n distinct equations : 

(18) S[ =fv £; =/2 ' '"' £ =/n - 

Let us suppose that there exists a function z of x x , x 2 , x n satisfying 
these n relations. We can calculate the second derivative d 2 z/dXidxjc (i ^ k) in 
two different ways. Writing the results obtained as identical, we obtain thus 
n(n — l)/2 ! relations of the form 

(19) ^Tz fk = ^Tz fu C* = i,2,-,») 
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and the function z can only be taken from among those functions which satisfy 
these relations. We are going to consider only the very important case, in 
which these relations are satisfied identically. The equation (17) or the equiva- 
lent system (18) is then said to be completely integrdble. 

Given a completely integrable total differential equation in which the functions fi 
are analytic in the neighborhood of the system of values (» 1 ) , (x 2 ) , • • •, (x„) , z , 
this equation has an analytic integral in the neighborhood of the system of values 
(x 1 ) , • • •, (x„) , which reduces to z when x x — {x x ) , • • x n — (x n ) . 

The equations (18) and those which are derived from them by successive 
differentiations enable us to express all the partial derivatives of the unknown 
function z in terms of z, x 1? x 2 , • • •, x n ; hence we can obtain the values of the 
coefficients of the development of the analytic integral, if it exists. But, while 
it is evident that we can calculate such derivatives as d p z/dx\ in only one way, 
it requires a little more care to assure ourselves that we shall always obtain the 
same expression for a derivative of any order, such as dP + ^z/dx^dx^ which can 
be calculated in several different ways. This will be the case for the deriva- 
tives of the second order, if the conditions (19) are identically satisfied. In 
order to show that the same property is true in general, it suffices to show that, 
if it is true up to the partial derivatives of order p, it will also be true for the 
partial derivatives of order p + 1. We shall base the proof on the following 
fact : Let U(x 1 ^ x 2 , • • •, x n , z) be any function of x 19 x 2 , • • x n , z, and let us put 

dU dU , dU . d*U d (dU\ _ , * 
= 1 /i, = • (i, k = 1, 2, • • ., n) 

dxi dXi dz dxidx/c dxk \ dXiJ 

From the conditions (19) it follows immediately that we have for any function U 
the relation 

dH J _ dHJ 
dxidxk dxjcdxi 

Let now u and v be two partial derivatives of the pth order differing only in 
the fact that a differentiation with respect to Xi in one has been replaced by a 
differentiation with respect to x^ in the other. The proof depends on showing 
that we have 

du du . dv , dv . 

h —fk = h — Ji, 

dxjc dz dXi dz 

or that du/dxjc = dv/dxi. But u and v have been obtained by taking the partial 
derivatives of a partial derivative w of order p — 1 with respect to the variables 
Xi and xjc respectively. We have therefore u = dw/dxi, v = dw/dx^ and the 
equality to be established reduces to d 2 w/dxidxjc = d^w/dx^dxi, an equality which 
has already been proved. 

To prove the convergence of the series thus obtained, we can therefore replace 
the functions f by dominant functions 0f, provided that we choose these func- 
tions 0i so that the resulting auxiliary total differential equation shall itself be com- 
pletely integrable. For simplicity let us put (x 1 ) = (x 2 ) = • • • — (x n ) = z = ; 
we can take for the dominant function of all the functions fi an expression of 
the form 

M 
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and the auxiliary equation 

M(dxi + dx 2 + ; • • + dx n ) 



(20) dZ = • 



X-^ -\- x 2 ~}~ • • • H~ x } 



=)H) 



is completely integrable from the symmetry of the right-hand side relative to 
the n variables Xi. In order to obtain an analytic integral that vanishes with 
these variables, we need only seek an integral which is a function of the single 

variable X= x x + x 2 -\ h x n . This leads to an ordinary differential equation 

of the form (6) 



MdX 



Since the integral of this equation is represented by a development in a con- 
vergent series the coefficient of any term x\ 1 • • • x* n of which is real and positive, 
the development obtained for z is a fortiori convergent in the same neighborhood. 

The theorem can be extended without difficulty to systems of total differential 
equations in n independent variables x v x 2 , • • x n and m dependent variables 

(21) dz h -fi h dx 1 + • • • +fihdxi + • • • +f nh dx n . ^ ~ ^ ^ [ [ ™) 

By calculating in two different ways the derivatives of the form d 2 Zh/dX{dXjc 
we are led to the conditions 

(22 > w t + %r/ kl + " ' • + te-J km = as" + w/ a + - ' ' + d^ fim ' 

The system (21) is said to be completely integrable if these conditions (22) are 
satisfied identically, and we have the following theorem which is demonstrated 
like the preceding : 

Every completely integrable system in which the functions fi are analytic in the 
neighborhood of a system of values (x 1 ) , (x 2 ) , • • •, (x n ) , (2; 1 ) , • • •, (z m ) has a 
system of integrals analytic in the neighborhood of the point (x 1 ) , • • (x n ) and tak- 
ing on respectively the values (2 1 ) , (z 2 ) , • • •, (z m ) when x x = (« 1 ) , • • •, x n = (x n ) . 

25. Application of the method of the calculus of limits to partial differ- 
ential equations. The calculus of limits enables us also to prove the 
existence of integrals of a system of partial differential equations. 
Let us consider first an equation of the first order, 

dz J dz dz dz\ 



(23) |r =f(x lt x t , 



dxo 9 dx ' ' dx n 



in which the right-hand side does not contain the derivative dz/dx v 
This equation and those obtained from it by successive differentia- 
tion enable us to express all the partial derivatives of z in terms of 
x v x , • • x n , z, and of the partial derivatives of z taken with respect 
to the variables x 2 , x B , - • -,x n alone. This property is evident for the 
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derivatives of the form d a * + "• + an+1 z/dx 1 dx%* . • • dx% n , as is seen by 
differentiating the two sides of the equation (23) a 2 times with 
respect to x 2 , • • •, and then a n times with respect to x n . If we differen- 
tiate the two sides of the equation (23) once with respect to x v and 
any number of times with respect to the other variables x 2 , x s , • • • , x n , 
and if we then replace in the right-hand side of the result the par- 
tial derivatives which involve just one differentiation with respect 
to the variable x x by the expressions already obtained, we shall obtain 
also the derivatives d a * + '" + an + 2 z/dxl dx%* • • . dx% n expressed in the 
manner stated above, and it is clear that we can continue to apply 
the same process indefinitely. 

Let us now suppose that the function / is analytic in the neigh- 
borhood of a system of values (x^) Q , • • •, (x n ) Q , z , (p 2 ) , • • (Pn) > 
and let cj>(x 2 , x z , • • •, x n ) be a function of the (n — 1) variables 
x 2 , x 3 , • • •, x n analytic in the neighborhood of the point * (x 2 ) , 
(x 3 ) , • • •, (x n ) and such that we have for these particular values 

<+>. = '" (^) =( ^' (S) =( ^' (S) =(AV 

If these conditions are satisfied, the equation (23) has an integral 
which is regular in the neighborhood of the point (x^) Q , • • •, (x n ) and 
which reduces to <j>(x 2 , x 3 , • • •, x n ) for x x =(x 1 ) Q . 

By hypothesis, the function <£(x 2 , x 3 , • • •, x n ) can be developed in 
a series of positive powers of the variables x { — (x { ) , and the coeffi- 
cients are, except for certain numerical factors, the values of the 
partial derivatives of that function at the point (as 2 ) , (# 3 ) , • • (# n ) - 
Since the function z, the existence of which we wish to prove, must 
reduce to <t>(x 2J x s , • • •, x n ) for x 1 =(x 1 \, we know from that fact 
alone the values at the point (x^) Q , (x 2 \, . • (x n \ of all the partial 
derivatives of the function z which involve no differentiation with 
respect to the variable x r We have just seen how all the other partial 
derivatives of z can be expressed in terms of these. We can there- 
fore calculate, step by step, all the coefficients of the development of z 
according to powers of x { — (x { ) in terms of the coefficients of the 
two developments of the function / and of the function <£, and the 
calculation involves the operations of addition and multiplication 
alone. We can therefore employ again dominant functions to prove 
convergence : if the series obtained by replacing, in the preceding 



* For the sake of brevity we shall designate as a point every system of particular 
values, real or imaginary, assigned to the variables appearing in the discussion. 
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calculation, / by a dominant function F, and by another dominant 
function <$>, is convergent, the same thing must necessarily be true of 
the series obtained for z. 

We can, first of all, replace the given initial conditions by other 
simpler conditions by means of a succession of easy transformations. 
We may suppose (x) Q = (x^) — • • • = (x n \ = 0, for that amounts to 
writing x { in place of x { — (x { ) Q . If we also put 

z = $(x 2 , x v x H ) + u, 

the new unknown function u must reduce to zero for x 1 = 0. We 
may suppose also that after these transformations the right-hand 
side of the equation, when developed, does not contain a constant 
term, for if the development commenced with a constant term a 
different from zero, it would suffic3 to put u = ax 1 -f v in order to 
make it disappear. Having made these transformations, if we now 
replace the right-hand side by a suitable dominant function, the 
demonstration of the theorem reduces to showing that the equation 

w g= , ». .»» -»■ 



j% ±x + • • • + x n + ( i _ dx 2 + + gg, 



where M, r, ^ are determined positive numbers, has an integral which 
is analytic in the neighborhood of the origin and which reduces to 
zero for x 1 = 0. If we replace x x on the right-hand side by xja, 
where a is a positive number less than unity, we increase the coeffi- 
cients, and the theorem will be established a fortiori if we prove 
the proposition for the new equation 

1 I -l + x +... + x H + Z^ 

a 2 




Indeed, it is sufficient to show that this equation has a regular 
integral, represented by a power series whose coefficients are all real 
and positive; for the coefficients of this third development are at 
least equal to those of the series obtained by supposing that Z van- 
ishes when a; = 0, since the coefficients are all obtained by means 
of additions and multiplications of the coefficients of the terms inde- 
pendent of x r In order to establish this last point, let us try to 
satisfy the equation (25) by taking for Z a function of the single 
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variable X = xja + x 2 -\ h x n . We are thus led to the differen- 
tial equation of the first order, 

/l n-1 \dZ n-1 /dZ\ 2 , M 

r 

Let us suppose that a has been chosen so small that the coefficient 
of dZ/dX on the left is positive. For X = Z = the equation (26) 
has two distinct roots, one of which is equal to zero. That equation 
has therefore an analytic integral in the neighborhood of the origin, 
which, together with its first derivative, is zero for X = 0. It is easy 
to show directly that all the coefficients of the development of this 
integral are positive ; for the equation (26) may be written in the 
form 

i-(g)w,,>, 

where A is positive and where &(X, Z) denotes a series whose coeffi- 
cients are all positive. After a first differentiation we find 

dX 2 ~ dX dX 2 + dX + dZ dX 

For X = 0, Z and dZ/dX are zero ; hence d 2 Z/dX 2 is positive. The 
verification for the following derivatives is similar. 

The series obtained for the development of the desired integral z 
is therefore convergent as long as the absolute values of the differ- 
ences x t — (x t ) Q remain less than a positive number r. The value of 
that series is an analytic function in the neighborhood of the point 

<>i)o> ( X X> • • •> ( X n\ aild reduCeS t0 <I>( X 2> X S> * * *> X n) f ° r X l =( X l)o' 

That function satisfies the given equation ; for if we replace in / the 
variables z, dz/dx 2 , • • dz/dx n by the preceding function and by its 
partial derivatives, the result is a function \j/(x v x 2 ,-—, x n ) which 
is regular in the neighborhood of the point (x^ Qy (^ 2 ) , • • •, (x n ) Q , 
and, from the manner in which we have obtained the coefficients 
of the series z, the two functions \j/ and dz/dx x are equal, as well as 
all their partial derivatives, at the point (x^ Q9 (a? 2 ) , • • (x n ) Q . They 
are therefore identical. 

The proof is the same for a simultaneous system of equations of 
the first order, 



II, § 26] 



CALCULUS OF LIMITS 



5? 



whose right-hand sides contain only the variables x v as , . • •, x n , the 
functions z , z , • • •, z p , and the partial derivatives of the first order 
except those with respect to x r Supposing the right-hand sides ana- 
lytic in the neighborhood of a system of particular values (x t ) Q} (z k ) , 
(Pi)o9 assigned to all the variables which appear in the function /, 
these equations have a system of integrals which are analytic in the 
neighborhood of the point (x^) o9 • • (pc n ) and which reduce for 
x i ~ ( x i)o t° P given functions <j> v <£ 2 , • • <£ p of the (n — 1) variables 
x 2 , x z9 • • x n , which are analytic in the neighborhood of the point 
(as 2 ) , (as 8 ) , • • and are such that the values of <j> k and of d<f> k /dx i 

at that point are precisely (z k ) Q and (/?f) (k = 1, 2, • • • , p ; i = 2, 



26. The general integral of a system of differential equations. The 

preceding theorem enables us to complete the theory of differential 
equations on several important points. Thus, the existence of an 
infinite number of integrating factors for an expression of the form 
P (x f y)dx + Q (x, y) dy is an immediate consequence of it if P and 
Q are analytic functions of the variables x and y (§ 12). 

Let us consider again the equation of the first order y' = f(x 9 y), 
and let ( x , y ) be a pair of values for which the function f(x, y) 
is regular. The analytic integral the existence of which has been 
established, which takes on the value y for x = x Q , may be con- 
sidered as a function of three independent variables x, x , y ; it is 
from this point of view that we are going to study it. For definite- 
ness let us suppose that the function f(x, y) is regular in the 
neighborhood of a point (x = a, y = /?). We can evidently consider 
the given equation as a partial differential equation, 



which defines a function y of the three variables x, x , y 9 and we 
propose to determine an integral of that equation which is analytic 
in the neighborhood of the point x = a, x Q = a, y Q = ft and which 
reduces to y for x = x Q . This last condition is not in the same 
form as that of the preceding paragraph, but it suffices, in order 
to overcome the difficulty, to take instead of x and of x two 
new independent variables u = x + x Q and v = x — x Q . Then the 
equation (28) becomes 



n). 



(28) 



dy 



=f( x > y). 



dx 




Hosted by 



Google 



58 



EXISTENCE THEOREMS 



[II, § 26 



and we are led to seek an integral of this new equation which is 
analytic in the neighborhood of the values u = 2a, v = 0, y = p 
and which reduces to y Q for v — 0. By the general theorem, there 
exists an analytic integral, and only one, which satisfies these 
conditions; we shall denote it by <j>(x, x Q , y ), supposing that we 
have replaced u and v by their values in terms of x and y. Let D 
be a region defined by the conditions | x — a | ^ r, \ x — a | ^ r, 
\y — P\ ^p, in which the function <j>(x, x Q , y ) is regular. The 
function has the following properties in this region. In the first 
place, from the very way in which we have obtained it, if x Q and y 
are constants, it represents the integral of the differential equation 
y' =f(x, y), which takes on the value y for x = x Q . This integral 
is surely analytic whenever \x — a\ is less than r, for any point 
(x , y Q ) in the region D. 

The development of cj>(x, x Q , y ) is of the form 

y = yo + ( x - x o) p ( x > x o>yo)> 

where P also denotes a regular function. By the general theory 
of implicit functions, we can solve the above relation, obtaining 
y o = ^(x, x Q , y), in which the right-hand side is also a power series. 
The function \j/(x, x , y) is identical with <t>(x^ x, y). In fact, let x Q 
and x x be two values of x in the region D ; then the integral which 
is equal to y Q for x = x Q takes on at the point x x a certain value y v 
and we have y x = $ (x v x Q , y Q ). But it is evident that the relation 
between the two pairs of values (x Q9 y ), (x v y x ) is a reciprocal one ; 
hence we have also y — <l>(x , x v y^). 

Let x' Q be any value of x such that we have \x' Q — a\< r. Every 
analytic integral of the equation (28), passing through any point 
(x Q , y Q ) of the region D, satisfies a relation of the form 

(30) <l>(x' ,x,y) = C. 

For, let us consider the analytic integral equal to y for x = x Q . 
That integral takes on a value y' when x has the value x' , and we 
have, from the definition of the function <f>, <j>(x' , x Qj y )= y' . Let x 
be another value of the variable in the same region and y the corre- 
sponding value of the integral. We have also <t>(x' Q , x, y)= y' , and 
therefore the analytic integral considered does satisfy a relation of 
the form (30). By differentiating it with respect to x and replac- 
ing y' by its value f(x y) we find that the function cf>(x' , x, y) 
satisfies the relation 
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This relation reduces necessarily to an identity, for it must be true 
for x = x , y = y Q , and the point (x Q , y Q ) is any point of the region D. 

This enables us to answer a question left undecided in § 22. 
In the plane of the variable x let any curve Y approach the point x Q 
as a limit. We shall say that a function y of the variable x which 
can be continued analytically along the whole length of T approaches 
y as x approaches x Q on V if for every positive number e. we can find 
a corresponding positive number rj such that \y — y Q \ remains less 
than e for all the values of x lying on T in the interior of a circle 
with a radius rj and with the center x Q . 

The reasoning of Briot and Bouquet does not prove that there do 
not exist other integrals than the analytic integral, approaching y 
as x approaches x Q in the manner which has just been defined. This, 
however, is the fact. For let us consider a definite point (x Q , y Q ) 
of the region D, and let us take for the new dependent variable in 
the equation (28) the function Y= <j> (x Q , x, y) defined above. Then 
we have 

dY_d$ c$<Iy 
dx dx dy dx 9 

and, by the relation (31), the given differential equation reduces to 
dY/dx = 0. If, now, y approaches y when x approaches x Q , the same 
thing is true of F, and the only integral of the new equation dY/dx = 
which satisfies this condition is evidently Y= y Q . The integral sought 
must therefore satisfy the relation 

( 32 ) y = y + ( x - x o) p ( x > y> 0> 

and, by the theorem on implicit functions (I, § 193, 2d ed. ; § 187, 
1st ed.), there is only one root of the equation (32) approaching y 
as x approaches x Q , and that root is an analytic function. * 

It follows that every integral of the equation (28) which passes 
through a point of the region D satisfies a relation of the form (30). 
On that account we say that that equation represents the general 
integral of the differential equation in this region. The number C 
is the constant of integration which remains arbitrary at least be- 
tween certain limits. We have seen that we could also put the 
equation (30) in the equivalent form y = c/>(x, x' Q9 y' Q ) 9 where the 
constant of integration is y' Q . 



* Picard, Traite d' Analyse, Vol. II, pp. 315-317. Painleve, Lemons de Stockholm, 
p. 394. 
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All these properties can be extended to a system of differential 
equations of the form 

(33) % =A(x, y v y„ • • , y n ), ^ =/ 2 , • • =/, 

Let us suppose that the right-hand sides are analytic in the neigh- 
borhood of the system x = a, y 1 = f$ 1} » • *, y n = fi n . We may again 
regard the preceding equations as a system of partial differential 
equations involving the n dependent variables y v y 2 , • • • , y n and 
the n + 2 independent variables x, x Q , (y^) Q , (2/ 2 ) 0? • •> (24) ? an( ^ we 
may seek the integrals of this system which are regular in the 
neighborhood of the values x = a, x = a, (y^ = fi v • • • , (y n ) = /? n 
and which reduce to (y^ Q , (y 2 \, . . ., (y n ) respectively for x = x Q . 

Let 



(34) { 



y x = <k[a;, a? , (^) , . . ., (y n ) ], y a = <£ 2 , 

y» = (3/1)0^ • • •> (y«) ] 



be the w functions thus defined, which we suppose to be analytic 
in the region D defined by the conditions \x — &\ = r, \x — a\Zsr y 
\(ydo ~~ ft I — P* From the equations (34) we derive, conversely, 

( 35 ) = <£iOv ^ Vv - • •> y n )y • • •> (y») = <£«(*v ^ • • •> 

and each of these functions satisfies, for any value of x Q , the 
relation 

<*> 

We prove this just as before by observing that the analytic 
integrals which take the values (y^) , • • • , (y w ) for as = x satisfy 
the relations (35), and therefore the relations (36), which we deduce 
from them by differentiating with respect to the independent 
variable x and by replacing the derivative dy { /dx by f { . These 
relations (36) must reduce to identities ; for if x Q is supposed fixed, 
we can show as above that we can choose (y^) Q , • • (y n ) in such a 
way that the integral curve # passes through any given point of the 
region D. The left-hand side of the equation (36) must therefore 
be zero for the coordinates of any point whatever of this region. 

If in the equations (33) we take for new dependent variables 
the n functions F ?; = <^(# , x, y v • • y n ), where x Q is constant, these 



* As a generalization we shall say that every system of integrals of the equations 
(33) defines an integral curve. 
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equations become, by the conditions (36), 

It follows that all the integrals of the system (33) satisfy relations 
of the form (35), where (y^) , • (y n ) are constants — at least all 
of those integrals which have a point in the interior of the region 
D where the functions are regular. We shall say> then, that the 
equations (35) represent the general integral of the system (33) in 
this region. 

From these equations it follows also that there are no other 
systems of integrals than the analytic integrals which approach 
(^i)o» ' ' *> GOo wnen x approaches x Q . We have, in fact, 

<fc = & + x o) P i( x o> x > Vv • ' *> 

and the Jacobian D(<f> v <£ 2 , • • - , <j> n )/D(y v y 2 , . . ., y B ) reduces to 
unity for # = cc Q . According to the general theory of implicit func- 
tions, the equations (35) have only a single system of solutions for 
t/i>y 2 >--> Vny which approach (y^, . . ., (y B ) when a? approaches a , 
and these solutions are analytic. 

To sum up, through every point of the region D there passes an 
integral curve, and only one, represented by n equations y { = fa (x), 
where the functions fa are analytic so long as | x — a | ^ r. 



II. THE METHOD OF SUCCESSIVE APPROXIMATIONS. THE 
CAUCHY-LIPSCHITZ METHOD 

27. Successive approximations. The method of successive approximations has 
been applied with success by E. Picard to ordinary differential equations and 
to a great number of cases of partial differential equations. We shall apply it 
to the treatment of differential equations with an important addition due to 
Ernst Lindelof . 

Let y (x) be an integral of the differential equation dy/dx = f(x, y) taking 
on the value y for x = x . The function y(x) satisfies the relation 

(38) y(x) = y + f X f[t,y(t)]dt, 

and conversely. The equation (38) is an integral equation which is equivalent 
to the two conditions y'(x) =f[x,y(x)],y (x ) = y and which lends itself readily 
to the method of successive approximations. We shall develop the method on 
a system of two equations of the first order 

(39) ^=f(x,y,z), ^=4>{x,y,z), 
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supposing first that the variables are real. We shall assume that the two func- 
tions / and <p are continuous when x varies from x to x + a and when y and z 
vary respectively between the limits (y — 6, y + b) and (z — c, z + c) ; that 
the absolute value of each of these functions / and <p remains less than a posi- 
tive number M when the variables x, y, z remain within the preceding limits ; 
and, finally, that there exist two positive numbers A and B such that we have 



f(x,y',z / )\<A\y-y / \ + B\z-z'\, 



Mm f|/(*,y,2) 
K ' \ \H*, v, 2) - 0fo *0 1 < A 1 2/ 

for any positions of the points (x, y, 2) and (x, y\ z') in the preceding region. 

Let us suppose, for ease in the reasoning, a > 0, and let h be the smallest of 
the three positive numbers a, b/M, c/M. We shall prove that the equations (39) 
have a system of integrals which are continuous in the interval (x , x + h) and 
which take on the values y and z for x = x . For this purpose we shall write the 
equations (39) in the form of integral equations : 

(41) y (x) = y + f 7[«, V(t),z (t)] dt, z(x) = z + f %p, y(t),z («)] dt, 

and we shall solve these equations by successive approximations in the same way 
as for a system of simultaneous equations (I, § 34, 2d ed. ; § 25 ftn., 1st ed.), 
taking for the first approximation values the initial values y and z themselves. 
We are thus led to write 

z 1 (x) = z +,f cp(t,y ,z )dt, 
v*(*) = Vo+ fVp, V^z^dt, 
z 2 (x) = z + f X <j>[t, Vl (t), z x (t)-]dt 

y n {x) = y + f Vp, Vn-l(t), Zn-l(t)]dt, 

Jx 

Zn{x) = Z + f V*, ^-iW' *n-l(t)]dt. 



(42) 

and, in general, 
(43) 



Let us prove first that this process of approximation can be continued indefi- 
nitely if x is contained in the interval (x , x + h). We have, in the first place, 
if x is within that interval, 

\y 1 -y \<Mh<b, 

and, similarly, \ z 1 -z \<c. If we replace y and z by y x and z x in the functions 
/ and <p, the functions of x thus obtained are therefore continuous between x 
and x + h, and their absolute values remain less than M. Fpr the same reason 
as before, y 2 and z 2 are continuous functions of x in the interval (x , x + h), 
and we have in this interval | y 2 - y \ < b, | z 2 - z 1 < c. The reasoning can be 
continued indefinitely ; all the functions y n and z n are continuous between x and 
x + h, and we always have in this interval | y n — y \ < 6, | z n — z 1 < c. 
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In order to prove that y n and z n approach limits when n becomes infinite, let 
us notice that we derive first, from the first of the relations (42), 

(44) \y l (x)-y \<M(x- x ), | z x (x) - z | < M (x - x ), 
where x is any value whatever except x in the interval (x , x + h). We have next 

y 2 (x) - Vl (x) = C X {f[t, Vl (t), -f{t, y , z )}dt, 
and, by taking account of the first of the inequalities (40), 

1 2/2(x) - Vl (x) \<f X A\ Vl (t) - y \dt+ f X B\z 1 (t)-z \dt; 
Jx o J * 

and therefore, by the inequalities (44), 

1 V 2 (s) - ViW I < (A + B) M ix ~*° )2 . 

We have an analogous result for \z 2 (x) - Zl (x)\, and, continuing in this way, 
we see that we have in general 



(45) 

The two series 



I Vn{x) - Vn-lix) I < M (A + B)n~l '£ ^ , 

n ! 

\Z H (X) - Zn-^X) | < M(A + B)n-l (X - X o) n . 

n ! 



(46) S V ° + ~ y o) + - V\) + * * ' + (Vn - 2/n-i) + • • 

\Z + (Z x - Z ) + (Z 2 - Z X ) + • . . + (Zn - *n-l) + • • 

whose terms are all continuous functions of x in the interval (x , x + /&), are 
therefore uniformly convergent in that interval. The values of these two series, 
Y(x) and Z (x), are consequently continuous functions of x between x and x + h. 
As the number n becomes infinite, the relations (43) become, at the limit, 

r(x) = 2/0 + f Vp, r(0, z(Q] («, z(x) = z + T%p, z 

x o Jx 

For we have just seen that the differences Y(x) - y n -i(x), Z(x)-z n - 1 (x) 
approach zero uniformly in the interval (x , x + h), and therefore, by virtue of 
the relations (40), the integrals 

H/P, Y(t), Z(t)]-f[t, y n -i(t), z n ^(t)]}dt, 

f X {<p[t, Y(t), Z(t)]~ 0P, Vn-tf), Z n ^(t)]}dt 

x o 

approach zero when n becomes infinite. The functions Y(x) and Z (x) therefore 
satisfy all the given conditions. 

The preceding method is evidently applicable, whatever may be the number 
of the equations in the system. The inequalities (40), which play an essential 
part in the demonstration, are certainly satisfied for suitable values of A and B 
whenever the functions / and <p have continuous partial derivatives with respect 
to y and z within the limits indicated for the variables ; this is an easy conse- 
quence of the law of the mean (I, § 20, 2d ed. ; § 11, 1st ed.). Let us also notice 
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that if the functions / and remain continuous when x varies between x — a 
and x + a, and the variables y and z between the same limits as above, the same 
reasoning proves the existence of a system of integrals, Y(x) and Z(x), which 
take on the values y and z for x = x and are continuous in the interval (x — h, 
x + h), where h has the same meaning as before. 

There are no other systems of integrals than Y(x) and Z (x) taking on the values 
y and z for x = x . The reasoning being always the same, let us take for sim- 
plicity a single equation dy/dx =/(x, y), and let us put, as before, 

Vl = y + f X f(t, y )dt, • • ., y n = V + f */P, Vn-i(t)]dt. 

Let Y x (x) be an integral of that equation which takes on the value y for x - x 
and which is continuous in the interval (x , x + a*), where a' is less than the 
smaller of the numbers a and b/M and such that we have | Y t (x) — y \ < b in this 
interval. Since Y x satisfies the given equation, we can write 

r 1 (x)-y = r x /p, Yiim 

and, consequently, 

ri(s) - y n (x) = ["{fit, Y^t)] -/p, y n -!(t)]}dt. 

Let us put successively in that relation n = 1, 2, 3, • • • ; we have first 
then 

| ^(x) - y 2 {x) \<AfjAb(t - x )<Zt = ^ft (a, ~* o) , 
and, in general, 

|r 1 (x)-y„(x)l<^ (Z ~'| :o) " - 

The right-hand side of that inequality approaches zero when n becomes 
infinite ; the integral Y 1 is therefore identical with the limit of y n , that is, 
with r*. 

28. The case of linear equations. The general reasoning proves that the integrals 
are certainly continuous in the interval (x , x + h) defined above ; but in quite 
a number of cases we can state the existence of a more extended interval 
in which the integrals are continuous. If, in fact, we go over the proof again, 
we see that the conditions h < b/M, h < c/M are needed only to make sure that 
the intermediate functions y v z v y 2 , z 2 , • • • do not get out of the intervals 
(y —b, y + 6), (z — c, z + c), so that the functions f(x, y { , z t -), </>(x, yi, Zt) 
shall be continuous functions of x between x and x + h. If the functions 
/(x, z), 0(x, y, z) remain continuous when x varies from x to x + a, and 
when y and z vary from — <x> to + oo, it is unnecessary to make these require- 
ments. All the functions y t and z- x are continuous in the interval (x , x + a). 



* Regarding questions concerning the approximate integration of differential 
equations, the reader is referred to the articles of E. Cotton (Acta mathematica, 
Vol. XXXI ; Bulletin de la Societe mathematique de France, Vols. XXXVI, XXXVII, 
and XXXVIII; Annales de VUniversite de Grenoble, Vol. XXI). 
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Again, in order to prove the convergence of the two series (46) it is sufficient 
that there exist two positive numbers A and B such that the two inequalities (40) 
are satisfied for any values of y, y\ z, z' if x remains in the interval (x , x + a). 
We recognize, in fact, on going over the calculations made above, that the in- 
equalities (45) still hold, provided that we indicate by M an upper bound of 
|/(x, y , z )\ and of 1 0(x, y , z )\ in the interval (x , x + a). 

These conditions are satisfied, according to the law of the mean, if the 
functions /(x, y, z), 0(x, y, z) have partial derivatives with respect to the 
variables y and z which remain finite for all values of y and z when x varies 
from x to x + a. Such, for example, is the case for the equation 

dy 

= x + sin y ; 

dx 

the right-hand side is a continuous function, whatever x and y may be, and 
the partial derivative df/dy is at most equal to unity in absolute value. 
All the integrals of that equation are therefore continuous functions when x 
varies from — oo to + oo.* 

The preceding conclusions apply in particular to systems of linear equations 

(47) ^ = a il y 1 + a i2 y 2 + • • • + a in y n + b u (i = 1, 2, • • n) 

where the coefficients a^, bi are functions of x. If all these functions, are 
continuous in an interval (x , x^, all the integrals of this system are likewise 
continuous in this interval ; if the coefficients are polynomials, all the integrals 
are then continuous when x varies from — oo to + go . 

Limiting ourselves to real variables, we see that the integrals of linear equa- 
tions can have no other singular points than those of the coefficients. This very- 
important property cannot be extended to many other equations, even though 
they are apparently just as simple — for example, to the equation y' = y 2 . 

Note. We often have occasion to study systems of linear equations whose 
coefficients are analytic functions of certain parameters. Let us suppose, for 
definiteness, that the coefficients and bi of the equations (47) are continuous 
functions of x in an interval (a, 6), and that they depend also upon a parameter X 
of which they are analytic functions in a region D. 

The integrals of this system which take on given initial values for a value x 
of x included between a and b are represented in the whole interval (a, b) by 
uniformly convergent series, and from the very manner in which we obtain 
them it is clear that all the terms of this series are analytic functions of the 



*We can deduce an analogous theorem from the calculus of limits. Let f(x, y) be 
a function which is real for every system of real values of x and y and analytic in 
their neighborhood. Suppose, besides, that \f(x, y)\ remains less than a fixed num- 
ber M when we have respectively | H (x/i) j ^ a and 1 7? (y/i) | =§ 6. If x , y are a pair 
of any real values of x and y, the function / (x, y) is analytic in the region defined by 
the inequalities | x - x \ === a, \ y - y \ === b, and its absolute value is less than M. 
Then, by the calculus of limits, the integral of the equation y'=f{x, y), which is 
equal to y for x = x , is surely analytic in a circle C whose radius r is independent 
of Xo, y . We can follow the analytic extension of that integral along the real axis 
by means of circles of radius r, and we see that it is analytic in the interior of the 
strip bounded by two parallels to the real axis at a distance r from it. 
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parameter X in D. These integrals are therefore themselves analytic functions of X 
in the region D (Part I, § 39). 

Most frequently the coefficients a^ and bi are integral functions of the 
parameter X ; the integrals are therefore themselves integral functions of X. 
We can obtain directly the developments, according to powers of X, of the 
integrals which take on given initial values, by first substituting in the two 
sides of the equations (47) developments of the form 

Vi = u iQ + un\ + • • • + u ip \P + • • (i = 1, 2, • . ., n) 

where the variables are functions of x, and by then equating coefficients. 
The functions Ui must take on the given initial values for x = x , while the 
other functions u^, where 1, must be zero for x = x . 

Proceeding in this way, we find, step by step, systems of linear differential 
equations for determining these coefficients. We shall return to this subject 
later. 

29. Extension to analytic functions. The method can be extended to complex 
variables. To do so it suffices to observe that we have for analytic functions 
of one or several variables inequalities analogous to the inequalities (40). First, 
let f(x) be an analytic function of a complex variable x, in a region bounded 
by a convex curve G and also on the boundary, and let A be the maximum 
value of \f(x)\ in this region. The difference f(x 2 ) — /(x^, where x x and x 2 are 
any two points of that region, is equal to the definite integral f f'(x) dx taken 
along the straight line joining these two points. We have, therefore, 

|/(z 2 ) - f( x i) \<A\x 2 -x 1 \. 
Similarly, let /(x, y) be an analytic function of the two variables x and y 
when these variables remain respectively in two regions ft and ft' bounded by 
two closed convex curves C and G\ and let A and B be the maximum values 
of \f x | and of \ f \ in this region. If x x arid x 2 are any two values of x in ft, and 
y x and y 2 any two values of y in ft', we can write 

/(*2» y*) -f( x n yd = lf( x v y 2 ) y 2 )] + [/(*!» 2/2) -/K, 2/1)], 

and, consequently, from what we have just shown, we have 

\f( x 2> y%) -/( x i> 2/i) I < A I x 2 - x 1 1 + B 1 2/2 - y x I . 
The proof is the same whatever the number of the independent variables. 

Having seen this, let us limit ourselves, for simplicity, to the case of a single 
equation, 

(48) g =/(x, y), 

the right-hand side of which we shall suppose to be analytic in the region defined 
by the inequalities |x— x |^= a, \y — 2/ |= b. Let M be the maximum value 
of |/(x, y) I in this region, and h the smaller of the two numbers a and b/M. 
In the plane of the variable x let us describe a circle Gh of radius h about the 
point x as center, and let us put, as above, 

y\ = yo + f /(*» 2/o) <^ 2/2 = 2/ + f Vp, Vi (t)] • • • , 

/[£, 2/„_i (£)]<&, 
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where the upper limit x is a point within C h . We prove first, step by step, that 
we have 

\Vi-Vo\<^ |2/ 2 -2/ol< 6 > \Vn-y \<b, 
All the functions y v y 2 , . . ., . . . are therefore analytic functions of x in the 
circle C h , and the process can be continued indefinitely. Moreover, we have 

(49) y n (x)~ Vn-i(x) = f X {f[t, y„_i(Q] -/p, y»_ 2 (0]}ctt, 

where the integral is taken along the straight line joining the two points x , x. 
Let A be the maximum value of | df/dy | in the region | x — x | ^ h, \y — y \^b; 
then, according to the observations made just above, we have always 

|/p, («)] -/p, y„- 2 (<)] I < ^ | (<) - y„- 2 (0 1 . 

In order to prove that we have an inequality analogous to the inequalities (45), 
let us suppose that we have ? 

(n - 1) ! 

which is evidently the case for n = 2. Let x = x + re* ; the change of variable 
t-x = peOi reduces the integral (49) to an integral taken along the real axis 
from to r, and we have (Part I, § 44) 

\Vn(x)-y n -i(x)\< f r MAn-i-P^-l—dp = MAn-i — 
J (n - 1) ! n ! 

or 

| y „ (x) - y n _ a (x) | < Jf4 » - 1 \ x ~ x o\ n . 

n ! 

The proof can be completed as before. The series whose general term is 
Vn-Vn-i is uniformly convergent in the circle C h , and, since all the terms 
are analytic functions, the sum of that series is an analytic function in the 
same circle (Part I, § 39), which satisfies the equation (48) and which takes 
on the value y for x = x . The development in power series of this integral 
is necessarily identical with that furnished by the calculus of limits, but the 
limit obtained for the radius of convergence is greater than that given by the 
first method. 

The remark relative to linear equations applies also to analytic functions. 
Let us suppose that the coefficients a i1c and b { of the equations (47) are analytic 
functions of the complex variable x. Let us mark in the plane the singular 
points of these functions, and let us suppose that from' each of these singular 
points a ray is drawn following the prolongation of the segments from x to the 
singular point. The set of points of the plane which are not situated upon any 
of the preceding lines is called the star corresponding to the system of singular 
points. The straight line which joins the point x to a point x of the star does 
not pass through any of the singular points, and the method of § 28 proves 
that all the integrals of the system (47) are analytic functions along that straight 
line. The point x being any point of the star, it follows that all the integrals of 
the linear system (47) are analytic functions in the whole star — a result which 
will be established later in another manner (§ 37). 

The method of successive approximations enables us also to obtain for the 
integrals developments in series converging in the whole star. Let A be a region 
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of the plane bounded by a closed curve C lying entirely in the star ; the series 
furnished by the method of successive approximations are uniformly convergent 
in A. The remaining details of the proof are left to the reader, since they do 
not differ essentially from the details of the proof given before; 

30. The Cauchy-Lipschitz method. The first proof given by Cauchy of the 
existence of integrals of a system of differential equations has been preserved 
in the lectures by Moigno published in 1844. It was considerably simplified by 
Lipschitz, who made clear just what hypotheses were necessary for the validity 
of the proof. 

In order to gain a clear grasp of the whole process, let us take the simple 
equation , 

We have shown (I, § 78, 2d ed. ; § 76, 1st ed.) that the integral of this equa- 
tion which takes on the value y for x — x is the limit of the sum 

(50) y + /(x ) (x 1 - x ) + /(x x ) (x 2 - x x ) + . • • +/(x n -i) (x - x n _i), 

where x v x 2 , • • •, x n _i are n— 1 points of the interval (x , x), as the number n 
becomes infinite in such a way that all the intervals (x t — x;_i) approach zero. 
It is this process, suitably generalized, which leads to Cauchy's first method. 
In order to simplify the exposition, we shall take the case of a single equation, 

(51) £=/(«.»>•■ 

We shall suppose that the function /(x, y) of the real variables x, y is continuous 
when x varies from x to x + a and when y varies from y — b to y Q + 6, and 
that there exists a positive number K such that 

(52) |/(x, y')-f{x,y)\<K\y'-y\, 

where y and y / are any two numbers included between y — b and y Q + b, and 
where x lies between x and x + a. 

This condition, the importance of which was brought out by Lipschitz, will 
be called, for brevity, the Lipschitz condition. It has already been used in the 
method of successive approximations (§ 27 ; and I, § 34, 2d ed. ; § 25 ftn., 1st ed.). 

Let M be the upper limit of |/(x, y) \ in the preceding region, and h the smaller 
of the two numbers a and b/M (we suppose a > 0, b > 0). In order to prove that 
the equation (51) has an integral which takes on the value y for x = x and 
which is continuous in the interval (x , x + A), we shall imitate so far as pos- 
sible the procedure followed in establishing the existence of a primitive function 
for f(x). Let x be a value of the variable belonging to the interval. Let us take 
between x and x a certain number of intermediate values, x 19 x 2 , • • •, x$_i, X;, 
• • • , x n _i, proceeding in increasing order from x to x. We shall put successively 

(53) y 1 = y Q + /(x , y ) (x x - x ), y 2 = y x + f(x v y x ) (x 2 - x x ), • . . , 
and, in general, 

(54) yi = +/(Xf_i, ?/i_i) (Xi - Xi_i). (i = 1, 2, • • n - 1) 
The sum 

(55) [yn = Vo+ f( x o> Vo) ( x i - x o) + f( x n Vi) ( x z - x i) + ' ' ' 
\ +/(x n _ 1? y n -i)(x— x n _i) 
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presents an evident analogy with the sum (50), to which it reduces when the 
function /(x, y) does not depend upon y. We are thus led to investigate whether 
or not that sum approaches a limit when the number n becomes infinite. We 
shall generalize the question by defining first two sums analogous to the quan- 
tities S and s (I, § 72, 2d ed. ; § 71, 1st ed.). 

Let us consider the triangle ABC formed by the straight lines defined by 
the equations 

X=x +h, Y=y + M(X- x ), Y= y - M(X- x ). 

From the way in which we have defined A, the function /(x, y) is continuous 
when the point (x, y) remains in the interior or on the sides of this triangle, 
and its absolute value is at most equal to M. 

The parallels to the y-axis, X=x v X— x 2 , • • •, X= x, divide the triangle 
ABC into a certain number of isosceles trapezoids of which the first reduces 




to a triangle. Let M t and m l denote respectively the maximum and mini- 
mum values of /(x, y) in the triangle Ab x c x ; then we have — M^== ??!-, < M x ^= M. 
Through the point A let us draw the straight lines with slopes equal to M t and m v 
meeting the straight line X = x x in two points, P x and p v whose ordinates are 
respectively Y x = y -\- M 1 (x 1 — x ) and y l = y + m 1 (x l — x ). The letter y x no 
longer denotes the same thing as in the expressions (53) to (55) . These points, 
P x and are evidently in the interior of the triangle ABC or on its sides, and 
we have Y 1 >y v Through the point P x let us draw the straight line with the 
slope _M"up to its intersection with the straight line 6 2 c 2 in Q 2 , and through p x 
let us draw, similarly, the straight line with slope — M up to its intersection q 2 
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with the same straight line b 2 c 2 . Let M 2 and m 2 be the maximum and minimum 
values of /(x, y) in the trapezoid P 1 Q 2 q 2 p x \ the straight line with the slope M 2 
drawn through P x meets the straight line b 2 c 2 in a point P 2 whose ordinate is 

Y 2 = Y 1 + M 2 (x 2 -xJ, 

and the straight line with the slope m 2 drawn through p t meets b 2 c 2 in a point 
p 2 with the ordinate y 2 = y x + m 2 (x 2 — x x ). We have evidently Y 2 > y 2 and 
Y 2 — y 2 ^Y 1 — y v the equality holding only if the function /(x, y) is constant 
in the trapezoid P x Q 2 q 2 p v This process can be continued. Having obtained two 
points, Pi_i and Pi-i, on the straight line c t -_i&i_i, let us draw through P t - _i a 
parallel to AB, and through a parallel to AC. We thus form an isosceles 
trapezoid Pi-iQiqiPi-i- Let iff be the maximum value of /(x, y) in this trape- 
zoid, and mi the minimum value ; the straight line with the slope Mi drawn 
through P t -_i meets the straight line C;6j in a point P;, and the straight line 
with the slope mi drawn through meets ah in a point We thus form 
two broken lines starting from the point A, namely, AP X P 2 • • • P;_iPi • • • P n , 
or £, and Ap x p 2 • • • Pi-i Pi • • • p n , or Z, ending in the two points P w and p n of 
the straight line X — x. From the manner in which these two lines were con- 
structed it is evident that they both lie in the triangle ABC, that the line L is 
never below I, and that the distance between these two lines, measured on a 
parallel to the axis Oy, cannot diminish when the abscissa increases from x to x. 
The ordinates Y n and y n of the two extreme points are entirely analogous to the 
sums S and s (I, § 72, 2d ed. ; § 71, 1st ed.). We shall put S = F n , s = y n . 

To each method of subdivision of the interval (x , x) corresponds a sum S 
and a sum s. If we subdivide each of the partial intervals (x;_i, £;) into still 
smaller intervals in an arbitrary manner, the preceding geometric construction 
shows immediately that the line U corresponding to this new division is never 
above i, and the line V is never below I. We have, therefore, S' ^ 8, s' ^ s, 
where the accented letters denote the sums relative to the second division. We 
conclude from this (as in § 72, 2d ed. ; § 71, 1st ed.) that if 8, s, S t , s 1 represent 
respectively the sums relative to any two methods of division whatever of the 
interval (x , x), we have s ^ S v s 1 ^ S. Indicating by I the lower limit of the 
sums S, and by F the upper limit of the sums s, we have, therefore, T I. 

In order that the sums S and s shall have a common limit when the maximum 
length of the partial intervals approaches zero, it is necessary and sufficient that 
S — s approach zero. In fact, we may write 

S — s = S— I+I — F + F — ,s, 

and the difference S — s cannot be less than a number e unless each of the num- 
bers S — I, I — F, F — s (no one of which can be negative) is itself less than e. 
Since e is an arbitrary positive number, this cannot happen unless we have 
T — I, and it is, moreover, necessary that 8 and s shall have the same limit I. 
In order to prove that S — s has zero for its limit, it is not sufficient to suppose 
that the function /(x, y) is continuous, and it is here that the Lipschitz condition 
plays a part. 

Let Yi and yi be the ordinates of the points Pi and p t -, and Si the differ- 
ence Y{ — yi. Since the function /(x, y) is continuous in the triangle ABC, 
corresponding to every positive number X we can find another positive number 

<r such that , 

|/(x, y) -/(£', 2/01 < \ 
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provided that the distance between the two points (x, y) and (x', y') of the tri- 
angle ABC is less than <r. We shall suppose that all the differences Xi - X{_ t 
are less than <r. From the construction by which the points P h pi are obtained 
from the points P t _i, we have 

8( = + (Mi - m-) (Xi — 
On the other hand, we can write 

Mi - rm =/(a£, Vi)-f(x{, y'?) 

= 2$ 2$ + [/«, 2/-) -/«, y^], 

where (a£ yj) and (x", y") are the coordinates of two points of the trapezoid 
Pi-iQiQiPi-i. We have, therefore, by the condition (52), 

Mi-m i< \ + K\y'?-y' i \. 

But the difference \y'( - y\\ is at most equal to + 2 2f(xf- x^), and we 
have 

-Mi - m < X + 2 MK(xi - x^) + jBT$i_i. 
If we take all the intervals so small that each of the products 2 MK(x { — x;_x) 
is less than X, the difference Mi-mi will be less than 2X+ JC^Lx, and conse- 
quently we shall have the inequality 

(56) 5 t - < 5 t _x [1 + JT (x; - Xi_ 2 )] + 2 X (x* - a* _i), 

which can be written in the form 

We have, therefore, a fortiori, 

Putting i = 1, 2, . • ., n successively in this last inequality and multiplying the 
two sides of the inequalities obtained, we find 

_ 2X 2X 

or 

S-s = 5 n< ^[eK(*-Xo>-l]. 

Since it is possible to take the positive number X as small as we wish, provided 
that all the partial intervals are themselves less than another suitably chosen 
positive number, we see that the sums S and s have the same limit. That limit is 
a function of x, say P(x), defined in the interval (x , x + h). We shall now show 
that this function F(x) is an integral of the given equation (51), and that it 
reduces to y for x = x . In showing this we shall continue to make use of the 
geometric representation. 

If all the partial intervals approach zero, not only the extremities of the two 
broken lines L and I approach a limit point, but the lines themselves approach 
a limiting curve. Any straight line parallel to BC meets the line L in a point P, 
and the line I in a point p, and the distance Pp is less than S — s. Prom the 
properties of these broken lines, all the points P have their ordinates greater 
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than the ordinates of the corresponding points p ; and since the distance Pp 
approaches zero, it follows that the points P andp approach a single limit point w 
lying on the line considered. The locus of these points, 7r, is evidently a curve C 
lying between the two broken lines L and I and passing through the point A. 
The ordinate of a point of that curve with the abscissa x is equal to the func- 
tion F(x) just denned, for in order to obtain the position of the point tt on the 
line X = x, we make use of only the portions of the broken lines which are on 
the left of that line. Let us suppose the two broken lines L and I produced up 
to the side J5C, all the partial intervals being less than the smaller of the two 
numbers <r, X/(2 MK), and let P (x) and Q (x) be two continuous functions which 
represent the ordinates of a point of the line L and of the line I in the interval 
(x , x +h). The difference P(x)- Q (x) is less than 2 X (e™ - 1)/K, and each 
of the functions P(x), Q (x) differs from F(x) by a still smaller quantity. Since X 
can be made as small as we wish, we see that we can construct a uniformly 
convergent series of continuous functions in the interval (x , x + h) which has 
F(x) for its sum; this function is therefore itself continuous (see Vol.1, §31, 
2ded.; §173, 1st ed.). 

Every broken line included between L and I has evidently the same curve C 
for its limit. Such would be the broken line A, whose successive vertices have 
the coordinates obtained by the recurrent formula 

Z % = Zi-i +f(Xi-i, Zi-i) (Xi — X;_i), 

the first vertex being the point (x , y ). Thus we find again the expressions (54) 
which served as our starting point. Let us notice also that if we apply the 
construction starting with a point M'(x', y') on the curve C, we obtain two 
broken lines If and V lying between L and I, which also approach more and 
more the portion of C included between W and the straight line BC. Let now 
M'(x', y') and M"{x", y") be two neighboring points of C(x" > x'). The slope 
of the straight line M'M" lies between the maximum and minimum values of 
/(x, y) when the point (x, y) moves over the triangle formed by the straight lines 
X = x", Y- y' = M (X- x'), Y-y'=- M(X- x') ; 

if the difference x" — x' is less than a suitably chosen positive number, these 
two values of /(x, y) will differ from /(&', y') and from f{x", y") by as little as 
we wish. If one of the two points, M" for example, approaches the first one as 
a limit, the slope of WM" will therefore have for its limit /(x', y'). The func- 
tion F(x) consequently satisfies the given differential equation (51). It is, more- 
over, evident that the curve C passes through the point A, that is, that we have 
F(x ) = y . 

The curve C is the only solution of the problem. If there existed a second 
solution C, this curve C" could not be at the same time below all the lines L 
and above all the lines Z, since these lines approach the curve C. We can there- 
fore find a line — for example, L — which will be cut by this curve C. Since C 
is below the line L in the neighborhood of the point A, let us suppose that it 
passes above X, crossing that line in a point m of the side P t _iP t -, and let m{_i 
be the point of C with the abscissa x,-_i. The slope of the chord m t _ini is equal, 
by the law of the mean, to the value of the function /(x, y) at a point of the arc 
mi-\Ui\ hence this slope cannot be greater than the slope of the side P t -_iP t -, 
since the arc m l - 1 n i is in the trapezoid Pi-iQiqtPi-i. But the figure shows 
that the slope of the chord must be the greater. 
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Cauchy's first method and that of the successive approximations give, as 
we see, the same limit for the interval in which the integral surely exists. But 
from a theoretical point of view Cauchy's method is unquestionably superior : 
we shall show, in fact, that this method enables us to find the integral in every 
finite interval in which the integral is continuous. More precisely, let us sup- 
pose that the equation (51) has an integral y = F(x) continuous in the interval 
(x , x + Z), that the function/(x, y) is itself continuous in the region (E) of the 
X2/-plane bounded by the two straight lines x = x , x = x + I and by the two 
curves Y= F(x) ± 17, where v is a positive number taken at pleasure, and that 
f(x,y) satisfies the condition (52) in this region. Let us suppose that we divide 
the interval (x , x + I) into smaller partial intervals and that we construct 
the broken line A by the method which has just been explained, relative to 
this manner of division and starting from the point (x , y ). If all the partial 
intervals are less than a suitable positive number <r, this broken line will lie entirely 
in the region (E), and the difference of the ordinates of two points having the same 
abscissa, taken on the integral curve C and on the line A, will be less than any positive 
number e given in advance. 

^ Let x , x v x 2 , • • &£_i, Xi • • ., x n _!, x Q + / be the abscissas of the points of 
division, let y , y v . . ., Y be the corresponding ordinates of the curve O, and let 
y<)» z v z 2i'"i z ii--, %n be the ordinates of the vertices of the line A. Let us 
first suppose that all the vertices to the left of the vertex (x { , Zl ) are in the 
region (E), and let us consider the problem of calculating an upper bound 
for the difference d { = | z» — y { \. 

We have, on the one hand, from the very definition of A, 

Zi - Zi- t +/(Xi_!, Zi-x) (Xi — Xi_i). 

On the other hand, from the law of the mean, we have also 

Vi = Vi-i +f(x'i, Vi) (xi - Xf-i), 

where (x' { , y'.) are the coordinates of a point of O, and where x\ lies between 
Xi-x and X(. We derive from these equations 

(57) zi - Vi = - + (Xi - a*__i) «,•_!) -f(x^ ^)] ; 
and the coefificient of (Xi — Xi- X ) can be written in the form 

[f(Xi-i, y f _!)] + [f(Xi- h y i _ 1 )-f(x / i , yft. 

The absolute value of the first difference is, by the condition (52), less than 
Kdi-i. On the other hand, since the function /(x, y) is continuous in the region 
(E), it is a continuous function of x along C, and we can find a positive number <r 
so small that |/(x, y)—f( x % y')\ is less than a given positive number 2 X for any 
two points of the curve G, provided that \x - x'\ is less than <r. Having chosen 
the number <r in this way, we have 

( 58 ) di < df_x + (a* - x t _i) (2 X + Kdi-i), 

a relation which is very similar to the relation (56), and from which we obtain, 
as before, the inequality 

di<~ [e^i-V- 1]. 
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Let us suppose that the number X is so small that we have 2 X (e Kl — 1) < Krj. 
We may then establish, step by step, that each of the differences d v d 2 , • • • , d n is 
less than -q. All the vertices of the broken line A are therefore in the region (E). 

Let P (x) be the ordinate of a point of the line A ; similarly, let Q (x) be the 
ordinate of a point of the auxiliary broken line A' obtained by joining the 
points of C having the abscissas x , x v x 2 , • • •, x n -i, x + I. Then we have 

P(x)-F(x) = P(x)- Q(x)+ Q(x)-F(x). 

If the oscillation of the function F(x) in each of the partial intervals is less 
than e/2, we have always | Q(x) - F(x)\ < e/2 (see Vol. I, § 206, 2d ed. ; § 199, 
1st ed.). If also the number -q is less than e/2, we have | P(x) — Q(x) | < e/2, and 
therefore | P(x) — F(x) | < e. Then the continuous function P(x) represents the 
function F(x) with an error less than e in the whole interval (x , x + Q. 

The Cauchy-Lipschitz method can be extended to systems of differential 
equations without any other difficulty than some complications in the formulae. 
It applies also to complex variables. The investigations of E. Picard and of 
Painleve" have shown that the method leads to developments of the integrals in 
convergent series in the whole region of their existence if the right-hand sides 
of the given equations remain analytic in this region. 



III. FIRST INTEGRALS. MULTIPLIERS 

31. First integrals. Given a system of n — 1 analytic differential 
equations of the first order, we shall write these equations in the 
symmetric form 

dx-% doCn dx~. 

where the denominators X v A r 2 • . X n are functions of the n variables 
x v x , - - x n . This form of the equations does not involve a choice 
of the independent variable, which may be any one of the variables 
or may be chosen arbitrarily. We have seen above that, under 
certain conditions which have been defined, all the integrals of this 
system which pass through any point of a region D are represented 
by a system of equations of the form 

(60) ffi( x i> x *>" m > x J = C v f2( x v x *>'-> x »)= c 2> 

^ } I fn-l( X V X V ' ' '> X n) = C n-1, 

where / , f 2 , •••,/„_! are (n — 1) functions analytic in D, and where 
C v C 2 , • • •, C n _! are constants which may be arbitrarily chosen, at least 
within certain limits (§26). The formulae (60) represent the general 
integral of the system (59) in the region D ; but there may be other 
values of the variables also, for which (60) represents the solution. 
It may happen that we obtain several different systems of formulae 
representing the general integral in different regions. It is also clear 
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that, in the same region D, the system of equations (60) is not the 
only possible representation. We can replace the (n — 1) functions 
fi by (n — 1) functions F { which depend only upon the functions f iy 
provided that these (n — 1) functions F { are independent functions 
of the variables f. 

However the functions f have been taken, if the formulae (60) 
represent the general integral of the system (59), the functions /• 
satisfy the same partial differential equation of the first order. For, 
let us suppose the coordinates of a point x v x 2 , • • • , x n of an integral 
curve expressed as functions of a variable parameter. If we replace 
the coordinates f by their expressions as functions 

of this parameter, the result reduces to a constant. We have, there- 
fore, df = 0, and, replacing the differentials dx v dx 2 , • • • in df by 
the proportional quantities X v X 2 , • • • , we find that f satisfies the 
relation 

(61) X(f) = X 1 l£ + X&+... + X.y = 0. 

This relation must reduce to an identity, when /is replaced hj f, 
since we can choose the constants C { in such a way that the integral 
curve passes through any point of D. The (n — 1) functions f, f 2 , 
' * '>fn-i are therefore (n — 1) integrals of the equation X(f)= 0. 
Every function H(f v f, • • -,f n -i) is a l so an integral of the same 
equation, whatever may be the function II, by the relation 

= |r A'(/ x ) + |r X(/ 2 ) + • • • + A' (/„_,), 

which is easily verified. 

Conversely, we obtain in this way all the integrals of the equation 
X(f)= 0. For, eliminating the coefficients X { from the n relations 

x(f) = o, x(/ x ) = o, x(f n _ 1 ) = o, 

we obtain 

D(f,A,f2,-;fn-i) = Q 
D(x v x 2 , • • x n ) 9 

which shows that /is a function H(f p f 2 , •••,/„_!) of the (n — 1) par- 
ticular integrals f v / 2 , • • •,/„_! (I, § 55, 2d ed. ; § 28, 1st ed.). We 
can also verify this by a change of variables. Let us suppose, in fact, 
that we take a new system of independent variables y, y 2 , • • y n , 
where the n — 1 variables y v y 2 , • • y n _ 1 are precisely the functions 
fv fv ' ' 'y fn-i themselves, and where the variable y n is chosen in 
such a way as to form with y v y 2 , • • • , y n _ x a system of n independent 
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functions of the original variables x p x 2 , • • ., x n . Then the equation 
X(f) = is replaced by an equation of the same form 

(62) F(/)= K i g + r 2 g+... + F„g = ) 

which must have the (n — 1) particular integrals 

We have, therefore, 

Y 1 = Y 2 =.-- = Y n _ 1 = 0, 

and the equation (62) reduces to df/dy n = 0. The general integral is 
therefore an arbitrary function of y v y 2 , - - - , y n -v* 

The integration of the partial differential equation X(f) = is 
therefore reduced to the integration of the proposed system of dif- 
ferential equations (59). Conversely, let us suppose that we have 
obtained an integral / of the equation X(f) = in any manner 
whatever. If we replace x v x 2 , • • •, x n in that function by the coor- 
dinates of a point of an integral curve, supposed to be expressed as 
functions of a variable parameter which may be one of the coordi- 
nates themselves, the result obtained reduces to a constant. In fact, if 
we suppose that x v x 2 , • • •, x n are functions of a variable parameter 
satisfying the relations (59), the total differential df oi the preced- 
ing function reduces to KX(f), where K denotes the common value 
of the ratios dxjX^ The equation /= C is therefore a consequence 
of the given system of differential equations. For this reason we say 
that the function /is & first integral of that system, t 

If we know n — 1 independent first integrals, we can write im- 
mediately the general integral of the system (59) ; if we know only 
p independent first integrals (p < n — 1), we can reduce the integra- 
tion of the given system to the integration of a system of n — p — 1 
differential equations. For, let f v f 2 , • • • , f p be these p first integrals. 
From the p relations 

fi — C v f 2 = C 2 , • • • , f P — C p 



* The two modes of reasoning do not require that the function / should be analytic. 
The only necessary conditions are those which are required in order that we may 
apply the formulae for change of variables, that is, the existence and the continuity of 
the partial derivatives of the desired function/. 

f The reasoning would no longer apply if the factor K were infinite for all the 
points of the integral curve, which Would be the case if the coordinates of all the 
points of that curve were to make the n functions Xi vanish. It is also necessary 
to make an exception of the integrals which are such that at least one of the functions 
X lf X 2 , X n is not analytic in the neighborhood of any point of that curve. This 
case arises when there are singular integrals. 
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we can obtain p of the variables x v x 2 , • • •, x n , for example, x v x 9 
• • • , x p , as functions of the remaining n— p variables x p + l7 • . 
# n and the^ arbitrary constants C v C 2 , • C p . It will suffice, then, 
to determine x p+1 , x p + 2 ,->-, x n as functions of a single independent 
variable. If we denote by X p+1 , X p + 2 , • • ., X n the new functions 
resulting from X p+1 , X p + 2 , . . •, A" n after we have replaced a^, # 2 , • • •, 
x p in them by their expressions, it will suffice, therefore, to integrate 
the new system, 

(63) dXp+1 = dXp+2 = ... = dx », 

in which the new denominators depend upon^> arbitrary constants. 

We can also reason in another way. If we take a new system of 
independent variables, y v y 2 , • - y n , where the p variables y v y 2 , • • 
y p are identical with the p known first integrals f v f 2 , • • - , f p , the 
equation X(f)= is replaced by an equation of the same form, 
y(f) = 0, which must have for integrals f=y v ... y f= y p . That 
equation is therefore of the form 

and its integration reduces to that of a system of n — p — 1 differ- 
ential equations of the first order, 

d V P + i = . . . = d Vn 

We see from this the importance of looking for first integrals. 
In each particular case the discovery of a new first integral con- 
stitutes a step farther toward the complete solution. It would not 
be possible to give a very definite rule of procedure for this purpose. 
Let us merely notice that the problem amounts to forming an inte- 
grate combination of the equations (59), that is, to determining n 
factors, fi v fi 2 , • • ., fjL nJ so that 

/* 1 X 1 + /i 2 X 2 +... +/ * n x n = 0, 

and that 

11^ + fi 2 dx 2 -] \- f* n dx n 

is an exact differential d<f>. For it is clear that we can deduce from 
the equations (59) a new ratio equal to the first 

dx { _ yu x dx x + • • • + ^ n dx n 

a7~ f i l x 1 + ... +f* n x n ; 

hence the relation 

d<j> = fi 1 dx 1 H + fi n dx n = 
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is a consequence of the equations (59) if 

^+•■•+^^ = 0. 

It follows that we can find a first integral by quadratures if we 
know the factors /v This is the case in particular whenever we 
can find n factors, fi v /* 2 , • • p ni such that the factor fi { depends 
only upon the variable x i} and such that 

ZfiiXi = o. 

Let us also observe that, if we have obtained p first integrals of 
the system (59), it may happen that the new system (63) can be 
integrated completely for particular numerical values of the con- 
stants C v C 2 , • • •, Cp, while the actual integration is impossible for 
arbitrary values of these constants. 

Example 1. Let it be required to integrate the system 
du dv dw 



We easily see two integrable combinations udu = vdv = wdw. We have, there- 
fore, two first integrals, u 2 - v 2 = C x , u 2 - w 2 = C 2 . Hence, putting the values 
of v and of w obtained from these relations in the first of the equations (64), 
we have for the determination of u the differential equation 



(65) d ^=V(u 2 -C 1 )(u 2 -C 2 ), 

the general integral of which is an elliptic function (§ 11), reducing in special 
cases to a simply periodic function or even to a rational function. Since the 
given system is symmetric in it, v, w, we conclude that v and w are also elliptic 
functions. 

Example 2. Let us consider the system 

du dv dw 

(66) — = rv — qw, — =pw — ru, — = qu — pv, 
K ' dx dx dx 

where p, q, r are given functions of x. We have again an integrable combination, 
udu + vdv + wdw = 0, from which we derive the first integral, u 2 + v 2 + w 2 = C. 
Discarding the case where C is zero, we may suppose C = 1, for the system (66) 
is not changed by multiplying w, v, w by the same constant factor. Instead of 
solving the relation u 2 + v 2 + w 2 = 1 for one of the unknowns, we can proceed 
in a more symmetric manner by considering it, u, w as the coordinates of a 
point of a sphere of radius unity and expressing them as functions of two varia- 
ble parameters — for example, in terms of the parameters which determine the 
rectilinear generators of the sphere. Let us put for that purpose 

u+iv_l + w_^ u + iv _ 1 — w _ _ ^ 
1- w ~ u — iv~ ' 1 + w u-iv 

which gives 

l-\/M . 1 + \fi X + /* 

u = , v = i ) w = - 

X — ^ X — n \— n 
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Substituting these values of u, v, w in the system (66), we find after some 
easy calculations that X and fi must satisfy the same Riccati equation, 

V ' dx 2 2 

Hence the integration of the given system is reduced to the integration of a 
Riccati equation.* 

Example 3. Let us consider the equation integrated by Liouville, 

y" + cf>(x)y' +f(y)y /2 = 0. 

Putting — z, we may replace the given equation by the system 

dx _dy _ — dz 
T~~7 ~ <t>(x)z+f(y)z*' 

from which we derive the integrable combination dz/z + <j>(x)dx + f(y)dy = 0. 
The given equation of the second order has therefore the first integral, 

y'e Jz o e J vo = (7, 

which we could also have obtained directly by dividing all the terms of the 
equation of the second order by y\ The preceding equation of the first order 
is of the form y'= CXY; hence, by separating the variables, the integration 
may be completed by two quadratures. 

Note 1. We sometimes replace the system (59) by the system 

(68) £ = = = = 

where t is an auxiliary variable which is introduced in many cases only for the 
sake of greater symmetry in the reasoning. If the original system (59) has 
been integrated, we can obtain t by a quadrature, for if we replace x 2 , # 3 , • • 
x n , for example, by their expressions in terms of x x and of the constants C v 
C 2 , • • •, C n -i in X v we are led to a relation, 

dt = P(x 1? C v C 2 , • • •, C n - 1 )dx v 

from which we can find t by a quadrature. It follows from this that the gen- 
eral integral of the new system (68) will be represented by the n equations of 
the form 

fl — C 2 , • * *, fn-l— Cn-1, 



(69) | 71 ~ Cl ' 



where / x , / 2 , f n -i are (n— 1) independent integrals of X(f) = 0, and 
where t Q is a new arbitrary constant. 

Conversely, in order to obtain the integral curve of the system (59) that 
passes through the given point xj, x 2 , • • •, we can look for the integrals of 



* See Darboux, Theorie des surfaces, Vol. I, chap. ii. 
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the system (68), where t is considered as the independent variable, which for 
t = take on the values xj, x§, • • •, x° n respectively. Let 

f^i = 0i (t; • • a£), « 2 = 02 (* ; a;?, • • x£), 

be these integrals ; it is clear that the preceding expressions represent the inte- 
gral curve sought. We should have to make an exception only if all the func- 
tions Xi were zero for the initial values x° and analytic in the neighborhood. 
In this case the expressions (70) should reduce to Xi = x?. But, since the ratios 
dx 2 /dx v • • •, dx n /dx 1 appear in an indeterminate form, nothing justifies us so 
far in saying that there is no integral curve passing through the given point. 
This is a case which will be examined later (§ 75). 

Note 2. The relation which exists between the system of differential equa- 
tions (59) and the linear equation (61) proves that X(f) is a covariant of the 
system (59) . The meaning of this statement is as follows : Let us suppose that 
we take a new system of independent variables, y x , y 2 , • • •, y n , connected with 
the variables x 19 x 2 , • • •, x n by the relations 

(71) Xi = <}>i(y x , y 2i • • y n ). (i = 1, 2, . . n) 

By the formulse for change of variables, df/dXi is a linear homogeneous func- 
tion of the derivatives df/dyi, and X(f) changes into an expression of the 
same form, 

(72) Y (f) = T 1 ^+ F 2 |^+ ... + F n ^ = 0, 

dy 1 dy 2 dy n 

where F 1? Y 2 , • • Y n are functions of y 1 , y 2 , • • •, y n . This being true, we may 
now assert that the same change of variables applied to the system (59) leads 
to the new system of differential equations, 

/7 ox dy x _dy 2 _ _dy n 

\ 16 ) y 7 ^ " v 

We could establish this by a direct calculation, but it results also from the 
preceding properties. In fact, let 

(74) dVl - dy< > = ■ , ■ = dVn 

x Z 1 Z 2 Z n 

be the system to which we are led by applying to the original system (59) the 
change of variables (71) ; it suffices to show that Z v Z 2 , . . ., Z n are proportional 
to r\, F 2 , • • •, Y n . Now let f(x x , x 2 , • • •, x n ) be a first integral of the system 
(59) and 

the function derived from/(x 1? x 2 , • • •, x n ) by the change of variables. Since 
we have X(f) = 0, we have also Y(F) — 0. Besides, F(y l , y 2 , • • ., y n ) is evi- 
dently a first integral of the new system (74), that is, an integral of the linear 
equation 

dF BF 
Z(F) = Z 1 C —+... + Z°=0. 

fyi dy n 

Since the linear equations Y(F) = 0, Z(F) = have the same integrals, their 
coefficients are proportional, which proves the theorem. 
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This last point in the proof results from the fact that a linear equation 
X(f) = is completely determined, except for a factor, when we know (n — 1) 
independent integrals, / 1? / 2 , • • of it. In fact, the (n — 1) equations, 

X{fi) = 0, linear and homogeneous in X x , X 2 , • • ., JT n , determine the ratios of 
these coefficients as unknowns, for the determinants of order (n — 1) formed 
from the partial derivatives of the functions /; cannot all be zero at the same 
time (I, § 55, 2d ed. ; § 28, 1st ed.). It may be noticed that the most general 
linear equation having the (n — 1) integrals fi can be written in the form 

U [X x , X% , • • • , X n ) 

where II(x 1 , x 2 , • • ., x n ) is an arbitrary function. 

32. Multipliers. The theory of integrating factors has been extended by 
Jacobi to simultaneous differential equations. Let/ 1? / 2 , • . ., f n _ 1 be independ- 
ent first integrals of the system (59). The equation X(f) = is, as we have 
already remarked, identical with the equation 

A = ^Sllllllll '"ffn-l) _ q 

D (x 1 , x 2 , • • • , x n ) 

Writing the condition that the coefficients of the derivatives df/dX{ in the two 
equations are proportional, we are led to n relations which may be written in 
the form 

(75) A l = MX U («=l,2,...,n) 

where A t - denotes the coefficient of df/dxi in the determinant A. This factor M 
is called a multiplier. 

Whatever the first integrals f x , f 2 , •••,/»_! may be, this function M satisfies 
the linear partial differential equation 

(76) d & X i) i ] { 8(JfX w ) = 0a 

dx x dx 2 dx n 

Substituting for each of the products MXi = A f its equivalent expression as 
a determinant of order n — 1, and carrying out the indicated differentiations, 
each term of the left-hand side is, in fact, the product of a derivative of the 
second order, such as d 2 f h /dXidx k (i ^ &), and (n — 2) partial derivatives of the 
first order. To prove that the result is zero, it suffices to show that it does not 
contain any derivatives of the second order. Let us take, for example, the 
derivative d^f^/dx^dx^. This derivative appears in two terms ; in one it is mul- 
tiplied by X>(/ 2 , / 3 , • • - , / n _i)/D(a; 3 , x 4 , • • •, x n ), and in the other by the same 
coefficient but with the opposite sign. The sum of these two terms is therefore 
zero, and similarly for all the others. 

If M x is a particular integral of the equation (76), the substitution M— M±\x 
reduces that equation to the form X(fjc) = 0. If we know a multiplier M of the 
system (59), the general integral of the equation (76) is accordingly MH(f 11 / 2 , 
•••,/n-i), where II is an arbitrary function. Every function of this form is 
also a multiplier ; in other words, there exist (n — 1) first integrals F lt • F n _ 1? 
such that MU(f v f v • • •, f n -\) can be deduced from F x , F 2 , . • . ? F n _ x in the 
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same way that M was deduced from f v / 2 , • • ., / n _i. For this purpose it is 
sufficient that we have, supposing X 1 & 0, 

1 D(fi, F 2 ,...,F n _!) = 1 D(F„ F a ,-.., Fn-i) J>(/i,/ 2 ,--,A-i) _ 3fn 
X x D(x 2 ,x 8 ,..., Xn) X x D^/a, •••,/»-!) D(x 2 , ...,x n ) 

i)(A,/ 2 , •.-,/»-!) " (/l,/2 ' ,/n ~ l) * 

This condition can be satisfied in an infinite number of ways. Indeed, n — 2 
of the first integrals F{ may be assigned arbitrarily in advance. 
Let us consider the system 

dtC-t dXn _ 

< 77 > ^=^=- = i: = ^ 

with the auxiliary variable t. This system can be reduced to the simple form 

(78) dy l = dy 2 = • • • = dy n - X = 0, dy n = dt 

by taking for the variables the n — 1 first integrals / 1 , / 2 , • • •, f n -i and the 
function /„, which appears in the preceding formulae (69). It is easy to obtain 
the general expression for the multipliers in terms of the variables y it for 
every multiplier is of the form 

On the other hand, we have 

_ dx x _ dx x dVi dx x dy n _ dx x 

1 ~"dt~dy 1 dt dy n dt ~ dy n ' 

From the relations y 1 =f 1 ,..-, y n =/„, which define the change of the variables, 
we derive, by differentiating with respect to y n and solving, 

D(Vx, Vi, ' ' > Vn-l) 

ay n ^(^i, y 2 ,-i yn) 

D (x 1? x 2 , • • •, x n ) 

and the general expression for the multiplier can be written in the form 

1 D(Xim Xo . * * Xn) . v 

( ro > 5r = D( y Ul,-,^) * (yi ' y "-' y - l) ' 

where $ is an arbitrary function of y v y 2 , • • •, 

Let us suppose, now, that after carrying out any change of variables affecting 
only the X;'s without changing the variable t, we have reduced the system (77) 
to the form 

$x\ dxi dx' 
(80) _!=« = . .. = ^=<B. 

where the JT^'s are functions of the new variables x\ independent of t. If M ' is 
a multiplier of this new system, we have 

1 D(xL xL • • •, x') 

( 81 > ^= . D ( yi , y „-, y .) *^' y "-' y - 1 >- 
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Taking the same function <£ in the two expressions, we derive from them, by 
dividing their corresponding sides, the relation 

(82) M'=M D ( X ? X y"' ,Xn ) . 

Hence, if we know a multiplier M for the system (77), we can derive from it a 
multiplier M' for the transformed system. 

This property explains the practical importance of multipliers. Let us sup- 
pose that we know n — 2 first integrals of the system (59), and also a multiplier. 
We can then reduce this system to the form 

dx[ 

= . . . 

by a change of variables, and we can then find a multiplier M' for this new 
system, that is, a solution of the equation 

dx n _ l dx n 

It follows that M' is an integrating factor for X / n dx / n _ 1 — X' n _^dx' n , and the 
integration can be finished by quadratures. 

A particular case which presents itself frequently in mechanics is the one 
for which we have ZdXi/dXi = 0. The equation (76) reduces then to X(M ) = 0, 
and we know at once a multiplier M =1. 

This remark applies also to the equation of the second order, y" = /(x, ?/), the 
integration of which leads to that of the system 

dx dy _ dy' 
~l~y' ~ f(x, y) ' 

If we know a first integral of it, xp (x, y, y') = C, we can, from what precedes, 
finish the integration by quadratures. This is easily verified as follows : Let us 
suppose that the equation \p (x, y, y') = C has been solved for y' : 

y' = <f>(x, y, C). 

Since all the integrals of this equation of the first order must satisfy the equation 
y" =/(#, ?/), whatever may be the constant C, we must have d(p/cx + (d<p/dy)cf>=f. 
Hence, since / does not contain C, 



dCdx dCdy dy dC ' 
which states that d<p/dC is an integrating factor for dy — pdx. 

33. Invariant integrals. The invariant property of the multipliers relative to 
every change of variables can be brought into relation with the general theory 
of invariant integrals, due to Poincare',* and about which we shall say a few 



*Les methodes nouvelles de la Mecanique celeste, Vol. Ill, chap, xxii, and the 
following chapters. See also Goursat, Sur les invariants integraux, in Journal 
de Mathematiques, 6th series, Vol. IV. 
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words. Let us consider in particular a system of three differential equations, 
(83) te = dy = dz = 

where X, Y, Z are functions of x,y,z. In order to simplify the statements, we 
shall regard these equations as denning the movement of a particle in space, 
where the variable t represents the time. The particle which, at the time t = 0, 
is at a point M (x , y , z ) has arrived at the time t at a point M t whose coordi- 
nates are (x, y, z). If the point M describes a certain region D of space, the 
point M t describes a corresponding region D t . Now let M (x, y, z) be a function 
of the variables x, y, z; we shall say that the triple integral 

1 = J^jy* M(x, y, z)dxdydz 

is an invariant integral of the system (83) if the value of that triple integral, 



iff. 



M (x, y, z)dxdydz, 



extended over the region D t , is independent of t and equal to the same inte- 
gral extended over the region D . For example, if the equations (83) define 
the movement of an incompressible fluid, the volume of the region D t is constant 
and the integral fff dxdydz is an invariant integral. 

Invariant line and surface integrals are defined in a similar way. If the 
point M describes a curve L or a surface 2 » tne point M t describes a curve 
L t or a surface % . A line integral 



J adx + pdy + ydz 



is an invariant integral if the value of that integral along the curve L t is inde- 
pendent of t and equal to the same line integral taken along L . Similarly, a 
surface integral 

Pdydz + Qdzdx + Rdxdy 



if 



is an invariant integral if the value of that integral extended over the surface 2< 
is independent of t. 

These notions can be extended without difficulty to the most general systems 
of differential equations of the form (68). For such a system there are n classes 
of invariant integrals, of the 1st order, of the 2d order, • • ., of the nth order, 
according to the order of multiplicity of the integral considered. The conditions 
that a multiple integral of order p shall be an invariant integral are easily ob- 
tained by means of the formulae for the change of variables in multiple integrals. 
We shall develop the calculations for a multiple integral of order n. Let 

I{t) = jy* "'f M(x x , x 2 , • • - , x n )dx 1 dx 2 • • • dx n 

be a multiple integral of order n extended over the region D t which corresponds 
to a definite region D in the manner just explained. This integral will be an 
invariant integral if it is independent of t ; that is, if we have T (t) = 0. In order 
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to calculate that derivative, we shall give to t an increment A, and we shall cal- 
culate the coefficient of h in the development of I(t + h). Let x\ be the value to 
which Xi changes when we change t to t + h ; we have 

I it + h) = Jj" • • .J^T^i, x 2 , • . xjdx^dx'z • • . dx n , 

where the new integral is extended over the region D^, which corresponds point 
for point to D t . Then we may write 

i(t + h)= //•••/ m(x ,...,*;) 11 81 ^d^d^...^. 

J J «/2>, jD(x 1? x 2 , • • x n ) 

On the other hand, omitting the terms in h of degree higher than the first, 
we have 

x\ — Xi + hXi + • • • , 
M(x[, x 2 , • • ., x' n ) = if (x 1? x 2 , • • ., x n ) + h ( K x ij^ 



cx n / 



f) (x 19 x 2 , • • •, x n ) 
Z)(x^, x 2 , • • *, x n ) 



5X-, ax 9 



5x, 



1 + /i 



ax 



and 



7 /ax ax n \ 
\ dx x ax M / 

-M"(ai <4 • • x n ) ^^^ V/.^^ = M ( x v x 2> • ' 



The derivative dl/d£ has therefore the value 

In order that I be an invariant integral, it is necessary and sufficient that dl/dt 
be identically zero, whatever may be the region D, and therefore that we have 



(84) 



d{MX x ) d(MX n ) ^ Q 

ax, dx n 



This condition is identical with the equation (76), and we obtain Poincare^s 
theorem : In order that the multiple integral 



j*£ • • • ^Mdx x • • • dx n 



shall be an invariant integral, it is necessary and sufficient that M be a multiplier. 
It follows that if we make any change of variables, 



(i = l, 2,...,n) 
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in the equations (77), we obtain a new system, 

and if M is a multiplier of the system (77), the n-fold integral 

JJ-'f Mdx x dx 2 • • • dx n 

is an invariant integral of that system, and the n-fold integral which is obtained 
from it by the same transformation, 



is evidently also an invariant integral of the transformed system (77'). Therefore 
the expression 



r D x 2 , • • • , x n ) 



is a multiplier of the new equations (77'), as we have demonstrated directly. 

Example. In order that the volume shall be an invariant integral of the 
equations (83) , M = 1 must be a multiplier, which requires that we have 

dX dY dZ 

( 85 ) IT" + — + -JZ = °' 

v ' dx cy dz 

This is the condition for the incompressibility of a fluid for which the equa- 
tions (83) define a stationary flow. 



IY. INFINITESIMAL TRANSFORMATIONS 

34. One-parameter groups. * Every set of an infinite number of transformations, 
of any nature whatever, affecting the n variables x 1 , x 2 , • • •, x n , form a group if 
the transformation obtained by carrying out any two transformations of this set 
in succession belongs to the set. For definiteness let us consider two variables 
x, y, and let T be the transformation defined by the equations 

(86) x' =f(x, y; a), y' = <j>(x, y\ a), 

where a denotes an arbitrary parameter. If we regard x and y as the coordi- 
nates of a point if in a plane, and x' and y' as the coordinates of another point M', 
the preceding equations define a point transformation. To each value of the 
parameter a corresponds thus a definite transformation. Varying this param- 
eter, we obtain an infinite number of different transformations. Let us suppose 
that we carry out in succession two different transformations of this set, corre- 
sponding to any two values a and b of the parameter. The first transformation 
will carry the pair of values (x, y) over into the pair of values (x', y') given 



* The theory of continuous groups of transformations was developed by Sophus Lie 
in a great number of papers and in his treatise, Theorie tier Transformationgruppen. 
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by the equations (86). The second transformation will then carry the pair of 
values (x', y') over into a third pair (x", y") such that we have 

(87) x" =f(x', y'; 6), y" = 0(x', y' \ b). 

Let us replace x' and jf in these last two equations by their values (86). The 
resulting equations, 

(88) x" = F(x, y ; a, b), y" = * (x, y ; a, 6), 

again define a point transformation depending upon the two parameters a and b. 
We shall say that the set of transformations (86) form a continuous one-parameter 
group if the new transformation (88) belongs to this set. It is necessary and 
sufficient for this that the equations (88) be of the form 

(89) x" = /(x, y ; c), y" = (x, y ; c), 

where c is a value of the parameter depending only upon a and upon & ; that is, 
c = \p(a, b). The preceding definition evidently applies whatever may be the 
number of variables, in particular if there is only a single variable. 
The relation x' = x + a, or, any one of the pairs of relations 

x' = x + a, y' - y + 2 a ; 

x' — x cos a — sin a, ?/' = x sin a + ?/ cos a ; 

x' — ax, y' = a 2 y 

represents a one-parameter group. On the contrary, the transformations x'=x+ a, 
y' — y + a 2 do not form a group, for the transformation resulting from two suc- 
cessive transformations, x" — x + a + &, = 2/ + a 2 + & 2 , do not belong to the set. 

If in the equations (86), which define a group of transformations, we put 
a — n(a:), where a is a new parameter, it is clear that the relations obtained 
again define a group. The same thing is true also if we make a change of vari- 
ables, as we easily convince ourselves a priori. In fact, if a set of point trans- 
formations in a plane is such that the transformation resulting from two 
successive transformations belongs to the set, it is clear that this property is 
independent of the choice of the coordinates by means of which we fix the 
position of a point in the plane. It is easy to verify this directly. Let us 
suppose that we put x = II (u, «), y — n^w, v), and let the inverse relations 
be u = n _1 (x, y), v = II f *(x, y), so that we have identically 

x = n[n- x (x, V ), nr^x, ?/)], y = njn- 1 ^, y), nr^x, y)]. 

By hypothesis, the transformations considered form a group, and the equa- 
tions (89), where c = \p (a, 6), are a consequence of the equations (86) and (87). 
Let (u, »), (u', «'), (m", v") be the pairs of values of the new variables which 
correspond respectively to the pairs (x, ?/), {x', y'), (x", y"). We have 

fu' = II- 1 (x',y') = II- 1 { f [II (u,v), U^u.v); a], [II (u, v), n x (u, i>) ; a]} 
(9(» J = w ; a) ' 

v 7 |u / = nr 1 (jc , ,y , ) = II r 1 {/[n(M,v),n 1 (M,u); a],0[n(u,v), n^v); a]} 
[ = 3>(u, u; a) ; 

and everything depends on showing that the equations (90) also define a group 
of transformations. Now we have, for example, u" = F(u', v' ; 6), or 

u" = n-^/fn^, »'), n i« &], 0[n« n^u', 6]}. 
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Since the equations (86) define a group, this value of u" is equal to 

n- 1 [/(&', tf\ 6), *(a>', 2/'; &)] =n- 1 [/(x, 2/; c), </>(x, 2/; c)] ; 

that is, to 

n-^/fn^, v), E^u, 0); c], 0[II(u, n^u, v); c]} = .F(u, ; c). 

Similarly, we should find that v" = <f>{u,v; c). Two groups of transformations 
which are carried over one into the other by a change of variables are said to 
be similar. For example, the two groups x' = ax, u' = u + b are similar, for we 
pass from one to the other by putting u = logx, b = log a. 

We shall now determine all possible one-parameter groups, supposing that 
the functions/ and <j> are analytic, and supposing also that the group contains the 
identical transformation, that is, that for a particular value a of the parameter 
we have /(x, y ; a ) = x, (x, y ; a ) = 2/, whatever x and y may be. 

In the equations of condition 

(91) f{x', y / ',b)= /(x, y ; c), (x', 2/ ; 6) = (x, y ; c) 

we can consider x, 2/, a, c as independent variables, and 5 as a function of a 
and c defined by the relation c = \p (a, 6) ; x' and 2/ are functions of x, ?/, 
and a defined by the equations (86). Taking derivatives with respect to a, we 
derive from the relations (91) 

^^4-^^ + ^— = ^^ + ^^ + — — = 0. 

* ' dx' da dy' da db da ' ax' aa ay' aa a& aa 

But a6/aa is given by the relation d^/da + (d^/db) (db/da) = 0, and therefore 
depends only upon a and 6. Solving the preceding equations (92) for dx'/da, 
dy'/da, we obtain, therefore, relations of the form 

— = X (a, b) £ (x', 2/', 5), ^ = X (a, 6) 4 (x', 2/, 6). 
da da 

Now x' and y' do not depend upon b ; the same thing is therefore true of X, £, 97 
if they have been properly chosen. Therefore x' and y' are integrals of the 
system of differential equations, 

dx' dy' > / s j 

(93) w , - = ; ; - = X («) ^, 

V 1 H x ,y) v(*,v) 

which for a = a take on respectively the values x and 2/. Conversely, whatever 
the functions £ (x, 2/), 1? (x, 2/) may be, the equations x' = /(x, y,a),y' = <p (x, 2/, a), 
which represent the integrals of the preceding system which reduce respectively 
to x and to y for a particular value a of the parameter, define a continuous group 
of transformations. In the first place, it will be simpler to introduce a new 
parameter, 

X (a) da, 

"0 

which enables us to write the differential equations (93) in the abridged form 

dx' dy' ,, 

(94) = = dt. 
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The general integral of this system can be written, as we have seen above (§ 31), 
in the form 

Vl = Ci» Oj (x', y') = t+C 21 

where Q x and Q 2 are definite functions of x', y', and where C v C 2 are two arbi- 
trary constants. The solutions which take on the values x and y for t = are 
given by the system of equations 

(95) O^s', 2/0 = O^x, 2/), fl 2 (x', 2/0 = fl 2 (x, 2/) + «. 

The preceding expressions, indeed, define a continuous group, for if we carry 
out in succession the two transformations which correspond to the values t x 
and t 2 of the parameter, the resulting transformation corresponds to the value 
t x + t 2 of the parameter. The two transformations which correspond to the 
values t and — t are the inverses of each other. If we have 

x' =/(«, y ; t), y' = <f> (x, y ; £), 

we may write also 

x =/(x', 2/' ; - 0, y = <t> (x% y' ; - 1). 

If we take for the new variables 

u = O^x, ?/), v = fi 2 (x, 2/), 
the equations (95) become 

(96) u' — u, v' = v + t ; 

and we say that the group is transformed to the reduced form. Every con- 
tinuous one-parameter group is therefore similar to a group of translations. 

Let us take, for example, the group x' = ax, y' = a 2 y. ^Applying the general 
method, we have 

°* = x = *, ¥. = 2 2 C 
da a da a 

The differential equations (93) are in this case 

dx' _ dy' _ da _ 
x' 2y' a 5 

where t = log a. The finite equations of the group can be written in the form 

^ = -^> logs / = logaj + «, 
x /2 X 2 

and they will be brought to the reduced form by taking for the new variables 
logx and y/x 2 . 

35. Application to differential equations. Let us consider a given differential 
equation 

2- •■£?)=»• 

and a known one-parameter group of transformations of the form (86). Let us 
suppose that the equation (97) is identical with the equation obtained by carry- 
ing out on it the change of its variables x and y defined by the relations (86), 
whatever may be the numerical value of the parameter a. If this is the case, 
we shall say that the differential equation (97) admits the group of transforma- 
tions (86). We can make use of this property to simplify the integration. In 
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fact, let us suppose that we carry out a change of variables such that the equa- 
tions which define the group in question are brought to the simple form u' = u, 
_ v + a> Tli e same change of variables, applied to the proposed differential 
equation, leads to a new differential equation of the nth order/ 



/ dv d 2 v d n v\ . 

< 98 > H u '^^'"'''5w ' 



which does not change if we replace in it v by v + a, whatever <may be the 
numerical value of the constant a. This can happen only the- left-hand side 
<£ does not contain the variable v. If the equation is of the first order, we obtain 
the general integral by a quadrature. If n > 1, we can lower the order of the 
equation by unity by taking dv/du for the new unknown dependent variable. 
Let us consider, for example, the homogeneous equation of the first order, 

dx \x/ 

This equation does not change if we replace x and y by ax and ay respectively, 
whatever may be the constant a. Now the formulae %' — ax, y' — ay define a 
group of transformations, which can also be written in the form 

V -- V -, log y' = log y + t. 

x' x 

Hence if we put y/x = u, log y = v,vre are led to an equation that is integrable 
by a quadrature (see § 3) . 

Let us now consider linear equations of the first order, and first of all the 
homogeneous equation dy/dx + Py = 0. Since this equation does not change 
when we replace in it y by ay, whatever may be the constant a, we say that 
it admits the group of transformations x' -x,y f - ay. Hence it will be inte- 
grable by a quadrature if we take log y for the dependent variable. 

Next, let 

(99) ^ + Py + Q = 

be the general linear equation of the first order, and let y x be a particular 
integral, not zero, of the equation dy/dx + Py = 0. It is easily verified that 
the equation (99) does not change if we replace y by y + ay v Hence it admits 
the group of transformations defined by the equations 

x' - x, — = — + a. 
Vi Vi 

Taking for the new dependent variable y/y v the equation must reduce to an 
equation integrable by a quadrature. We are led to precisely the calculations 
of § 4, and it is easy to see in a similar manner that the different cases of reduction 
of the order of the equation which have been indicated in § 19, for equations of 
higher order, are essentially only particular cases of the preceding method. 

These different methods, which appear at first sight as so many different 
devices for solution, having no relation one to another, can thus be considered 
from a common point of view by means of the theory of groups of transforma- 
tions. To every continuous one-parameter group of transformations on the 
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two variables x and y we can make correspond in this way an infinite number 
of equations of the first order which can be integrated by a quadrature, and 
equations of higher order whose order can be depressed by unity. 

This fact may be of practical importance in the setting up of the equations 
in certain problems. Suppose that it is a question of finding the plane curves 
which possess a certain property, and that we know a priori a one-parameter 
group (G) of transformations such that, if we apply any transformation of (G) 
to a curve having the given property, the new curve also has the same prop- 
erty. It is clear that the differential equation of these curves will admit the 
given group of transformations. If, then, we choose a system of coordinates 
(u, v) such that the equations of the group (G) shall become w' = u, v' = v + a, 
the differential equation of the curves sought in this system of coordinates will 
contain only u, dv/du, d 2 v/du 2 , • • • . For example, suppose that we wish to obtain 
the projections on the xy-plane of the asymptotic lines or the lines of curvature 
of a helicoid, the axis Oz being the axis of helicoidal movement in the sliding 
of the surface upon itself. It is clear that if a curve C of the z?/-plane is a 
solution of the problem, then all the curves which we obtain by making C turn 
through any angle about the origin are also solutions. The differential equation 
of these curves admits, then, the group formed by the rotations about the origin ; 
the equations of this group in polar coordinates are p' — p, <a' — « + a. With 
the system of variables p, w, the differential equation will contain, therefore, 
only p and du/dp (see I, § 243, 2d ed.; § 242, 1st ed.). 

So far we have supposed the group G known. We are now led to examine 
the following problem : A differential equation being given, to recognize whether 
or not it admits one or more one-parameter continuous groups of transformations, 
and to determine these groups. This is a very important question, which cannot 
be developed here in detail. We shall limit ourselves to a few particulars. 

36. Infinitesimal transformations. Given a system of transformations on n vari- 
ables, defined by the equations 

(100) x\ =fi(x v x 2 , • • x n ; a), (i = 1, 2, . • n), 

where the functions depend upon an arbitrary parameter a, we say again that 
these transformations form a group if the transformation resulting from any 
two transformations of the system carried out in succession itself belongs to 
the system. As above, a group is said to contain the identical transformation 
if, for some value a of the parameter, we have 

fi(x v x 2 , •••,&„; a ) = Xi, (i = 1, 2, . . ., n), 

for all values of x v x 2 , • • •, x n . It may be shown, as above, that such a group is 
obtained by integrating a system of differential equations 

dxi dxo dx' 

(101) _ _i = - - 2 = = y-^ r = dt. 

%\{ X li X 2i * ' '» X n) £2 ( X li X 2i ' ' '1 X n) %*> ( X H ' ' ' X n) 

Let 

(102) x\ = <t>i(x v x 2 , • • x n ; t), (i = 1, 2, . . n), 

be the integrals of this system which reduce to x v x 2 , x n respectively 
for t = 0. The relations (102) define a continuous one-parameter group, the 
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variable t playing the part of the parameter. Indeed, we have seen (§ 31) 
that the general integral of this system can be written in the form 

x 2 , • • x n ) — C v • • •, 

^n — x 2i ' ' '■) X n) = C n — h x 2i ' ' *? *0 ~ ^ + ^n? 

where 2 , • • •, fi n are n functions of the variables x^, which we have defined 
exactly. The integrals which for t = take on the values x v x 2 j * * * ? x w are 
furnished, therefore, by the equations 



(103) 



f fi<(a£ • • x' n ) = Oi(aJi, • • «n), (i = 1, 2, . . n - i), 

^ £2 n (x 1? • ♦ • , x n ) = £2 n (x 19 • • • , x n ) + £, 

which are equivalent to the relations (102). In this new form we see immediately 
that these transformations form a group. 

Let F(x v x 2 , • • •, x n ) be a function of the n variables X; ; if we replace the 
variables x* in it by the functions x' { given by the relations (102), the result 
F(x[, x 2 , • • •, x^) is a function of x x , x 2 , • • •, x n , £, which for t — reduces to 
JP(x t , x 2 , x n ). Let us consider the problem of developing this function 
according to increasing powers of t. We shall denote by F' the result of 
replacing x* by x[ in F(x v x 2 , x n ), and we shall put 

vX-^ vXfi 

where / is any function of x v x 2 , • • •, x n . Similarly, replacing the variables x» 
by x' v we shall put 

■X'(f') = ^(x;, x 2 , • • x£) — + • • • + £»(aa, x 2> 

ax x ax n 

With these preliminary definitions, we have, by the differential equations (101), 

-37- = ^l(^l, • • *»)— T + * * * + M^i, '", X n)—,= 

ai dx x dx n 

Likewise we have 

^ = |[^(^] = x'[r'(^)], 

and in general 

where X'O) (.F') denotes the result of the operation X' carried out p times in 
succession. Since, for t = 0, x^, x 2 , • • •, x' n reduce to x x , x 2 , • • •, x n , it follows 
that (dP F'/dtP) t = o is equal to X(p) (F), and the development of F' is given by 
the formula 

F'(x[, •••,<) = Ffo, • ■ ., x„) + 

(104) "S + ^ J9) (F) +'■' + """, x<?) 

If we assume that the function F is regular in the neighborhood of the values 
x v x 2 , • • x n , the series on the right is convergent as long as \ t\ is sufficiently 
small. We have, in particular, 

(105) xj = xt + '-St + ~ XQi) + ™ x<*> «0 + • • • • 
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Let us give to t an infinitesimal value 5t. Putting dx t = x\ — x*, and neglect- 
ing infinitesimals of higher order than the first with respect to dt, the preceding 
formulae can be written in the form 

(106) 8x 1 = £ 1 dt, 5x 2 = £ 2 8t, dx n = £ n 5t. 

We say that these relations define an infinitesimal transformation and that X(f), 
or ^Zi{df/dXi), is the symbol of this infinitesimal transformation. To every one- 
parameter group corresponds an infinitesimal transformation, and conversely. 
If we choose at pleasure n functions, £ 19 £ 2 , • • •, £ n , of x 1 , x 2 , • • •, x n , the result- 
ing expression X(f) is the symbol of an infinitesimal transformation that 
defines a continuous group whose finite equations would be obtained by inte- 
grating the system of differential equations (101). 

The introduction of infinitesimal transformations Jias made it possible to 
apply the methods of the differential calculus to the theory of groups. Besides, 
in many questions concerning groups it is the infinitesimal transformation 
which is concerned, as we shall see from a few examples. 

Let us consider x v £ 2 ,---, % n as the coordinates of a point in space of 
n dimensions, and t as an independent variable which denotes the time. If t 
varies, the point with the coordinates x[, n'^'", K describes in a space of 
n dimensions a curve, or trajectory, starting from the point (x v x 2 , • • •, x n ). The 
space of n dimensions, or at least a region of that space, is thus decomposed 
into an infinite number of one-dimensional manifolds, and each point of the 
given region belongs to a single one-dimensional manifold. We say that a 
function F(x t , x n ) is an invariant of the group considered if we have 

F(x' 1 ,'--,x^) = F(x 1 ,...,x n ), 

whatever may be the value of t. It is easy to obtain all the invariants of a 
group. In fact, dividing the two sides of the equation (104) by £, and supposing 
F' = F, we obtain the relation 

X{F) + l -X^{F) + • • • + t ^X(p)(F) + . . . = 0. 

Since this equality must hold whatever t may be, it is necessary in particular 
that we have X{F) = 0. We say, in this case, that the function F admits the 
infinitesimal transformation of the group. This condition is, moreover, suffi- 
cient ; for if we have X(F) = 0, we also have X[X(F)] = 0, . • and therefore 
JEW (F) = 0, whatever p may be. The only invariants of the one-parameter group 
are therefore the integrals of the equation X(f) = 0. 

Let us notice that if two groups have for infinitesimal transformations X(f) 
and nZ(/) respectively, where II (x v x 2 , • •, x n ) is any function whatever, 
these two groups have the same invariants, even though they are not identical. 
If we apply to the same point the transformations of the two groups, this point 
will indeed describe the same path, but with different velocities. Conversely, 
if two groups have the same invariants, the two infinitesimal transformations 
X(f) and Y(f) can differ only by a factor U(x v x 2 , • • •, x n ) which depends 
only upon x v x 2 , • • ., x n , for the two equations X(f) = 0, Y(f) = must have 
the same integrals. 

We shall now introduce another important concept. Let 

(107) x 1 =/(x, y ; a), y x = 4> V ; «) 
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be a continuous group in two variables. If we apply a transformation of this 
group to all the points of a plane curve C, we obtain another plane curve C v 
Let y', y", • • , y {n) be the successive derivatives of y with respect to x and 
y ' y'^. . . ? the successive derivatives of y x with respect to x 1 ; we have seen 
(i' § 61, 2d ed. ; § 35, 1st ed.) how to calculate these last successive derivatives 
in term's of x, y,y',--, y {n) - These calculations lead to formulae of the form 



(108) 



y[ = ^(x, y, y';a), 



(109) 



The relations (107) and (108) define also a group of transformations in n + 2 
variables, x, y, y', • • •, which is called the extended group of the first. We 
shall assume this fact, the proof of which presents no other difficulties than the 
writing of rather long expressions. We shall merely show how the infinitesimal 
transformation of the extended group can be obtained. Let 

be the infinitesimal transformation of the given group. We can write the 
equations of this group in the form 

x 1= x + ^ ( x, y)+ ^( £ y + ,g) + ..., 

1 * t 2 / dr) dr}\ , 

[v 1 = v + V (x,y) + -(i- + v-) + -, 

and from them we derive 

dy+ t J d -i dx + 8 id y ) + ... 

1 \ax dy i 

The coefficient of t on the right, after expansion in a single power series, is the 
only thing we need to know. It is obtained by a division and is equal to 

dx + \dy dx) dx \dy) \dx) 

The symbol of the infinitesimal transformation of the extended group is, there- 
fore, for n = 1, 

df df Vdr> (df) aA , a£ /2 1 df 

The method is a general one. If the coefficient of t in the development of y^~^ 
is ?r(x, y, y 7 , • • y (n - !) ), we have for y< n > 

cfy(»-i) + ••• 



i \ax a?/ / 
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and the coefficient of t on the right-hand side is 

dir 

dx 

Hence we can calculate step by step, to any desired value of n, the infinitesimal 
transformations of the extended groups which are obtained from the given group. 
We say that a system of differential equations 

^-|^q^ dx^ dx 2 dx n 

X l X 2 X n 
admits the one-parameter group of transformations G defined by the equations 
(100) if it changes into a system of the same form, 

dx, dx' 9 dx' 

(111) — = — 7= ••• =—7, 
^\ ^2 X n 

when we take for new variables x[, x 2 , • • •, x' n instead of x v x 2 , • • •, x n , and if 
this is true whatever the value of the parameter a may be. Here and below, 
the symbol X- denotes the same function of the variables x\ that X { is of the 
variables x { . In order that this be true, it follows from the relation which has 
been established between the system (110) and the partial differential equation 

(112) X(/) = X 1 |l + X 2 | + ... + X„g ; = 

that it is necessary and sufficient that every transformation of the group G shall 
carry the equation n 

X'W=2 X 'i&>^>'''> x 3T-> 

S dx i 

over into a linear equation equivalent to X(f) = for every value of the 
parameter a. If f(x t , x 2 , • • •, x n ) is an integral of X(f) = 0, f'(x[, x 2 ,>>-, x' n ) 
is also an integral of X'(f) = ; hence, if we replace x[, • • •, x' n by their values 
given by the expressions (100), f'(x[, • • • , x' n ) must also be an integral of X(f) — 0. 
It follows that the necessary and sufficient condition that the system of differ- 
ential equations (110) admit the group of transformations G is that every trans- 
formation of that group shall change an integral of the equation X(f) — into 
an integral of the same equation. 
Let 

< 113 > r w = «.g + ^ + "- + t£ 

be the infinitesimal transformation of the group G. Replacing the parameter a 
by the parameter t defined above, we may write 

f(x[, x 2 , • • x' n ) = f(x 1 , x 2 , • • xn) + j T(f) + ^ T[T(f)] + . . .. 

If /(»!,'• • x n ) is any integral of the equation (112), the same thing must be 
true of f(x' v • • ., 2^), and consequently of 

f(X\, * * *» X n ) f(%\i • • *j 

or of 

r(/) + ^[T(/)]+..., 
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whatever the value of t may be. In particular, T(f) must be an integral of the 
equation (112). This condition is sufficient. Eor, let/ 1? / 2 , • • A-i be a system 
of n — 1 independent integrals. If T(f 1 ), T(/ 2 ), • • T(/n-i) are also integrals, 
the same thing must be true of T(/), where / is any other integral. For we 
have/ = n(/ 1? / 2 , • • - ,/n-i), and therefore 

T(f) = ^ T&) + • • • + -J 11 - T(f n -i). 

0J X Cj n - 1 

Since T(/) is an integral, the same thing is true of T[T(/)], and so on; the 
same is therefore true of f(x[, x! 2 , • • •, x n ). 

Hence, in order that the system (110) admit the group G of transformations, 
it is necessary and sufficient that, iff is an integral of X(f) = 0, T(f) shall also 
be an integral. We say for brevity that the equation X(f) = admits the 
infinitesimal transformation T(f). 

Let us now take a differential equation of the first order, 

"»> !=!• 

In order that the equation X(f) = Adf/dx+Bdf/dy = admit the infini- 
tesimal transformation £ df/dx + v df/dy, it is necessary that we have 

. do) , ^ da A y dw da> 
^1 (- 7i — 0, £ \- 7] — — II (w), 

dx dy dx By 

where w(cc, y) denotes an integral (other than a constant) of X(f) = 0, and 
where II (w) denotes an undetermined function of w. We derive from these 
relations 

coj _ BU (o) aw _ ,411 (co) 

Jx~~ Ar^B^ ' ~dy~~ Ay- B%' 

whence, 

c?w _ 5dx — Ady 
II(co)~ Bt-Av 

It follows that 1/(.B£ — ^L??) is an integrating factor for Bdx — A dy. Conversely, 
let (x, 2/) be a function such that its total differential is 

Bdx — Ady 

deb = 

BZ-Ar, 

Then we have, simultaneously, 

X( ) = 4^ + B^ = O, T W = ^ +V ^ = 1- 
dx dy dx dy 

hence T(0) is also an integral of the equation X(<p) = 0. We can state this 
result as follows : 

In order that the differential equation (114) admit the group of transforma- 
tions derived from the infinitesimal transformation £ df/dx + rj df/dy, it is necessary 
and sufficient that 1/(B£ — Av) shall be an integrating factor for Bdx — Ady. 

This new method requires only the knowledge of the infinitesimal transfor- 
mation of the group. As there exist an infinite number of integrating fac- 
tors, we see that every equation of the first order admits an infinite number 
of infinitesimal transformations. 
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Let us return to the general case of the system (110). Let X(f) = be 
the corresponding linear equation and T(f) the symbol of an infinitesimal 
transformation. Let us consider the equation 

(115) Z(f) = X[T(f)] - T[X(f)] = 0, 

where X[T(f)] represents the result of the operation X( ) applied to T(/), 
and where T[X(f)] has an analogous meaning; Z(f) is still a linear homo- 
geneous function in the derivatives of the first order df/dX{, and it does not 
contain any derivatives of the second order. To show this, it suffices to prove 
that the coefficients of a derivative of the second order are the same in 
X[T(f)] and T[X(f)]. Now the coefficient of d 2 f/dx\ is and that of 

d 2 f/dXidx k is Xi£ k + X k £i in T[X(/)], and it is obvious that these coeffi- 
cients are the same in X[T(f)]. The equation Z(/) = is therefore an 
equation of the same type as the equation X(f) = 0, which can be written 
in a form exhibiting the coefficients explicitly : 

(116) Z(f) = - T(X l) ] |£ + . . . + [X(h) - r(X,)] f + ■ ■ ■ = 0. 

dx x dX{ 

If now T(f) is an integral of the equation X(f) = 0, whenever /is an inte- 
gral of the same equation, every integral of X(f) = evidently satisfies the 
linear equation Z(f) = ; we must have, therefore (§ 31), 

(117) X[T(/)]- T[X(f)] = p( Xl ,x 2 ,...,x n )X(f), 

where p is an undetermined function of x 1 , x 2 , • • •, x n . Conversely, if we have 
an identity of this form, every integral of the equation X(f) = satisfies also 
the equation X[T(f)] = 0, and therefore T(f) is also an integral of the equa- 
tion X(f) = 0. The necessary and sufficient condition that the linear equation 
X(f) = admit the infinitesimal transformation T(f) is expressed by the relation 
(117), where p is any function of x v x 2 , That relation is equivalent to 

the (n — 1) distinct relations 

X(| x ) - T(X X ) = Xfe) - T(X 2 ) _ = £fe) - T(X„) 
X^ X 2 X n 

Given a differential equation of the nth order, 



(118) ^ = +Ly*JL,^...,^\ 

v 1 dx* v \ ' ' dx dx 2 dx"-iJ 



in order to determine whether it admits the group of transformations deduced 
from the infinitesimal transformation £ (x, y) cf/dx + n (x, y) df/dy, we need only 
replace the equation (118) by a system of n differential equations of the first 
order, taking for the auxiliary dependent variables the first (n — 1) deriva- 
tives y\ y",'", 2/ (n_1 ), and then determine whether this system admits the 
infinitesimal transformation of the extended group of G. 

Let us consider, for example, the equation of the second order y" — <p (x, y, ?/'), 
which may be replaced by the system 

dx _dy _ dy' 
1^0 (x, y, y') 

or by the linear equation 

ox dy dy 
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It will be necessary to determine whether this equation admits the infinitesimal 
transformation 

df , J/ Vdv ley d£\ , d£ , ? 1 a/ 

On carrying through the calculations, we find a condition which contains x, ?/, 
and y', and which must be verified for all values of these variables. The equa- 
tion of the second order being given, if we wish to find the infinitesimal trans- 
formations which it admits, we have at our disposal the unknown functions 
£(cc, ?/), 17 (x, y), which do not contain y'. Writing the condition that the preced- 
ing relation is independent of y', we may have, according to the given function 
<P(%, V, V'), a limited or unlimited number of equations which must be satisfied 
by the functions y) and 77 (x, y). In general these equations will be incom- 
patible, and we see that an equation of the second order, taken arbitrarily, 
does not admit any infinitesimal transformation. The same thing is true of 
equations of higher order, and it is seen from this how Sophus Lie was able to 
classify differential equations according to the number of independent infini- 
tesimal transformations which they admit. 



EXERCISES 

1*. Let M be the greatest absolute value of/(z, y ) when x varies from x 
to x + a. If the letters a, 6, iT, x , y have the same meaning as in § 30, the 
integral of the equation y' =f(x, y) which takes on the value y for x = x is 
continuous in the interval (x , x + p), where p is the smaller of the two numbers 
a and log(l+ Kb/M )/K. 

[E. Lindelof, Journal de Mathematiques, 1894.] 

[The inequalities 

\yn-y n -i\<M Kn-i^^r 

are established step by step, as in § 27, and y n will remain between y —b and 
y + 6, provided that we have e K &- x o> < 1 + bK/M .] 

2. Find two first integrals of the simultaneous systems of differential 
equations 

(a) d ^-+<t>'{x)y- y (x) z = 0, ^ + V (x) y + <t>' (x}z = 0, 

dx dx 



(7) 



dx dx 
dy dz — dx 



y(x + y) (x-y)(2x+2y + z) x(x + y) 

3. The expression l/[y — xf(y/x)] is an integrating factor for dy —f(y/x)dx. 

4. The general form of the differential equations of the first order which 
admit the infinitesimal transformation y df/dx — x df/dy is 

xy'—'i 



x + yy 

Deduce from this an integrating factor. 



'- = 4>(x* + i/*). 
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5. Find the general form of the differential equations of the first order which 
admit the infinitesimal transformation df/dx + x (df/dy) ; the infinitesimal trans- 
formation x(df/dx) + ay (df/dy). 

6. Find a group of transformations for the differential equation 

dy , , 
— = <p(x + ay), 
dx 

where a is constant, and deduce from it an integrating factor. 

7 *. The differential equations of the elastic space curve, 

y'z" - z'y" = dx' - l /3?/, 
z'x" — x'z" = 5y' — J /3x, 

v'v" — v' x " — — a -> 

where a, /3, 5 are constants, possess the two first integrals x' 2 + y' 2 + z /2 = (7, 
/3 (x 2 + ?/ 2 ) — 4 z' = C. We then obtain cc and ?/ by the integration of a differ- 
ential equation of the second order. 

[Hermite, Sur quelques applications desfonctions elliptiques (p. 93).] 



CHAPTER III 



LINEAR DIFFERENTIAL EQUATIONS 

I. GENERAL PROPERTIES. FUNDAMENTAL SYSTEMS 

Linear differential equations have been studied more thoroughly 
than any other class. They possess a group of characteristic proper- 
ties which distinguish them sharply and at the same time simplify 
their study. Moreover, they appear in a great number of important 
applications of Analysis, and a preliminary study of them is very 
useful before undertaking the studv of differential equations of the 
most general form. Except when otherwise expressly stated, we 
shall study here only those equations whose coefficients are analytic 
functions of the independent variable. 

37. Singular points of a linear differential equation. A linear differ- 
ential equation of the nth order is of the form 

d n y d n ~ 1 y , dy 

a v a 2 , • • •, a n+1 being functions of the single variable x. Its inte- 
gration is equivalent to that of the system 




Vn-l, 



obtained by taking for auxiliary dependent variables the first n — 1 
derivatives of y. Let us suppose that the coefficients a { are analytic 
in a circle C Q with the radius R and with its center at the point x , 
and let y , y' Q , y^ • • 2/o n_1) be a system of n arbitrary constants. 
Applying to the equations (2) a general result established above 
(§ 23), we see that the equation (1) has an integral analytic in the 
circle C , taking on the value y for x = x Q , while its first n — 1 
derivatives take on respectively the values y' Q , y' Q ', • • •, y^"^ for-x = x Q . 

We know also, from the general theory, that it is the only integral 
of the equation (1) satisfying these initial conditions ; we shall say 
for brevity that it is defined by the initial conditions (x Q , y , y' Q , y^ 
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. . ., y£ n-1) ). Let us now suppose at first, for definiteness, that the 
coefficients a { are single-valued functions of x, having in the whole 
plane only isolated singular points. Let L be a path joining two 
non-singular points x Q and X, and not passing through any singular 
point ; the integral which is defined by the initial conditions (x Q , y Q , 
Wo* ' ' •> yo n_1) ) i s represented by a power series P(x — x Q ) convergent 
in the circle C with the center x and passing through the nearest 
singular point to x . We can follow, by means of this series, the 
variation of the integral along the path L as long as the path does 
not go out of the circle C Q . If the path L leaves the circle C Q at a 
point a, let us take a point x x on the path within the circle C Q and near 
enough to a so that the circle C 1 with the center x x passing through 
the nearest singular point does not lie entirely within the circle C Q . 
From the series P (x — x ) and from those which we obtain by suc- 
cessive differentiations, we can derive the values of the integral and 
of its first n — 1 derivatives at the point x v Let y v y{, • • •, ^ n_1) be 
these values ; the integral of the equation (1), which is defined by 
the initial conditions (x v y v y[, • • •, 2/i n-1) )> is represented by a power 
series P 1 (x — x^) convergent in the circle C ± . The values of the two 
series P (x — x Q ) and P^x — x ± ) are equal in the part common to the 
two circles C Q and C v since they each represent an integral of the 
equation (1) satisfying the same initial conditions. It follows that 
the series P x (x — x^ represents the analytic extension in the circle 
C of the analytic function defined in the circle C Q by the series 
P(x — x ). If all of the portion of L included between x 1 and X 
does not lie in the circle C v we shall take a new point x 2 on the path 
within C v and so on as before. 

At the end of & finite number of operations we shall certainly arrive 
at a circle containing the point X. In fact, let S be the length of 
the path L and 8 the lower limit of the distance of any point of L 
to the singular points. The radii of the successive circles used are 
at least equal to 8, and we can choose the centers of these circles in 
such a way that the distance between two successive centers is greater 
than 8/2. After p operations the length of the broken line obtained 
by joining these successive centers will be equal to at least ph/2. 
If we have ph/2 > S, the length of the broken line will be greater 
than the length of L. Hence, after at most (p — 1) operations, we 
shall have arrived at a circle containing all of the portion of L included 
between the center of that circle and the point X. 

Recapitulating, we see that we can continue the analytic exten- 
sion of the integral as long as the path described by the variable 
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does not pass through any of the singular points of the coefficients a { . 
We know, therefore, a priori, what are the only points which can be 
singular points for the integrals of a linear equation. It may, how- 
ever, happen that a point a: is a singular point for some of the coeffi- 
cients a { without being a singular point for all the integrals. In the 
particular case where the coefficients are all polynomials or integral 
functions, all the integrals are analytic functions in the whole plane ; 
that is, they are integral functions and they may reduce to polynomials. 

The reasoning may be extended also to the case where the coefficients a { have 
any singularities whatever, it being possible for these functions to be multiple- 
valued. If we start from a point x , where these coefficients are analytic, and if 
we cause the variable x to describe a path X, along the whole length of which 
we can continue the analytic extension of the coefficients a*, we can like- 
wise continue the analytic extension of the integrals along this path. The power 
series which represent the integrals are convergent in the same circles as the 
series which represent the coefficients. 

These results are entirely in accord with those which we have deduced from 
the method of successive approximations (§ 28). 

38. Fundamental systems. Let us consider a linear equation which 
is also homogeneous, that is, not containing a term independent of y, 

, s d n V d n ~ 1 y , , dy A 

(3) F< 3f ) = 7 g + a l ^- 1 + ... + 0.^ + 04 = 0, 

where F(y) denotes no longer a function of the variable y but the 
result of an operation carried out on a function y of the variable x. 
From the definition of this symbol of operation it is clear that, if 
y y 2 ,"',]/p are any p functions of x, and C v C 2 , • • C p any con- 
stants, we have the relation 

F(Ciyi+ c 2y*+- • • + c ^)= c i F W + °* F ^ + ■ • • + C * F (^)- 

If y , y 2 ,'",y p are integrals of the equation (3), then C 1 y 1 + C 2 y 2 + 
. . . _j_ C y p is also an integral, whatever the numerical values of the 
constants C { may be. If we know n particular integrals y v ?/ 2 , • • •, y n 
of the equation, we can therefore deduce from them an integral 

(4) y=C 1 y 1 +C 2 y 2 +--. + C n y n , 

in the expression of which appear n arbitrary constants C v C 2 , • • •, C n . 
We cannot conclude from this that the expression (4) really rep- 
resents the general integral of the equation (3) ; we must first assure 
ourselves that we can dispose of the constants C v C 2 , • • •, C n in such 
a way that, for a particular value x Q of x, different from a singular 
point, y and its first n — 1 derivatives take on any values given in 
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• • Vn 

• - y'n 






Un 



advance. For the sake of brevity, let us indicate by (j/?) the value 
which the j9th derivative of the particular integral y t takes on at the 
point x . Setting the values of the integral y, and of its first n — 1 
derivatives at the point x Q , equal to these arbitrary quantities, we 
obtain a system of n linear equations to determine the constants C p 
C 2 , • • C n . The determinant of the coefficients of these unknowns 
must be different from zero. We shall denote by &(y v y 2 , • • y n ) 
the determinant whose elements are the functions y v y 2 , • • • , y n , 
and their derivatives up to those of the (n — l)th order : 



(5) A(y v y 2 , • • y n ) = 



If this determinant, which is an analytic function of x in the whole 
region in which the coefficients a % are analytic, is not identically 
zero, let us choose for x a point where this determinant is not zero. 
We can then determine the constants C { so that y and its first n — 1 
derivatives take on any initial values whatever for x Q . Every inte- 
gral of the equation (3) is therefore included in the formula (4). 
We say, for brevity, that this formula represents the general inte- 
gral of the equation (3). The integrals y p y 2 , • • •, y n , such that 
the determinant A^, y 2 ,---,y n ) is different from zero, form a 
fundamental system. 

If this determinant is identically zero, some of the integrals y v y 2 , 
• • • , y n can be deduced from the others. We shall say, in general, 
that n functions y v y 2 , • • •, y n of the variable x are not ' linearly 
independent if there exists between these n functions an identity of 
the form 



(6) 



c x y x + c A + ■■■ + C n y n = 0, 



where C v C 2 , • • •, C n are constants not all of which are zero. In order 
that n functions y v y , • • •, y n shall not be linearly independent, it 
is necessary and sufficient that the determinant A(y v y. 2 , • • y n ) be 
identically zero. 

The condition is first necessary. For from the relation (6) we 
obtain the n — 1 relations of the same form, 

(7) C l3 #> + C 2 yi* + • • • + C n yi^ = 0, (p = 1, 2, . . n - 1) 

between the derivatives of the first order, of the second order, etc., 
of the functions y { . Since the coefficients C K are not all zero by 
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hypothesis, the equations (6) and (7) cannot be consistent unless 
the determinant A(y v y 2 , • • •, y n ) is identically zero. 

Conversely, suppose that A = 0, and suppose first that all the 
first minors of A relative to the elements of the last row are not 
identically zero, for example, that the cof actor of ^ n_1) , 

Vx % *•• Vn-l 

y[ yl ••• Vn-i 



y?~ 2) 



yi n ~ 2) 



7/ (n-2) 

y n -\ 



is different from zero. Let A be a region of the plane of the variable x 
where the functions y t are analytic and where this determinant 8 
does not vanish. Let us put 

*y« = k sa + K *y* h h 

y'n = K iyi + K *y* — + K n-iy' n -i, 



(8) 



_|_ JT 7 /n — 2) 

These n — 1 equations determine i^, if 2 , . . •, K n _ 1 as analytic func- 
tions of x in the region A, since if f is the quotient of an analytic 
function divided by the minor S which is not zero in A. These func- 
tions K , • • •, K n _ 1 satisfy also the relation 

(9) yf-D = K iy {«-V + K 2 t£-» + • • • + ^-l^, 
since A^, y 2 , — -, y n ) i s zer0 at every point of A Differentiating 
once each of the equations (8), and taking account of these same 
relations and of the relation (9), we find 

K \V\ H h K-iyn-i = °> 



^^-2) + ... +K _ i2/ (n_-2) = 0, 

and consequently K[ = 1T 2 ' = . • • = K' n _ x = 0. The functions . . 
i^ n-1 are therefore constants, and we have indeed a relation of the 
form (6) between the n functions y v y n , where all the coeffi- 

cients are constants and the coefficient C n is different from zero. 
Since this relation has been established in the region A, it follows, 
by analytic extension, that it holds in any region in which the func- 
tions y v y 2 , • • •, y n exist and are analytic. 

It will be noticed that the minor S is precisely equal to 

&(y v y* - - •> yn-d- 

If this minor 8 is identically zero without A(y v y 2 , • • •, 2/„_ 2 ) being 
also zero, a similar argument would show that the functions y v y 2 , 
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• * * > Vn-\ satisfy a relation of the form (6), where C n = 0, C n _ r =#= 0. 
Continuing in this way, we shall therefore surely arrive at a relation 
of the form (6), in which some of the coefficients may be zero. If, 
therefore, we know n integrals of the equation (3) such that A (y v y 2 , 

• • • , y n ) = 0, one at least of these integrals is a linear combination 
with constant coefficients of the other integrals. It may also happen 
that these n integrals reduce in reality to p independent integrals 
\_p < n — 1]. In order that this may be the case, it is necessary and 
sufficient that all the determinants analogous to A which can be 
formed with p + 1 of these integrals shall be zero, one at least of 
the determinants formed with p integrals being different from zero. 

The same lemma enables us also to prove that the general integral 
of the equation (3) is represented by an expression of the form (4). 
For, let (y v y 2 , • • ., y n ) be a fundamental system of integrals, and y 
any other integral. From the (n + 1) equations 

P(y) = 0, -F(2/ 1 ) = 0, P(y„) = 

we derive, by elimination of the coefficients a , a , • • •, a n , an equation 
of condition which is no other than 

( 10 ) Hv> Vv Vv'-i Vn) = 0. 

We have, therefore, between these n + 1 integrals, a relation of the 
form 

cy + ^ + • • • + c nVn = 0, 

where C, C v C 2 , • • •, C n are constants not all of which are zero. 
Finally, C, the coefficient of y, is certainly different from zero, since 
the integrals y v y 2 , • • •, y n are linearly independent. 

Every linear equation of the nth order has an infinite number of funda- 
mental systems of integrals. In order to obtain such a system, we need only 
take n integrals such that the determinant formed from the initial values of 
these n integrals and their first n — 1 derivatives for a non-singular point 
x is not zero. If (y v y 2 , • • ., y n ) is a first fundamental system, the n integrals 
Y v F 2 , • • Y n , given by the equations 

Yi = CilVl + + • • ' + Ci n y n , (l = 1, 2, . • ., Tfl) 

where the coefiicients are constants, form a fundamental system, provided 
that the determinant D formed by the n 2 coefficients is different from zero. 
We have, in fact, by the rule for the multiplication of determinants, 

A(Y„ F 2 ,..., r n )=D.A( yi ,y 2 ,...,y B ). 

It follows from this relation that the quotient [dA(y v • • •, y n )/dx]/A is the 
same whatever may be the fundamental system. We shall verify this by cal- 
culating this quotient. For this purpose let us observe that the derivative of a 
function F(x) is equal to the coefficient of h in the development of F(x + h) in 
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powers of h. If we give to x an increment h, and if we replace each element 
of the determinant A by its development, retaining only the terms of the first 
degree in h, we obtain the determinant 



y { r 



V + hyW yi n 



y ( r 



The coefficient of h is the sum of n determinants which are obtained by tak- 
ing the coefficients of h in any row and the terms independent of h in the other 
rows ; n — 1 of these determinants, having two rows identical, are zero, and 
there remains 











••• Vn 


Vi, - 


Vn) _ 








dx 








... y(n-2) 










••• y ( : } 



This result is true, whatever the functions y 1? • • • , 2/n may be ; if these func- 
tions are integrals of the equation (3), we can replace y^ l) in the last row by 
— a^yf'^ — • • • — a n y v and similarly for the others. There remains, after 
developing with respect to the elements of the last row and taking account 
of the determinants which have two rows identical, 



(11) 



dA 

— — — a, A. 
dx 1 



The quotient which we wish to calculate is therefore equal to — a v and we 
derive also from the preceding result the value of the determinant 



A = Ke 



-r 



where A denotes the value of A for x 



x . This expression for A shows that 
this determinant is different from zero at every non-singular point, if it is not 
identically zero — a result which we could also have obtained from the preceding 
properties. 

It should be noticed that every linear equation of which a fundamental 
system of integrals is (y v y 2 ,--, y n ) can be written in the form (10) 

y 2 i • ' Vn) = 0, 

the coefficients containing only the integrals yi and their derivatives. This 
shows that any n linearly independent functions y v y 2 , • • •, y n can always be 
regarded as forming a fundamental system of integrals of a linear equation. 

39. The general linear equation. A non-homogeneous linear equation 
can be written in the form 



, v d n y d n ~ x 
(12) F (y) = -£ + a 1 



where the term independent of y has been isolated on the right-hand 
side. We shall also consider the equation formed by replacing f(x) 
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by zero ; the resulting equation, F(y) = 0, is called the corresponding 
homogeneous equation. If we know a particular integral Y of the 
equation (12), the substitution y = Y z reduces the integration 
of that equation to that of the homogeneous equation F(z)=Q by 
the identity F(Y+z)= F(Y) + F(s). The general integral of the 
non-homogeneous equation is therefore represented by the expression 

(13) y = Y + C lVl + C 2 y 2 + . . . + C n y n , 

where y , y 2 , • • y n are a fundamental system of n particular inte- 
grals of the homogeneous equation, and where C v C 2 , • • C n are 
n arbitrary constants. It often happens in practice that we can 
easily obtain a particular integral of a linear non-homogeneous equa- 
tion, and in this case we are led to the integration of the homogeneous 
equation. The search for a particular integral is facilitated by the 
following remark, which we need only state : If f(x) is the sum of 
p functions f x (x),f 2 (x), • • - y f p (x), such that we know how to find a 
particular integral of each of the equations 

F(V) F(y) = f 2 (x), . . ., F(y) = f p (x), 

the sum Y t -f- Y 2 + • • • + Y p of these p particular integrals is an 
integral of the equation F{y) — f(x). 

In general, if we know the general integral of the homogeneous 
equation, we can always obtain by quadratures the general integral 
of the non-homogeneous equation (supposing, of course, that the 
left-hand side is the same for the two equations). 

The following process, due to Lagrange, is called the method 
of the variation of constants. Let (y v y 2 , • • • , y n ) be a fundamental 
system of integrals of the equation F(y)=0. Imitating as much 
as possible the process employed for a linear equation of the first 
order, we shall seek to satisfy the equation (12) by taking for y an 
expression of the form 

(14) y=C iyi +C 2 y 2 +.-. + C n y H , 

where C v C 2 , • • •, C n denote n functions of x. We can evidently 
establish between these n functions n — 1 relations chosen at pleas- 
ure, provided that they are not inconsistent with the equation (12). 
If we put 

(15) J y[c/i + y* ' 2 + • • ' + = °> 
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the successive derivatives of y up to the (n — l)th derivative have 

the values , , , _ , , . ~ , 

[V = C lVl + C 2 y 2 + - - - + C n y n , 

„ R . y" = CiVi + Ca3£ + • • • + c n3 ^, 

( 16 ) 1 ? 

The first of the relations (15) has been chosen in such a way that 
the first derivative y' has the same expression as if C v C 2 , • • • , C n 
were constants, and similarly for those that follow. The derivative 
of the nth order has a less simple form : 

y<n) = Cl y^ + C 2 y^ + • • • + C n y^ 

+ y?- 1 ' c[ + y'i - X) + • • • + y?-^ C 

Substituting the preceding values of y, y\ y", • • •, ?/ (ri) in the left-hand 
side of the equation (12), the coefficients of C v C 2 , • • C n are re- 
spectively .F^), ^0/ 2 ), • • F(y n ), and we are led to the new relation 

(15') y^ci + i£-»c' 2 + • • • + ^- 1} ^n =/(*), 

which, together with the relations (15), enables us to determine 

C'u--> c 'n- We can therefore find C v C a , • • •, C n by quadratures. 

We can also make use of the following method, due to Cauchy. 

Let (y v y 2 , y n ) be a fundamental system of integrals of the equation 
F(y) = 0. Let us determine the constants C x , (7 2 , • • •, C„ so that the integral 
+ . . . -f C n 2/„ and its first n — 2 derivatives all vanish, while the (n — l)th 
derivative reduces to unity for a value a of x. The integral (x, a) thus obtained 
depends, of course, upon the variable x and also upon the initial value a, and 
satisfies the n conditions 

(17) 0(a,a) = O, 0'(ar,ar) = O, 0"(a,a) = O, 0(»-D(a, a) = 1, 

where 0<^)(ar, a) denotes the pth derivative of 0(x, a) with respect to x for the 
value x = a. If we replace a by x in the preceding relations, which amounts 
to a simple change of notation, they can also be written in the form 

(170 0(»,&) = O, 0'(x,x) = O, 0^- 2 )(x,x) = O, 0(»-i>(s,x) = l, 

where 0(p) (x, x) denotes now the pth derivative of (x, a) with respect to x, in 
which we have replaced a by x after the differentiation. With this under- 
standing let us consider the function represented by the definite integral 

(18) T= f X <P(x, a)f(a)da 

with an arbitrarily fixed lower limit x . Applying the general formula for 
differentiation, and taking account of the conditions (17'), we find successively 

*I = f V(a, a)f(a)da, • • = f V" 1 ^, «)/(«)*», 

(Zx «X n ^ac 

*I = jT V> (x, «)/(*) da + /(x). 
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Substituting these values of F, Y', • . ., r<»> in F(Y), we find 

F(Y) =f(x) + f *[0<»>(<c, a) + o^fo-Dfo a) + . - . + a n 0(x, a) ]/(<*)<*<*. 

The function under the integral sign on the right is identically zero, since <f> (x, a) 
is an integral of corresponding homogeneous equation, whatever may be the 
value of the parameter a. From this it follows that the function Y represented 
by the definite integral (18) is a particular integral of the non-homogeneous 
linear equation. It will be noticed that this integral, as well as its first (n — 1) 
derivatives, is zero for the lower limit x , which is supposed different from a 
singular point.* 

The application of this method to the equation d n y/dx n =f (x) leads to 
precisely the result obtained above (§ 18). 

40. Depression of the order of a linear equation. If we know a certain 
number of particular integrals of a linear equation, we can make use 
of them to diminish the order of the equation. Let us consider first a 
homogeneous equation of the nth order, and let y v y 2 , • • y py (p < n) 
be linearly independent integrals of that equation. The substitution 
y=zy x z, where z indicates the new dependent variable, reduces the 
proposed equation F(y) = to a new equation of the same type in 
z, for the expression for any one of the derivatives d p y/dx p is itself 
linear with respect to z and to its derivatives. If y x is an integral 
of the equation F(y) = 0, the new equation in z must have z = 1 
for a solution, which requires that the coefficient of z shall be zero ; 
this fact is verified at once by calculation, for the coefficient of z is 
precisely F(y^). The equation in z is therefore of the form 

/-ion d n z dr-^z dz _ 



*It is easy to verify that the method of the variation of constants and Cauchy's 
method lead to the same calculations. In fact, the function (x, a) of Cauchy is of 
the form 

<t> (x, a) = <t> x (a) Vl (x) + <P 2 (a)y 2 (x) + • • • + <p n (a) y n (x), 
where the functions <t>i ( a ) are determined by the conditions 

(0i W 2/i (<*) +~- + 4>n(<x) Vn (a) =0, 
01 (<*) y[ n " 2) (<*) + • ' • + <t>n (a) y ( n n ~ 2 > (a) = 0, 
01 W W + * ' ' + 0- W y ( n n -V (a) = 1, 

and the particular integral (18) has the value 

Y=y x (x) f X <P 1 (a)f(a)da+- - + y n (x) f X <p n (a)f(a) da. 

But if we compare the conditions (A) with the relations (15) and (150 which deter- 
mine the (f. in the method of the variation of constants, we see at once that we have 
C[ (x)= 0i (x)f(x), and therefore the first method gives us a particular integral by 
the same quadratures, 
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where b v b 2 , • • •, b n _ 1 are functions of x. This equation reduces to 
a linear equation of order n — 1, 

(20) ^^FT + ^^ + -" + ^ = °' 

by putting w = ete/cfcc. If y 2 , • • 2/ p are p integrals of the equa- 
tion from which we started, the equation (19) has the p — 1 integrals 
VjVv Vp/Vv and therefore the equation (20) has the integrals 

±(yi\ ... —(^\ 

dx\yj' 9 dx\yj 
These p — 1 integrals are linearly independent ; otherwise there 
would exist a relation of the form 

-.1(1)— -4feH 

where C 2 , C 8 , • • C p are constants not all of which are zero, and we 
could conclude from it, by integration, the existence of a relation of 
the same form, C 2 y 2 H + C p y p + ^ = 0, where is a new con- 
stant. If p > 1, the application of the same process leads from the 
equation (20) to a new linear equation of order n — 2, and so on. 
The integration of a linear homogeneous equation of which p inde- 
pendent particular integrals are known reduces, therefore, to the inte- 
gration of a linear homogeneous equation of order n—p> followed by 
quadratures. When p = n — 1, the last equation will also be inte- 
grate by a quadrature. 

Similarly, if we know^ integrals, y v y 2 ,--, y p , of a non-homoge- 
neous equation, such that the p — 1 functions 

are linearly independent, the substitution y = y 1 + z leads to a homo- 
geneous equation having the p — 1 integrals y 2 — y v • •, y p — y v 
It is therefore possible to reduce this equation to a linear homogene- 
ous equation of order n — p + 1- 

Consider, for example, the linear equation of the second order, 

, N d 2 y dy , A 

(21) m=-&+pt> + ™ = *> 

and let ^ be a particular integral of this equation. If we put y = y^, 
we find 
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and, substituting in the equation (21), we find, since the coefficient 
of z is zero, 

Putting dz/dx = u, this equation can be written in the form 
du l^^Vi \dx 



u 



whence, by integration, 

J/-» X 
pdx + Log y\ = Log C, 

or 

C -f x P dx 

A second quadrature will give z and consequently y. We see that 
the equation (21) has the integral y 2 given by the expression 



(23) ^ = yi J x Vi 6 



- f X pdx 



which is independent of y r The general integral of a linear homo- 
geneous equation of the second order is therefore obtained by two quad- 
ratures when we know a particular integral* 

This property is a mark of similarity between the linear equation 
of the second order and Riccati's equation (§ 7). There exists, in 
fact, a very close relation between these two kinds of differential 
equations. If we depress the order of the homogeneous equation (21) 
by the process of § 19, by substituting 

fzdx 

y = e J , 
we are led to a Riccati equation, 

(24) z' + £ +l>z + q = 0. 

* We can derive from these results a very simple proof of an important theorem 
of Sturm. Let us suppose that the coefficients p and q are continuous real functions 
of the real variable x in the interval (a, 6), and let x , Xi be two consecutive zeros of 
a particular integral y\(x) in the interval (a, b). If ?/ 2 (x) is another particular inte- 
gral independent of Vi(x), the formula which gives u can be written 

±(y*) = c P -f** pdx 



which shows that the quotient y^/Vi varies always in the same sense when x increases 
from x to x 1 . Now this quotient is infinite for x = x and for x = x 1 \ hence it constantly 
increases from — go to + go or decreases from + go to - go . The equation y^{x) = has 
there/ore one and only one root in the interval (xq, x{). 
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Conversely, any Riccati equation 

(25) u' + an 2 + bu + c = 0, 

where a, b, c are functions of x(a 0), may be reduced to the 
form (24) by putting u = z/a 9 which transforms (25) to an equation 
of the form (24), 

z' + z 2 +(b- ^jz + ac = 0. 
It follows that the general integral of the equation (25) is 

(26) u- 1 Ciy ' 1 + C * V '\ 

where y 1 and y 2 are two independent integrals of the linear equation 

This expression really contains only a single arbitrary constant, that 
is, the quotient CjC v which appears in it to the first degree.* 

Example. Legendre's polynomial X n (I, § 90, 2d ed. ; § 88, 1st ed.) satisfies 
the differential equation 

(27) (1 - x 2 ) ^| - 2x^ + n(n + l)y = 0. 

dx 2 dx 

* It would seem that a quadrature might be necessary to derive the general 
integral of the linear equation (21) from the general integral of Riccati' s equation 
(24). In reality this is not the case, or, rather, the quadrature reduces to the calcula- 
tion of fpdx. In general, let z=<P(x, C) be the general integral of a differential 
equation of the first order, dz/dx=f(x, z). From the relation 

we derive, by differentiating with respect to the constant C, 

_d/ d<t> a/ = _a/ a0\ 

dCdx c<pdC ° r d<P dx\ 8 dCj' 

From the last equation we find f(df/d(f>) dx = Log (d<p/dC), where, of course, the 
same value of the constant C is to be understood in the two sides of the equation. 
Applying this to Riccati's equation (24), if z = <f> (x, C) is the general integral of that 
equation, we conclude that 



2 J zdx + j*pdx + Log = °- 



If Zi, z 2 , Z3 are three integrals of the equation (24), on carrying out the calculation 
(see § 7) we find that the general integral of the linear equation (21) has the form 

$f p dx °i (g§ ~ gi ) + <?2 (gg ~ ^2) 
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To prove this it suffices to notice that, by putting u = (x 2 — l) n , we have the 
relation (x 2 — l)u' = 2 nxu, and by taking the (n + l)th derivative of the two 
sides we have an equation which is identical with the equation (27) when we 
replace d n u/dx n in it by y. In order to obtain a second particular integral of 
the equation (27), we shall apply the general formula (23) with p equal to 
2 x/(x 2 -1) = l/(x + 1) + l/(x - 1) ; this gives 

- t C dx 

y*-^) (x*-i)xi 

It might seem necessary to know the n roots, a v a 2 , • • • , a n , of the polynomial 
X n in order to calculate this integral, but this is not the case. For, let us write 
the integrand in a form which exhibits the simple fractions which come from 
the roots + 1 and — 1 of the denominator : 



_1)X 2 2\x-l x + 1/ XI 



where P n is a polynomial of degree 2 n — 2, the quotient obtained by dividing 
1 - Xl by x 2 - 1. It follows that 



This last integral is a rational function, for if it contained a logarithmic term 
such as Log(x — ai), the point a% would be a singular point for ?/ 2 , and the inte- 
grals of the equation (27) can have no other singular points than x = ± 1 (§ 37). 
We can therefore calculate this integral by rational operations (I, § 104, 2d ed. ; 
§ 109, 1st ed.). Since the integral must be of the form Q n ~i/X n , where Q n -i 
may be taken as a polynomial of degree not greater than n — 1, we can deter- 
mine the coefficients of this polynomial, for example, by the condition 

Having once obtained the polynomial Q w _i, we may write the general integral 
of the equation (27) in the form 

y = C t X n + C 2 [q m _x + ix n Log (^)]« 

41. Analogies with algebraic equations. The preceding properties establish an 
evident analogy between the theory of linear differential equations and the 
theory of algebraic equations. This analogy persists in a large number of 
questions. As an example of this we shall show how we can extend to linear 
equations the theory of the greatest common divisor. In general, let 

._. . r d n y d n ~ 1 y dy 

F (y) = a oT JL + T+--- + a n-i~ +a n y 

dx n dx 11 - 1 dx 

be a symbolic polynomial where a , a 1? • • •, a n are given functions of x. If a 
is not zero, we shall say for brevity that F(y) is of the nth order. If G(y) is a 
symbolic polynomial of the same nature and of the pth order, it is clear that 
G [F(y)] is again a symbolic polynomial of the same kind and of the (?i + _p)th 
order. Let now 

F t (y) = b.pt + b Slll + . . . + b m -M + b m y 
1 ' u dx m dx™- 1 dx 
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be another polynomial of order ra (ra ^ n) . We can find a third polynomial G (y) 
of order n - ra such that F(y) - G [F t (y)] is at most of order ra — 1 (a poly- 
nomial of order zero is of the form ay, where a is a function of x). Let us put 

(bl—my rTa—m — ly 

The coefficient of d n y/dx n in GlF^y)] is X 6 , and if we take X = a /b , the 
difference F(y) — \ d n - m [F 1 (y)]/dx n - m will be at most of order n — 1. Let a[ 
be the coefficient of d n ~ 1 y/dx n ~ 1 in this difference. If we take X x = a[/b , the 
difference 

rJn — m rhi — m — 1 

will be at most of order n — 2. Continuing in this way, we see that we can 
determine, step by step, the coefficients X , X x , • • •, X n -m in such a way as to 
obtain an identity of the form 

(28) F(y)-G[F 1 (y)] = F 2 (y), 

where F 2 (y) is at most of order ra — 1. This operation is entirely analogous to 
the division of one algebraic polynomial by another. 

Now suppose that we wish to obtain the integrals common to two linear 
equations 

(29) F(y) = 0, F x {y) = 0. 

The identity (28) shows that these integrals are the same as the integrals 
common to the two equations F^y) = 0, F 2 (y) = 0. If F 2 (y) is not identically 
zero, the same operations can be repeated on F x (y) and F 2 (y), and so on 
until we arrive at two consecutive polynomials, F k - 1 (y) and F k (y), such that 
F k -i(y) = G k -i[F k (y)]. This last symbolic polynomial F k (y) is the analogue 
of the algebraic greatest common divisor : all the integrals common to the two 
equations (29) satisfy the linear equation F k (y) = 0, and conversely. If F k (y) is 
of the degree zero, the two equations have no other common integral than the 
trivial solution y = 0. 

If in the relation (28) F 2 (y) is identically zero, the equation F(y) = has 
all the integrals of F x (y) = 0. Conversely, in order that F(y) = shall have all 
the integrals of F t (y) = 0, it is necessary that F 2 (y) be identically zero, for a 
linear equation of order not greater than ra — 1 cannot have all the integrals 
of a linear equation of the rath order. Hence in this case we have identically 

F(y)=G[F 1 (y)l 

and if we put F^y) = z, the integration of F(y) = is reduced to the successive 
integration of the two linear equations 

G(z) = 0, F 1 (y) = z, 

of orders n — ra and ra, of which only the second is non-homogeneous. 

We can deduce from this observation another solution of a problem already 
treated. Suppose that we know p independent integrals y v y 2 ,---, y P (p < n) 
of F(y) = 0. We can form a linear equation of the pih order having these p 
integrals (§ 38). Let F x (y) = be this equation of the pth order ; then we have 
identically F(y) = GfF^)], and if the equation G(z) = of order n —p has 
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been integrated, we can integrate F x (y) = z by quadratures alone, since we 
know the general integral of F x (y) = 0. The reduction is the same as by the 
first method, but the new process is more symmetric. 

Appel, Laguerre, Halphen, E. Picard, and many others after them have ex- 
tended to linear equations the theory of symmetric functions of the roots, the 
theory of invariants, and the very fundamental work of Galois relative to 
the group of an algebraic equation. The theory of invariants is founded on the 
easily verified fact that a linear homogeneous equation is changed into a new 
equation of the same kind by every transformation of the type 



where t is the new independent variable and z the new dependent variable, 
whatever the functions /(£) and (p(t) may be. 

We can sometimes make use of this transformation to simplify a linear equa- 
tion. For example, if we wish to make the coefficient of the derivative of 
order n — 1 disappear, we find that it suffices to put 



retaining the variable x. Since we have two arbitrary functions / and </> at our 
disposal, it would seem that we could take advantage of them to make two 
coefficients disappear ; but this reduction, although theoretically possible, is 
illusory in most cases. For example, we can always choose the functions/ and 
<f> so as to reduce any linear equation of the second order to the simple form 
z" — 0, but the actual determination of these functions presents the same diffi- 
culties as the problem of integrating the original equation. 

42. The adjoint equation. Lagrange extended the theory of integrating factors 
to linear equations in the following way. Let F(y) be a linear function of y 
and of its first n derivatives, 



where a , a x , • • •, a n are any functions of x, and where y% y", • • •, denote 
the successive derivatives of y. Let us try to find a function z of x such that 
the product zF(y) shall be the derivative with respect to x of another function 
linear in y and in its derivatives up to those of order n — 1. The general for- 
mula for integration by parts (I, § 87, 2d ed.; § 85, 1st ed.), applied to each of 
the terms of the product zF(y), gives us 



x=f(t), 



y = z<f> (0, 




F(y) = a yW + a^-V + • • • + On-iV' + a n y, 




+ 



v dx 
where we have put 



+ -^-[o»-i«y] + yG(z), 




+ a n z. 
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If we denote by ^ (y, z) the expression which appears on the right-hand side 
of the equation (30) which is bilinear with respect to y and z and to their 
derivatives, we can write that equation in the abridged form 

(32) zF{y) - yG (z) = J- [* (y, *)], 

so that for all the possible forms of the functions y and z the binomial 
z F(y) — yG (z) is the derivative of <5r (y, z). If we now take for z an integral of 
the equation G(z) — 0, the product zF(y) is the derivative of an expression of 
the same form, linear with respect to ?/, y', • • ., and the equation 

F(y) = is equivalent to a linear equation of order n — 1, 

(33) *(y,z)=C, 

which we obtain by replacing in <5r the function z by the integral in question. 
Now the equation G (z) = is likewise a linear equation of the nth order ; it 
is called the adjoint equation of F{y) = 0, and the symbolic polynomial G(z) is 
called the adjoint polynomial of F(y). 

We see, then, that if we know an integral of the adjoint equation, the inte- 
gration of the given equation is reduced to the integration of a linear equation 
of order n — 1 whose right-hand side is an arbitrary constant. If we know p 
independent integrals, z x , z 2 , • • •, z p , of the adjoint equation, every integral of 
the given equation satisfies p relations of the form 

(34) *{y,z 1 ) = C 1 , *(y,z 2 ) = C 2 , * (y, z p ) = C p , 

where C 1 , C 2 , • • • , C p denote p constants. Eliminating the derivatives y(» - 
y(n-2)^ . . , ? yin-p + i) from these p equations, we obtain a linear equation of 
order n — p whose right-hand side depends upon the p arbitrary constants C 1 , 
C 2 , ' ' •» ^ • I n particular, if p = n (that is, if we know the general integral of 
the adjoint equation), we can solve the n equations (34) for y, y', . . ., D, and 
we can obtain the general integral of the given equation without any quadrature. 

There exist between the integrals of the two equations F(y) = 0, G(z) = 
some remarkable relations, which we cannot develop here.* We shall only show 
that there exists a reciprocal relation between these two equations. More pre- 
cisely, if G(z) is the adjoint polynomial of F(y), then, conversely, F(y) is the 
adjoint polynomial of G (z). For if F x (y) denotes the adjoint polynomial of G (z), 
we have a relation between F x {y) and G (z) of the same form as the relation (32), 

(320 yG(z)-zF 1 (y) = ~[<5r 1 (y 1 z)]. 

Adding the relations (32) and (32 7 ), we find 

z[F(y) - F.iy)] = A z) + ^(y, z)]. 

If F(y) — F x (y) were not zero, the product z [F(y) — F x (y)] would be the deriva- 
tive of a function containing z and some of its derivatives. Now the derivative 
of a function containing z, z\ • • • , z<*> contains at least one derivative of 2, 
namely, zO + 1 ). The preceding relation is therefore possible only if F x (y) is 
identical with F(y). 



* See Darboux, Theorie des surfaces, Vol. II, Bk. IV, chap. v. See also Exercise 
17, p. 171, at the end of this chapter, 
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II. THE STUDY OF SOME PARTICULAR EQUATIONS 

43. Equations with constant coefficients. Linear differential equa- 
tions with constant -coefficients were integrated by Euler. Consider 
first a homogeneous equation 

(35) F(y) = y (n) + atf*-* + • • • + + a n y = 0, 

where a v a 2 ,-—,a n are any constants. By the general theory (§ 37) 
none of the integrals of this equation have a singular point in the 
finite plane ; that is, they are integral functions of x. Let 

x x 2 x m 

(36) . y = c Q + e x j + e 2 — + . . . + c m — + • • • 

be the development in series of an integral. The series which repre- 
sent the successive derivatives have an analogous form. Replacing y 
and its successive derivatives by their developments in series in the 
left-hand side of the equation (35), and equating to zero the coefficient 
of any power of x, say x p , we obtain the following relation between 
Ti + l consecutive coefficients : 

(37) c n+p + fl^+p-i + %c n+p _ 2 + • • • + a n _ 1 e p + 1 + a n c p = 0. 

If we substitute in it successively p = 0, 1, 2, • • we can calculate, 
step by step, all the coefficients c n , c n + 1 , • • in terms of the n first 
coefficients c Q , c v • • •, c n _ l9 which may be taken arbitrarily. The 
series (36) thus obtained is convergent in the whole plane and repre- 
sents the integral which f or x = is equal to c Q , while the first n — 1 
derivatives take on respectively the values c v c 2 , • • c n _ 1 for x = 0. 
We shall show that this integral can be expressed in terms of expo- 
nential functions when it does not reduce to a polynomial. 

The equation (37) is a recurrent formula with constant coefficients 
which connects the n + 1 consecutive coefficients. Now it is easy to 
find particular solutions of that equation. For this purpose, let us 
consider the algebraic equation 

(38) f(r) = r n + a^r*- 1 + a 2 r n ~ 2 H h a n _ x r + a n = 0, 

which, for the sake of brevity, we shall call the auxiliary equation, 
the left-hand side f(r) being the auxiliary polynomial. If r is a root 
of this equation, it is clear that the relation (37) is satisfied, what- 
ever may be the value of the integer p, by putting c m = r m . The 
particular integral thus obtained is equal to e rx , and we see that e rx 
is a particular integral of the equation (35) if r is a root of the 
auxiliary equation f(r) = 0. The verification is immediate, for if we 



118 



LINEAR DIFFERENTIAL EQUATIONS 



[III, § 43 



replace y by e rx in the left-hand side of the equation (35), the result 
of the substitution is e rx f(r). 

If the equation (38) has n distinct roots r v r 2 , • • •, r n , we know n 
particular integrals eTi x , e r * x , • • •, e r n x , and therefore an integral 

(39) y = C^ x + C 2 e r * x H + C n e r » x , 

the expression for which contains n arbitrary constants C v C 2 , • • •, C n . 
This expression represents the general integral, for the determinant 
A(e r i x , e r ** } - e r n x ) can be written in the form 





1 






n»n —1 

'1 




1 










1 


r n 




n-1 
7 n 



and the determinant on the right is, except for sign, the product of 
the differences r { — r k . 

Before studying the case in which the auxiliary equation has 
multiple roots, we shall prove a lemma. Let us make the substi- 
tution y = e ax z in the equation (35), where a is any constant and z 
the new dependent variable ; by Leibnitz's formula we have 

y f = e ax (az + «'), 



(40) 



= e« x (a*>z + f a*' 1 *' + P ( 2 t. ^ a* 



2! 



2 z" H [- «' 



CP) 



Substituting these values of y, y\ y", ... in the left-hand side of 
the equation (35), e ax appears as a factor, and we have 

F(e ax z)= e ax G(z), 
where G(z) is a linear expression in z, s f , • • £ (n) with constant 
coefficients. In order to calculate the coefficients of G(z), let us 
observe that if we replace in F(y) the indices which indicate differ- 
entiation by exponents, and y itself by y° = 1, the result obtained is 
identical with f(y). If we carry out the same transformation with 
the function z, the formulae (40) may be written symbolically 

yp = e ax (a + zy ; 

hence G(z) can also be written, in the same symbolic notation, 
f(a + z), and, replacing the exponents of z by the indices which 
indicate differentiation, we see that the new equation in z is 

(41) F(e« x z) = e« x [f(a)z +f(a)z< + *"+•.•+ * (n) ] = 0. 
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Now let v be a p-f old root of the auxiliary equation ; if we replace a 
by that root r in the equation (41), the coefficients of z, z\ z", • • •, z^~^ 
in this equation are zero, and we obtain an integral by taking for z a 
function whose pth derivative is zero, that is, an arbitrary polynomial 
of degree p — 1. Consequently, if r is a p-f old root of the auxiliary 
equation, to that root corresponds p particular independent integrals of 
the linear equation (35), e rx , xe rx , • • ^"V* 

Let the k distinct roots of f(r) = be r 1? r 2 , • • r*, and let their 
respective orders of multiplicity be denoted by p v f* 2 , • • fi k (^ { = n). 
Prom these roots we can form w, particular integrals of the linear 
equation. These n integrals are independent, for any linear relation 
with constant coefficients between these n integrals would lead to an 
identity of the form 

e r ^(x) + e r ^(x) + • • • + e r *4> k (x) = 0, 
where <j> v <f> 2 , • • •, <£ n denote polynomials not all of which vanish 
identically. Such a relation is impossible if the k numbers r v r 2 , • • •, 
r k are distinct. For, let n v n 2 ,--,n k be the respective degrees of 
these polynomials. It is understood that any term in the identity 
is simply omitted if the corresponding polynomial is zero. Dividing 
by e r i% we can again write this relation in the form 

<j> 1 (x)+efr-^ x t i (x)+ • • • + e^~^ x fa(x) = 0. 
Differentiating both sides of this equation, we have 

4>[(x)+ 6 (r «- r i>*[&CB) + (r a - r^{x)-]+ • • • = 0. 
The degree of the polynomial which multiplies e {r ^~ r ^ x is again 
equal to n , and the polynomial does not vanish ; and similarly for 
the others. After having differentiated (^ + 1) times, we shall have, 
therefore, a relation of the same form as the relation from which 
we started, but with one term less, 

er* x fa(x)+e?* x fa(x)-\ + e?* x fa(x) = 0, 

where the k — 1 numbers s 2 ,--,s k are different, and where fa, fa, 
. . ., fa are polynomials of degrees n 2 , n 9 , - • >,n k respectively. Continu- 
ing in this way, we arrive finally at a relation of the form e tx ir(x) = 0, 
where ir(x) is a polynomial not identically zero. But this is evidently 
absurd. The general integral of the linear equation (35) is therefore 
represented by the expression 

(42) y = e^P^ + e^P^ + • • • + ^P^_ 1? 

where P^ _ 1? • • •, P^-i are polynomials with arbitrary coefficients, 
of degrees equal to their subscripts. 
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If the auxiliary equation has imaginary roots, the general integral 
(42) contains imaginary symbols, but we can make these imaginaries 
disappear if the coefficients a v a 2 , . • • , a n are real. For in this case, 
if the equation /(r) = has the root a + fii of multiplicity^, a — fii 
is also a root of the same degree of multiplicity. The sum of the two 
terms of the formula (42) coming from these two roots can be written 

e ax [(cos fix + % sin fix) 3> (x) + (cos fix — i sin fix) ^ (x)\ 

where <I> (x) and \I> (x) are two polynomials of degree p — 1 with 
arbitrary coefficients, or in the equivalent form 

e ax \_QOS fix^ x (x) + sin fix<fr 1 (x)'], 

where ^ and ^ are also two arbitrary polynomials of degree p — 1. 

Note. In order to express the general integral of the equation (35) in terms 
of exponential functions, we observe that it is first necessary to solve the equa- 
tion/^) = 0. If this equation is not solved, the recurrent relations (37) enable 
us always to calculate, step by step, as many as we wish of the coefficients of the 
power series which represents the integral corresponding to the given initial 
conditions. 

We can determine in advance the number of coefficients which it suffices to 
calculate in order to obtain the value of the integral with a certain degree of 
approximation. Let A be the largest of the numbers 1, | a x |, • • •, | a n |, and B the 
largest of the numbers |c |, |c x |, • • |c n _i|. It is easy to prove, step by step, 
that we have |c n+p | < B(An)i> + 1 . The absolute value of the remainder of the 
series which represents the integral, commencing with the term in x n +v, is there- 
fore less than the value of the series 

HAny + ipn+P (An)P + *p n + P + 1 1 
L (n + p)\ (n + p + l)\ "I 

where p = and consequently less than 

B(An)p + ipn+P c/Jnp 
(n + p)l 

Consider now a non-homogeneous linear equation with constant 
coefficients. We can avoid the use of the general method and find 
a particular integral directly if the right-hand side, (x), is a poly- 
nomial. For if the coefficient a n of y in the equation 

is not zero, we can find another polynomial of degree m, 

y = if/(x) — c Q x m + c 1 x m ~ 1 + • • • , 

which, substituted for y in the left-hand side of the preceding 
equation, gives a result identical with (x). The m -f 1 coefficients 
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c , c v c 2 , . • . , c m are determined, step by step, by the relations 

a »% = + ma n _ 1 c Q = b v 

a n° 2 + (m — l)^-!^ + m(m — l)a n _ 2 c = b 2 , . 

where a n is different from zero by hypothesis. This computation is 
not applicable when a n = 0. More generally, suppose that the deriva- 
tive of the lowest order which appears in the left-hand side is the 
derivative of the pth. order. Taking for the dependent variable 
z = d p y/dx p , the given equation is transformed into a linear equation 
of order n—p, where the coefficient of z is not zero. According to 
the case which has just been treated, this equation in z has a poly- 
nomial of the mth degree for a particular integral. Hence one par- 
ticular integral of the equation in y itself is a polynomial of degree 
m + p. The coefficients of this polynomial can again be determined 
by a direct substitution. It should be noticed that the coefficients of 
x p ~ 1 ,x p ~ 2 J . . . , x, and the constant term are arbitrary. 

If the right-hand side <j>(x) is of the form e ax P(x), where a is con- 
stant and P(x) denotes a polynomial, we reduce this case to the 
preceding by putting y = e ax z, which leads to the equation 

w ^ ■ + A.) % + /<«>* - H*> 

This equation has for a particular integral, as we have just seen, a 
polynomial whose degree we can determine a priori; the equation 
in y has therefore a particular integral of the form e ax Q(x), where 
Q (x) also is a polynomial. Suppose in particular that P (x) reduces 
to a constant factor C. If a is not a root of the auxiliary equation, 
the equation (43) has the particular integral z = C x /f(a), and the equa- 
tion in y has the particular integral Ce ax /f(a). If a is a multiple 
root of multiplicity p of the auxiliary equation, the equation (43) is 
satisfied by putting 



or 



Cxp 



/<«(«) 

and consequently the equation in y has the particular integral 
Cx p e ax /f (p) (a). By virtue of a general remark (§ 38) we can there- 
fore find a particular integral directly whenever the right-hand side 
is the sum of products of exponentials and polynomials. This is the 
case in particular if the right-hand side is of the form P(x) cos ax 
or P (x) sin ax, for we need only express cos ax and sin ax in terms 
of e axi and of e ~ axi . Having once recognized by the preceding 
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considerations the form of a particular integral, it is not necessary 
to pass through all the indicated transformations in order to calculate 
the coefficients upon which it depends; it is often preferable to 
substitute directly in the left-hand side of the given equation. 
Example. Let it be required to find the general integral of the equation 

(44) F(y) = ^-y = ae x + be 2x + c sinx + g cos2x, 

where a, 6, c, g are constants. The auxiliary equation r* - 1 = has the sim- 
ple roots 1, - 1, + i, - i; the general integral of the homogeneous equation is 
therefore 

(45) y = C x e x + C 2 e- X + C 3 cosx + C 4 sinx. 

We must next find a particular integral of each of the four equations obtained 
by taking successively for right-hand sides ae* be**, c sin x, g cos 2 x. Since unity 
is a simple root of f(r) = r 4 - 1 = 0, the first of these equations has the particular 
integral ax(P/f(l) = axe*/4. Since 2 is not a root of the equation f(r) = 0, the 
second equation has the particular integral 6e 2 x /f(2) = be 2x /15. 

In the third equation, F(y) = c sinx, we can replace sin x by (e» - e-«)/2i, 
and we have to seek a particular integral of each of the two equations 

F(y) = ^ F(y)=- ±er« < 

Now, since + i and - i are simple roots of /(r) = 0, we know, a priori, that they 
have respectively two particular integrals of the form Mxe x \ Nxe~ xi . The sum 
of these two integrals is of the form x(m cosx + n sinx), and we can determine 
the coefficients m and n by substituting in F(y) and equating the result identi- 
cally to c sin x. This method avoids the use of the symbol i. It turns out that it 
is necessary to take m = c/4, n = 0. We find similarly that the last equation 
F(y) = gcos2x has the particular integral g cos2x/15. Adding all these par- 
ticular integrals to the right-hand side of the equation (45), we obtain the general 
integral of the given equation (44) . 

44. D'Alembert's method. A large number of methods have been 
devised for the integration of linear equations with constant coeffi- 
cients, particularly in the case where the auxiliary equation has mul- 
tiple roots. One of the most interesting, which is applicable to many 
questions of the same kind, consists in considering a linear equation, 
in which f(r) = has multiple roots, as the limit of a linear equation 
in which all the roots of f(r) = are distinct. In general, let 

be a linear equation, where the coefficients a v a 2 ,---,a n are functions 
of x which depend also upon certain variable parameters a v a 2 ,- -,a p . 
Suppose that there exists a function /(sc, r) having the following prop- 
erty : for q values of r) depending upon the parameters <x x , a 2 , • • •, a p , 
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and in general distinct, the function f(x, r) of x is an integral of the 
equation (46). Let r v r 2 , • • •, r q be these q values of r such that the 

f( x , r i), f( x , r 2 ), ' ' f( x , r q ) 

form q independent particular integrals of the equation (46), whatever 
the values of the parameters <x p a , • ♦ • , a p may be. If for certain par- 
ticular values of these parameters the q values r v r 2 , • • • , r q are not 
distinct, the number of the known integrals is diminished. Suppose, 
for example, that r 2 becomes equal to r r If r 2 is different from r v 
the equation has the two integrals f(x } r^), f(x, r 2 ), and consequently 

f(x, r 2 )—f(x, r x ) 

' 1 1 

is also an integral. Now, if r 2 approaches r v the preceding function 
has for its limit the derivative [f' r (x, r)~\ r ^ If a third root r s becomes 
equal to r p we take, similarly, supposing first that r z differs a little 
from r v the integral 

f( x > r s) r i) ~ ( r s - r i) lfr( x > 

and this integral has for its limit [/'^(x, r)\J2 when r s approaches r r 
This reasoning is perfectly general : if, for certain values of the par- 
ameters a v • • •, a p , k of the roots are equal to r v the corresponding 
equation (46) has the k particular integrals 

m, : m.; -. m,; 

In the case of a linear equation with constant coefficients the 
parameters a v a 2 , • • • , a p are the coefficients themselves, and the 
function f(x, r) is e rx . This leads again to the results which we 
obtained before directly. 

45. Euler's linear equation. The linear equation 

(47) * g + + . . . + A% _ xX g + Ky = o, 

where A v A 2 , • • •, A n are constants, reduces to the preceding by the 
change of variable * x = e t . Since dt/dx = l/x, we have 

dy _ dy dt _ 1 dy d 2 y _ 1 /d 2 ?/ dy\ 



* The general theory (§ 37) tells us that the integrals of the equation (47) can have 
no other singular point than x = 0. Now e l cannot be zero for any value of t. The 
integrals obtained by the change of variable x = e f must therefore be integral functions. 
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and we easily verify, step by step, that the product x p [_d p y/dx p ~\ is 
a linear expression with constant coefficients in dy/dt, d 2 y/dt 2 , 
• - , d p y/dt p . The given linear equation is therefore transformed by 
this change of variable into an equation with constant coefficients. 

To obtain the general integral of the equation (47), it is not 
necessary to carry out the calculations of this change of variable, 
for we know that the transformed equation has integrals of the 
form e rt . The given equation has therefore a certain number of 
integrals of the form = x r . Replacing y by x r in the left-hand 
side of the equation (47), the result of the substitution is x r f(r), 
where 

f(f) = r (r — 1) • • • (r — n + 1) 

-f^r^-l) ... (r-rc + 2)H +A n _ 1 r + A n . 

If the equation f(r) = 0, which here plays the same role as the 
auxiliary equation, has n distinct roots r v r a , • • r n , the general 
integral is 

y = C x x^ + C 2 x r * H + C B x r ». 

If r is a multiple root of multiplicity jjl of f(r) = 0, to that root 
corresponds, by D'Alembert's method, the fi particular integrals 

x% ^(x r )=x r I.ogx, ^—^(Logz)'*- 1 . 

The general integral of the equation (47) is therefore in all cases 

(48) y = afi P^-i (Log x)-\ + af'P^-i (Log x), 

where r v r a , • • r^. are the k distinct roots of f(r)= 0, where fi v /i 2 , 
. . ., fi k are their orders of multiplicity, and where P^._! (Log a) is 
a polynomial in Log x with arbitrary coefficients of degree ^ — 1. 

If, in the equation (47), we replace the right-hand side by an 
expression of the form x m Q(Logx), where Q denotes a polynomial, 
it can be shown, as in the case of the equations with constant coeffi- 
cients, that the new equation thus obtained has as a particular inte- 
gral an expression of the same form, whose unknown coefficients 
can be calculated by a substitution. 

46. Laplace's equation. We can sometimes represent the integrals of a linear 
equation by definite integrals in which the independent variable appears as a 
parameter under the integral sign. One of the most important applications of 
this method is due to Laplace and affects the equation 

(49) F(y) = (a + K + + . . . + (a n + b n x)y = 0, 
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whose coefficients are at most of the first degree. Let us try to find a solution 
of this equation by taking for y an expression of the form 

(50) y= f Ze^dz, 

where Z is a function of the variable z and where L is a definite path of inte- 
gration independent of x. We have, in general, 



dPy 

dxP J(L) 



= f ZzPe zx dz, 



and, replacing y and its derivatives in the left-hand side of the equation (49) by 
the preceding expressions, we find 

(51) F(v)=f Ze**(P+Qx)dz, 

where we have set, for brevity, 

P = a z n + 042*-!+ ... + o n _ l2 + a n , 
Q = b z" + + + +&n- 

The function under the integral sign in the expression (51) is the derivative 
with respect to z of Ze zx Q, provided that we have 

We derive from this condition 

where the lower limit z does not cause Q(z) to vanish. The function Z having 
thus been determined, the definite integral (51) is equal to the variation of the 
auxiliary function 

Jrzp 
, - . ^ - „ z o <? 

along the path L. It will suffice, therefore, in order to obtain an integral of 
the given equation (49), to choose the path of integration L in such a way that 
the function V takes on the same value at the end as at the beginning, and so 
that the integral (50) has a finite value different from zero. 

Let a, 6, c, . . . , I be the roots of the equation Q (x) = 0. The auxiliary func- 
tion V is of the form 

(53) V= + (z - a)«(z - 6)0 • • . (z - l)\ 

where R (z) is a rational function whose denominator has no other roots than 
the roots a, 6, c, . . ., I of Q(x), and of a multiplicity one unit less. Let ^, 3, 
C, • • • denote loops described about a, 6, c, • • ., in the positive sense, starting 
from an arbitrary initial point, and let A- 1 , (B- 1 , C_ x , • • • denote the same loops 
described in the opposite sense. The function V is multiplied by e 2iria when z 
describes the loop A, and by er*™ when z describes the loop A-\, and simi- 
larly for the others. It follows that if we make the variable z describe the 
loops A, 3, A-i, 3-i in succession, the function V takes on again its initial 
value. The definite integral (50), taken over this path ^3^-i3_i, is not, in 
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general, zero. It gives a particular integral of the given equation. By associat- 
ing the p points a, 6, c, • • •, Z in pairs in all possible ways, we obtain p(p - 1)/2 
integrals, which in reality, reduce to p — 1 independent integrals. 

We do not find n particular integrals in this way. In order to obtain others, 
we may look for the paths L having their extremities at certain of the singular 
points a, b, c, • • •, I and such that the function V vanishes at the two extremities. 
If a is a simple root of Q(x) = 0, the function Z contains the factor (z - a)«-\ 
and it will be possible for the integral (50) to have a finite value when one of the 
extremities of the path L is at the point a only if the real part of a is positive, 
and in this case V does approach zero at the same time as \ z — a\. If a is an 
m-fold root of Q(z) - 0, the rational function B(z) contains a term of the form 
A m -i/(z — a) 711 - 1 . In order to determine the behavior of the absolute value of 
V in the neighborhood of the point z = a, we need only study the absolute value 
of the following important factor : A m -\ 

Setting v ' 

z — a = p (cos + i sin 0), A m _ 1 = A (cos ^ + i sin ^), a = a' + 
we may write the absolute value of this factor in the form 

e - a"4> pa' e Ap 1-m cos [v^ -(m - 1) </>]. 

In order that V shall approach zero with \z — a|, it will suffice to make z de- 
scribe a curve such that the angle <f> which the tangent makes with the real 
axis satisfies the condition cos [> - (m - 1) 0] < 0. For example, we may take 
= [xj/ + (2k + 1) 7r]/(m — 1). If the angle has been taken in this way, the 
product Ze zx also approaches zero with \z—a\. Proceeding in the same way 
with the other points 6, c, • • • , I, we see that we can determine new paths X, 
closed or not, giving other particular integrals. 

Finally, we can also take, for the paths of integration, curves going off to in- 
finity. We are again led to determine a path L having an infinite branch such 
that the function V approaches zero when the point z goes off indefinitely on 
this branch. If, for example, the rational function R (z) is zero, and if the angle 
of x lies between and 7r/2, it will suffice to make z describe an infinite branch 
asymptotic to a line that makes an angle of 3 7r/4 with the real axis. 

Leaving these general considerations,* let us consider in particular Bessel's 
equation, 

(54) .g + pn + ljg + ^O, 

where n is a given constant. We have here 

P = (2n + l)z, Q = l + z 2 , 

and consequently 

_i i 
Z = (l + z 2 ) n 2 , V=e*r(l + z 2 ) n 2 . 

The definite integral 

(55) y= f ez*(l + z 2 ) n ~ 2 dz 



* See an important paper by Poincare in the American Journal of Mathematics, 
Vol. VII. 
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is therefore a particular integral of the equation (54) if the function 

e**{l + z 2 ) 2 

takes on the same values at the extremities of the path of integration. We can 
first take a succession of two loops described, the first in the positive sense 
about the point z = +i, the second in the reverse sense about the point z = — i. 
For the second path of integration we can take next a curve surrounding one 
of the singular points ± i and having two infinite branches with an asymptotic 
direction such that the real part of zx approaches — go. 

The real part of the constant n may be supposed positive or zero, for if we 
put y = x~ 2n z, the equation in z does not differ from the equation (54) except 
in the change from n to n. When this is the case, we can also take for the 
path of integration the straight line joining the two points + i and — i. More- 
over, the integral thus obtained is identical with the first except for a constant 
factor. In order to reduce this integral to the usual form, let us put z = it. It 
then takes the form 

r +1 „ n -- 

y = e ixt (l-t 2 ) 2 dt, 

or 

r+ 1 n-- 
(56) y=J cos xt (1 - t 2 ) 2 dt. 

The remarkable particular case in which n is half an odd number deserves 
mention. If n is positive, the integral (56) always exists and can even be cal- 
culated explicitly, since n— 1/2 is a positive integer. But if the path I is a 
closed curve, the definite integral (55) is always zero. It seems, then, that in this 
case the application of the general method gives only one particular integral. 
However, in this apparently unfavorable case we can express the general inte- 
gral in terms of elementary functions. For, let us make the inverse transfor- 
mation to the preceding, so that n shall be half of a negative odd number. Then 
n — 1/2 is a negative integer, and the definite integral (55), taken along any 
closed curve, is a particular integral of the linear equation (54). Taking for the 
path L a circle having one of the points ± % for center, we see that the residue 
of the function 

with respect to each of these poles is an integral of the linear equation. Now, 
it is clear that the residue with respect to the pole z = + i is the product of e ix 
and a polynomial, and, similarly, that the residue with respect to the pole z = — i 
is the product of e~ ix and a polynomial. These two particular integrals are 
independent, for their quotient is equal to the product of e 2ix and a rational 
function. It is clear that their sum is a real integral, as is also the product of 
their difference and i. 

Note. The linear equation with constant coefficients is a particular case of 
Laplace's equation, which is obtained by supposing all the coefficients b t - zero. 
If we suppose also a = 1, we have Q(z) = 0, while P(z) reduces to the auxil- 
iary polynomial/ (2). The general method appears to fail, since the expression 
for Z becomes illusory. But it requires only a little care to recognize how the 
method must be modified. In fact, the reasoning proves that the definite integral 
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J^Ze zx dx is a particular integral of the linear equation, provided that the defi- 
nite integral f (L) Zf(z)e zx dz, taken along the same path £, is zero. Now, if we 
take for L a closed curve, it is sufficient that the product Zf(z) be an analytic 
function of z in the interior of this curve. If, therefore, U(z) denotes any 
analytic function in a region R of the plane, the definite integral 

11 ^ e zx dz, 



r 11 (z) 
~W(z) 



taken along any closed curve L lying in this region, is a particular integral of 
the linear equation with constant coefficients. We see how this result, due to 
Cauchy, is thus easily brought into close relation with Laplace's method. 

As a verification, it is easy to find the known particular integrals. Let z — a 
be a p-f old root of the auxiliary equation f(z) = 0. Let us take for the path of 
integration a circle about a as center not containing any other roots of f(z) = 0, 
and let II (z) be an analytic function in this circle. The residue of the function 
II (z) e zx /f(z) or n (z) e zx /[(z — c^p^ (z)] is equal to the coefficient of Up - 1 in the 
development of the product 

n(a+ h)e ax —- '— 

according to powers of h. If we have 

"ft S = A » + A i h + • • • + A ^ hp - x + • • •» 

f x (a+h) 

the coefficients A Q , A v • • • , ^4 p _i are arbitrary, since the function n(z) is any 
function analytic in the neighborhood of the point a. The residue sought is 
therefore equal to 



XP~ 2 ~1 

'(p-l)I 1 (P-2)1 P J 



that is, to the product of the exponential and an arbitrary polynomial of 
degree p — 1. This agrees with the result already known. 



III. REGULAR INTEGRALS. EQUATIONS WITH 
PERIODIC COEFFICIENTS 

Aside from the very elementary cases which we have just treated, it is, in 
general, impossible to determine, simply from the form of a linear equation, 
whether the general integral is algebraic or whether it can be expressed in terms 
of the classic transcendent als. Mathematicians have therefore been led to study 
the properties of these integrals directly from the equation itself, instead of 
trying to express them (somewhat at random) as combinations of a finite num- 
ber of known functions. We have already seen (Chap. Ill, Part I) that the 
nature of the singular points of an analytic function is an essential element 
enabling us in certain cases to characterize these functions completely. We 
know a priori (§ 37) the singular points of the integrals of a linear equation. 
We shall now show how we can make a complete study of the integrals in the 
neighborhood of a singular point in a special case, which is nevertheless rather 
general and very important. 
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47. Permutation of the integrals around a critical point. Let a be an isolated 
singular point of some of the coefficients p v p 2 , • • p n of the linear equation 

(57) F(3 , ) = ^ + Pl f^ + ... + p H _ 1 %L +Pn y = o. 

dx n dx 71 - 1 dx 

We shall suppose also that the coefficients are single-valued in the neighborhood 
of a. Let C be a circle with the center a in the interior of which p v p 2 , . . ., p n 
have no other singular point than a and are otherwise analytic. Let x be a 
point within G near a. All the integrals are analytic in the neighborhood of the 
point x . Let y v y 2 , • • • , y n be n particular integrals of a fundamental system. 
If the variable x describes in the positive sense a circle passing through the 
point x about a as center, we can follow the analytic extension of the integrals 
Vv " '•> Vn along the whole of this path, and we return to the point x with 
n functions Y v F 2 ,..«, Y n which are again integrals of the equation (57), 
where Y{ indicates the function into which yi passes after a circuit around 
the point a in the positive sense. We have, therefore, since Y v Y 2 , Y n 
are integrals of the equation (57), n relations of the form 

f Y x = a n y x + a 12 y 2 + • • • + a ln y n , 
( 58 j _ Y 2 = a 2l y t + a 22 y 2 + • • • + a 2n y n , 

5 

Y n = a n l?/i + a n2 2/2 + 1" UnnVn, 

where the coefficients are constants which of course depend upon the fun- 
damental system chosen. It is easy to obtain the value of the determinant D 
formed by these n 2 coefficients. For we have, by § 38, 

*(vv yv-,yn) = ce~f*o p * dx . 

If x describes the circle y with the center a in the positive sense, yi changes 
into Yi ; hence we have 

A(F lf T 2 ,..., Y n ) = A(y v y 2 ,...,y n )e-fy PldX . 

But the quotient of the two Wronskians is equal to I) (§ 38), so that D — e~ 27TiR , 
where R indicates the residue of p x with respect to the point a. This determi- 
nant is therefore never zero. 

Since the coefficients in the equations (58) depend upon the fundamental 
system chosen, it is natural to seek a particular system of integrals such that 
these expressions are as simple as possible. Let us seek first to determine a 
particular integral u = X 1 y x + X 2 y 2 + • • • + X n 2/ n , such that a circuit around the 
point a reproduces that integral multiplied by a constant factor. It is necessary 
for this that we have U = su, where U is the value of u after the circuit, and 
where s is a constant factor, that is, 

h( a uVi + a uV2 + • • * + ainVn) + • • • 

' + MdniVi + a n2 y2 + • • • + a nn y n ) - s(Xiyi + • • • + \ n Vn) = 0. 

Such a relation cannot exist between the n integrals unless the coefficients 
of y v y 2 , y n all vanish separately. The n+1 unknown coefficients 
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= 0, 
= 0, 



X 1? X 2 , * • *> X n , s must satisfy the n conditions 

(\(a n — s) + X 2 a 2l + • • • + Kani 
\a 12 + X 2 (a 22 -s) + ••• + X n a n2 
Xi«in + X 2 a 2n + • • • + X n (a nn — s) = 0. 

Since the quantities X 1? X 2 , • • X n cannot all be zero at the same time with* 
out having u = 0, we see that s must be a root of the equation of the nth degree, 



(60) 



F(8) = 



a n - s 

«12 



«21 

a 22 - 



«2« 



«n2 



= 0, 



which we shall call the characteristic equation ; according to a remark made a 
moment ago, this equation cannot have the root s = 0, for the determinant D 
of the n 2 coefficients a^ would be zero. 

Conversely, let s be a root of this equation ; the relations (59) determine 

values for the coefficients X; not all zero, and the integral u = \y 1 + \- \ n y n 

is multiplied by s after the circuit around the point a. This being the case, let 
us suppose first that the characteristic equation has n distinct roots s v s 2 , • • • , s n . 
We shall have n particular integrals u v w 2 , • • •, u n such that, after the circuit in 
the direct sense around the point a, we have 



JJ 2 — s 2 u 2 , 



U n — s n u n , 



(61) U x = s x u v 

where U{ denotes the final value of Ui after the circuit. These n integrals u v u 2 , 
' • •, u n form a fundamental system. For, suppose that we have a relation of 
the form 



(62) 



+ C 2 u 2 + • • • + G n Un ■■ 



:0, 



where the constant coefficients C v C 2 , • • •, C n are not all zero. After one, two, 
• . • , (n — 1) circuits, we should have the relations of the same form, 



+ C 2 S 2 M : 



(63) 



2°2 ^2 
2 S 2 U 2 



+ 
+ 



+ C n s n u n = 0, 
+ C n s 2 n u n = 0, 



I C\ .s'i u x 

[C^- 1 ^ + CaS"- 1 !^ + • • • + GnS^Un = 



The linear relations (62) and (63) <;an be satisfied only if we have at the same 
time C 1 u 1 = 0, • • C n u n = 0, since the corresponding determinant is different 
from zero. 

It is easy to form an analytic function which is multiplied by a constant 
factor s different from zero after a circuit around the point a. In fact, the func- 
tion (x — a) r or e^Log(x-a) [ s multiplied by e 2nir after such a circuit, and if we 
determine > by the condition r = Log(s)/2 7n, this function (x — a) r is indeed 
multiplied by s after a circuit around a. Every other function u having the 
same property is of the form (x — a) r (p(x — a), where the function <f>(x — a) is 
single-valued in the neighborhood of the point a, since the product u(x — a)~ r 
.comes back to its initial value after a circuit around the point a. The integral 
ujc is therefore of the form 

u k = (x — a) r *0fc(x — a), 
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where r k = Log (s k ) /2 7ri and where the functions <p k are single-valued in the 
neighborhood of the point a. In a circle C with the radius B about the point a 
as center and in which the coefficients p 1? • • p n are analytic except at the 
point a, the integral u k cannot have any other singular point than a. The same 
thing is therefore true of the function <p k (x — a), and the point a is an ordinary 
point or an isolated singular point for that function. We can dismiss the possi- 
bility that a is a pole. In fact, if the point a were a pole of order m, since the 
exponent r k is determined except for an integer, we can write 

u k = (x — a) r k- m [(x - a) m <t> k (x — a)], 

and the product (x — a) m <t> k {x — a) is analytic for x = a. If the point a is not 
an essentially singular point for <f> k {x — a), we say that the integral is regular for 
x = a. We can then suppose that the function <f> k (x — a) has a finite value, 
different from zero, for x = a. 

48. Examination of the general case. It remains to examine the case where the 
characteristic equation has multiple roots. We shall show that we can always 
find n integrals forming a fundamental system and breaking up into a certain 
number of groups such that if y v y 2 ,--,y P denote the p integrals of the same 
group, we have, after a circuit in the positive sense around the point a, 

(64) Y 1 = sy 1 , Y 2 = s( Vl + y 2 ), Y p = s (y p _ i + y P ) . 

The different values of s are the roots of the characteristic equation, and to the 
same root may correspond several different groups. If the n roots are distinct, 
which is the case we have just examined, each group is composed of a single 
integral. 

The problem reduces in reality to showing that we can reduce the linear sub- 
stitutions defined by the equations (58) to a canonical form such as we have 
just indicated by replacing y v y 2 ,---,y n by suitably chosen linear combinations 
of these variables. Assuming that the theorem has been proved for the case of 
n — 1 variables, we shall show that it is also true for n variables. 

From what has been shown in the preceding paragraph, we can always find 
a particular integral u such that we have U = fiu. Replacing one of the inte- 
grals, y x for example, by this integral u, the expressions (58) take the form 

' U=fM, 

Y 2 = b 2 u+b 22 y 2 + ---+b 2 nyn, 



F n = b n u + b n2 y 2 + • • • + b nn y n . 

If in the last n - 1 expressions we neglect the terms b 2 u, • • •, &»u, these equa- 
tions define a linear substitution carried out on the n — 1 variables y 2 , y z , • • •, ?/„. 
The determinant D' of this substitution in n - 1 variables is not zero, for the 
determinant D of the linear substitution in n variables is equal to yD' and can- 
not be zero. Since the theorem is assumed to hold f or n — 1 variables, we may 
suppose this auxiliary substitution reduced to the canonical form. This amounts 
to replacing y 2 , y s , • • •, y n hy n — 1 linearly independent combinations z v z 2 , 
. . ., z n -\ such that the equations which define the linear substitution 

Yi = b i2 y 2 + • • • + b in y n (i = 2, 3, - - ., n) 
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are replaced by a certain number of groups of equations such as 



z 1 = 



SZ- 



V 



Z 2 = s(z x + z 2 ), 



Z p = s(z p ..i + z p ). 



If we carry out the same transformations on the equations (65), it will be 
necessary to add to the right-hand side of the preceding relations terms con- 
taining u as a factor. In other words, we can find n — 1 integrals that form with u 
a fundamental system, and that separate into a certain number of groups such 
that we have for the integrals z v z 2 , • • *, z p of a single group 

(66) Z 1 = sz 1 + K 1 u, Z 2 = s{z l + z 2 ) + K 2 u, Z p = s{z p - 1 + z p ) + K p u, 

where K\, K 2 , • • •, K p are constants. We shall first try to make as many as 
possible of these coefficients disappear. For this purpose let us put 

u x = z x + \ u, u 2 =z 2 + \u, . • • , u p = z p + X p u, 

where X 1 , X 2 , • • •, \ p are p constant coefiicients. An easy calculation shows that 
we have for these new integrals 



If fi — s is not zero, we can choose \ v X 2 , • . \ p in such a way that the coefii- 
cients of u on the right are zero, and we have for the new integrals u» 

U x = su x , U 2 z=s(u 1 -{-u 2 ), U p = s(u p _ 1 + U p ). 

The substitution to which this group of integrals is subjected after a circuit 
around a is of the canonical form. If fi = s, since s cannot be zero, we can 
choose X l9 X 2 , • • - , X p _i in such a way as to make the coefiicients of u in the 
expressions for Z7 2 , U 3 , • • •, U p disappear. But we may have several groups of 
variables z t subjected to a transformation of the canonical form for which the 
value of s is equal to /x. Suppose, for definiteness, that there are two such 
groups, containing respectively p and q variables. After the preceding change 
of variables the substitutions which these two groups undergo are of the form 

(I) U x = su x + K x u, U 2 = s(u 2 + Wj), • • U p = s(u p + up.!), 
(II) U[ = su{+K[u, TI 2 = s{u 2 + u[), ^ = «K + <_!). 

If K[ = K x = 0, we have three groups of integrals, u, (u v u 2 , . . u P ), (u^ u ' 2 , 
. . • , u' q ), subjected to a substitution of the canonical form. If we suppose that 
p ^ q, and if K x is not zero, by putting v i = u l — K^m/Ki the second group 
of integrals is replaced by a group of q integrals Vi which undergo a substitution 
of the canonical form. Next, putting u = K x u/s, the (p + 1) integrals m , u v 
• • ., u p form a single group which undergoes a transformation of the canonical 
form. If K x = 0, while K[ is not zero, putting u' Q = K[u/s, we have two groups 
of integrals, (u v u 2 , . . ., u p ), (u' , u' v . . u' q ), which undergo a substitution of the 
canonical form. The theorem stated is therefore true in general.* 



*For a full treatment of the application of Weierstrass's theory of elementary 
divisors to linear differential equations the paper by L. Sauvage (Annates de VEcole 
Normale superieure, 1891, p. 285) may be consulted. 



(67) 



U x = su 1 + [K x + (n - s)\]u, 

Ui = S (Ui-x + Ui) + [K l + (fM - S) X; — SXi_i] u. 



(i>l) 
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49. Formal expressions for the integrals. It remains for us to find a formal 
expression which will show clearly the law of permutation of the integrals of 
the same group after a circuit around the point a. Let y v y 2 , • . ., y p be a group 
of integrals which undergo the permutations (64). Let us put y k = (x— a) r Zk<, 
where r is equal to Logs/2?ri. The p functions z v z 2 , • • z p must be such 
that we have 

Z 1 = z 1 , Z 2 — z x + z 2 , • • • , Z p = z p _i + z p . 

Hence the function z x must be a single-valued function 1 (x — a) in the neigh- 
borhood of the point a. As to the function z 2 , we derive from the preceding 
equalities Z 2 /Zj = z 2 /z x + 1; hence the difference z 2 /z x — Log(x — a)/2?ri is a 
single-valued function \p x (x — a), and we have also 

z 2 = L °g ( x - a ) 0i ( x - + 2 (x - a), 

ATTl 

where 2 (x — a) is another single-valued function. Let us put t = Log (x — a) /2 iri 
and consider the general case. When x describes a loop in the positive sense 
around the point a, t increases by unity, and z v z 2 , • • •, z p , considered as func- 
tions of t, must satisfy the relations 

f z ^ + 1) = z ^ z ^ 1 + 1) = z * {t) + z ^ ' * 
1 ; \ z p {t + l) = z p (t) + z p - 1 (t). 

In order to find the most general solution of the equations (68), we may 
remark that these relations can be satisfied by taking z x = 1, z 2 = t, and by 
choosing for z l (t) a polynomial of degree i — 1 in t whose coefficients are deter- 
mined step by step. The calculation is facilitated by observing that the relation 

Zi{t + l)-z i (t) = z i - 1 (l) (i^3) 

is satisfied for t = 0, 1, 2, • • ., i — 3 if we take for Zi(t) a polynomial of the 
form K x t (t — 1) • • • (t — i + 2). In order that it may be satisfied identically, it 
will suffice if it is satisfied by another value of t, for example, by t = i — 2, since 
the two sides are polynomials of degree i — 2 in t. We thus find the condition 
(i — l)Ki = iTi_!, whence we derive K x = — 1) !. We therefore obtain a 
particular solution of the equations (68) by putting 

, 1 = i, g.(o = ^-VtT i+2) - <«=«.«.-.*> 

(i - 1) ! 

In order to obtain the general solution, let us indicate by <pjc{t) functions such 
that (pk(t + 1) = <Pk{t)> The first of the equations (68) shows that z x (t) is a func- 
tion of this kind, say X (Q. The second shows, similarly, that the difference 
z 2 (t) — 6 2 {t)z 1 {f) does not change when we change t to t + 1 ; hence z 2 (t) is of 
the form z 2 (t) = <p 2 (t) + ^ 2 1 (^). We can continue the reasoning step by step. 
Suppose that we have shown that Zk-i(t) is of the form 

z k -i(t) = <f>k-i(t) + 2 0*- 2 (O + • • • + 0*-i<MO- (fc = 3, 4, . . ., i) 
The general relation z f (£ + 1) — Zf(£) = shows that the difference 

«*(<)- 02<t>i-l(t)-#3<Pi-2(t) Ml(9 

does not change when t changes to t + 1 ; hence the function is of the form 
Zi(t) = 0i(Q + 2 0i-i(Z) + • • • + ^0i(O. 
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Combining these results, the general solution of the equations (68) is given by 
the relations 

I Zl (t) = 4>M 
* 2 (0 = + * a (0> 

«s(«) = #3 0i(t)+M a (*) + 08(9> 
«p(0 = o P </>!(t) + ^-i0 2 (Q + • • • + o 2 <t> P -i{t) + ^,(0, 

where the functions 1? 2 , • • •, <p p do not change when t is changed to t + 1. 

Let us return now to the variable x, and let us indicate by 9 t [Log (x — a)] 
the polynomial in Log (x — a) obtained by replacing t by Log (x — a)/2 iri in 
0i(t). We see that the p integrals y x , y 2 , • • ♦ , y p of the group under considera- 
tion, which undergo the substitution (64) after a circuit in the positive sense 
around the point a, are represented by formal expressions of the following type : 

r y x = (x- a) r <& x (x — a), 

(70)- 2/2 = (X " a)V [°2^ L °S( X - a )} *i( x ~ a ) + *z( x - 

» 

V P =(x-a) r [Gp{Log(x-a)}$ 1 (aj-a) + G p -i{Log(aj- a)}# 2 (x-a) + . . .], 

where $j(x — a), <£ 2 (x — a), • • •, ^(x — a) are single-valued functions in the 
neighborhood of the point a. 

It will be observed that all the integrals of this group can be deduced from 
the last of them, y p , which is of the form 

y p = (x- a) r [xp (x -a) + ^(x - a) Log(x - a) + • . • 

+ ^ p _i(x- a){Log(x- a)}*- 1 ], 

where ^ , \p x , • • •, ty p - \ are single-valued functions in the neighborhood of the 
point a, the last of which, \f/ p -i, is different from zero. From the relations (64) 
we have 

Y P 

Vp-i = — - V P , 
s 

and consequently y p -i is the product of (x — a) r and a polynomial of degree 
p — 2 in Log(x — a), the coefficients of which are single-valued functions in 
the neighborhood of the point a. In the same way we derive y p -i from y p -i, 
and so on. 

If the point a is not an essentially singular point for any of the functions 
*i» *2>*"» *p» a ^ tne integrals of the group considered (70) are said to be 
regular for x= a. By the remark made on page 131, we can then suppose that 
all the functions <£;(x — a) are analytic for x = a, replacing r, if necessary, by 
another exponent which differs from it only by an integer. 

50. Fuchs' theorem. The determination of the numbers s 1? s 2 , ■ • s n , or, what 
amounts to the same thing, the corresponding exponents r x , r 2 , • • •, r n , is in 
general a very difficult problem. We can obtain these exponents r; by algebraic 
calculations whenever all the integrals of the equation considered are regular 
in the neighborhood of the point a. This results from an important theorem due 
to Fuchs : In order that the equation (57) shall have n independent integrals, regular 
in the neighborhood of the point a, it is necessary and sufficient that the coefficient 
Pi of d n - i y/dx n ~ i in this equation be of the form (x— a)-*P,(x), where the func- 
tion Pi(x) is analytic in the neighborhood of the point a. 
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If Pi(a) is not zero, the point a is a pole of order i for p { ; but if P;(a) = 0, 
the point a is a pole of order less than i. It may even happen that the point a 
is an ordinary point for some of the coefficients pi. The preceding conditions 
may be restated as follows : The linear equation must be of the form 



(71) 



/\ x _ a )n^ + ( X _ a )n-ip i(x) ^ ^ 



dx n dx"- 1 

+ (B-a)P„_i(x)^ + P„(x)y = 
ax 



where P t , P 2 , - - , P n are analytic functions in the neighborhood of the point a. 

We shall develop the proof only for the case of an equation of the second 
order, and we shall suppose, for simplicity, that a = 0. In this particular case 
the first part of Fuchs' theorem may be stated as follows : Every equation of 
the second order, which has two independent and regular integrals in the neighbor- 
hood of the origin, is of the form 

(72) x V + xP (x) y'+ Q(x)y = 0, 

where P (x) and Q (x) are analytic in this neighborhood. 

If the corresponding equation in s (60) has two distinct roots s 1? s 2 , the equa- 
tion (72) has two regular integrals of the form 

(I) y l = x'^^x), y 2 = x r *0 2 (x), 

where the exponents r x , r 2 are different and where x (x), 2 (x) are two analytic 
functions which are not zero for x = 0. If the equation in s has a double root, 
without causing the appearance of logarithmic terms in the expression for the 
general integral, we have again two particular integrals of the preceding form, 
where the difference r 2 — r 1 is an integer. We can always suppose that that 
difference is not zero ; for if we had r 2 = r x , we could replace y 2 by the com- 
bination X (O) y 2 — 2 (0) y x , which is divisible by x r i + 1 . Finally, if the expression 
for the integral contains a logarithmic term in the neighborhood of the origin, 
we can take a fundamental system of the form 

(II) y 1 = x r i0 x (x), y 2 = x r i [0i(x) Log (x) + ^(x)], 

where 1 (x) is an analytic function which is not zero for x = 0, and where ^(x) 
is a single-valued function in the neighborhood of the origin, which may have 
the point x = f or a pole. We have to show that every equation which has two 
independent integrals of the form (I) or of the form (II) in the neighborhood 
of the origin belongs to the Fuchs type. The direct verification does not offer 
any difficulty, but we can abridge the work as follows : If we put y = x r i0i(x)w, 
the linear equation in u obtained by this transformation has a general integral 
of one of the forms 

u = C x + C 2 xPtt(x), u = C x + C 2 [Log (a) + tt(x)], 
where tt(x) is analytic f or x = or has this point for a pole. This equation is 
of the form (72), for the derivative u' is of the form 

M ' = C 2 x*$-(a>), 

where f(x) is an analytic function which is not zero for x = 0. The linear 
equation in u is therefore M „ ^ 

u' ~ x + £ (x) ' 
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which is of the Fuchs type. Now it is easy to see that this type is preserved 
after a transformation such as y = x r i(p 1 (x)u. The first part of the proposition 
is therefore established. 

In order to prove the converse, let us substitute for y on the left-hand side 
of the equation (72) a development of the form 

(73) y = C Q X r + + * + • • • + C n xr + n + . . . ? ( Cq ^ ) 

and let 

P(x) = a + a x x + • • Q(x) = b + b x x + • • • 

be the developments of the functions P and Q. The coefficient of x r in the 
resulting equation is 

[ r ( r _l) + V + VK. 

Since, by hypothesis, the first coefficient c is not zero, we must take for r one 
of the roots of the equation of the second degree 

(74) D(r) = r (r - 1) + a r +b = 0. 

Having taken a root of this equation for r, we can choose c arbitrarily. Let 
us take, for example, c = 1. Similarly, the coefficient of x r +p after the sub- 
stitution is 

Cp[(r +P)(r + P-1)+ a (r + p) + 6 ] + F = c p D(r + p) + F, 

where F is a polynomial with integral coefficients in Cq, c^, • • •, Cp_i, o^, tt 2 , • • 
a P> &n * * '» Toting successively p = 1, 2, 3, • • •, we shall be able to cal- 
culate, step by step, the successive coefficients c 1? c 2 , • • •, c n , unless D(r + p) is 
zero for a positive value of the integer p, that is, unless the equation (74) has a 
second root r' equal to the first r increased by a positive integer. Discarding 
this case for the moment, we shall obtain a particular integral represented by a 
series of the form (73), the convergence of which will be demonstrated later. 
If the equation D (r) = has two distinct roots r, r / , whose difference is not an 
integer, the preceding method enables us to obtain two independent integrals, 
and the general integral is represented in the neighborhood of the origin by the 
expression 

(75) y = C 1 xr<f> (x) + C 2 x>"f (x) , 

where <f>(x) and \f/(x) are two analytic functions which do not vanish for x = 0. 

This is no longer the case if the two roots of the equation (74) are equal or 
if their difference is an integer. Let r and r — p be these two roots, where p is 
a positive integer or zero. We can always obtain a first integral of the form 
y 1 = x r <p(x). A second integral y 2 is given by the general formula (23), which 
becomes here 

... C dx - f(^ + a. + a a x+-.--)dx 

y = x r i>(x) I e JKx 12 ; . 

The sum of the roots of the equation (74), or 1 — a , is equal in this case to 
2 r — p ; hence a = p + 1 — 2 r, and accordingly 

where S (x) is a regular function in the neighborhood of the origin, which is not 
zero for x = 0. The second integral y 2 can therefore be written in the form 
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y 2 = X r* (x )j-U-, 

where T(x) is an analytic function which is not zero for x = 0. 

If A is the coefficient of xp in T(x), we see that the integral y 2 is of the form 

y 2 = x r <f>(x) ^A Logx + = axr-pf (x) + Ax r <f>(x) Logx, 

where \f/ (x) denotes a new analytic function in the neighborhood of the origin. 
This result agrees precisely with the general theory. As a particular case, it 
may happen that we have A = ; the general integral does not then contain 
logarithms in the neighborhood of the origin. But since T(0) is not zero, it is 
to be noticed that this case never arises when p — 0, that is, when the equation 
(74) has a double root.* 

To complete the demonstration, it remains only to prove the convergence of 
the series (73) obtained by taking for r a root of the equation (74) such that the 
second root r' is not equal to r increased by a positive integer. To simplify the 
proof, we may suppose that r = and that the second root r' is not equal to a 
positive integer ; for if we put y = x' l z, the equation analogous to D(r) = for 
the linear equation in z has the roots of the equation (74) reduced by /x. We shall 
suppose, therefore, that such a transformation has already been made, so that the 
equation (74) has the root r = and that the second root is not a positive inte- 
ger. For this it is necessary that b be zero. Modifying the notation somewhat, 
and dividing all the terms by x, we shall write the equation (72) in the form 

(76) xy" + a y' = xy\a x + a 2 x +...) + y{\ + b 2 x + . . .), 

where the coefficients a v 6 X , a 2 , • • • are not the same as before. We are to prove 
that this equation (76) has an analytic integral in the neighborhood of the origin, 
which does not vanish for x = 0, provided that 1 — a is not a positive integer. 
Now, if we try to satisfy this equation formally by a series of the form 

(77) y = l+ c x x+ ...+ c„x*+ 

we obtain successively relations between the coefficients of the form 

, 78 , fnc n {n - 1 + a ] = P n {a x , a 2 , . . 6 l9 6 2 , . . 6 n , c x , c 2 , . . c n _!}, 
1 ^ I (n = l,2,...) 

where P n is a polynomial whose coefficients are all real positive numbers. By 
hypothesis, the coefficient n — 1 + a does not vanish for any positive integral 



*Let us suppose that the functions P (x) and Q(x) in the equation (72) are even 
functions of x, and that the difference between the roots of D (r) = is an odd integer 
2n + l. In this case the logarithmic term always disappears in the integral y 2 . In 
fact, if we take for the independent variable t = x 2 , the equation (72) is replaced by 
an equation of the same form, 

(72') 4 ^ + 2*[l + P(V;)]^ + Q(v7) )y = 0, 

dt z dt 

and the roots of the equation analogous to D (r) = are, as is easily verified, half of 
the roots of D (r) = 0. Since their difference is not an integer, it follows that the 
general integral of the equation (720 does not contain any logarithmic term in the 
neighborhood of the origin. The same thing is therefore true of the equation (72). 
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value of n. We can therefore determine a positive number fi such that we have, 
for every positive integral value of n, | n - 1 + a 1 > /x (n + 1), since the quotient 
( n _ i + a )/(n + 1) approaches unity as n becomes infinite. Let us replace, on 
the other hand, the coefficients of xy' and y on the right-hand side of the equa- 
tion (76) by dominant functions, and let us consider the auxiliary equation 

(79) n(xY" + 2 r') = xY'(A x + A 2 x + • • •) + T(B 1 +B 2 x +.-•). 
If we attempt to satisfy this new equation by a series of the form 

(80) Y= 1 + C x x + • • • + C n x» + • • 
we are led to the relations analogous to the relations (78), 

(81) mC n {n + 1) = Pn(A, A v ' ' •> B v B v '"i C n- *> 

If we compare the expressions which give the values of the coefficients c n and C„, 

Cn ~ n(n-l + a > " ~ * * nn(n + l) 

the conditions A t s | a t - 1, ^ 1 6,- 1 , | n - 1 + a \ ^ a* (n + 1) show successively that 

|c 1 |<C 1 , |c 2 |<C 2 , |c n |<C n ; 
hence it will suffice to show the convergence of the auxiliary series or to show 
that the equation (79) has an analytic integral, in the neighborhood of the origin, 
not vanishing for x = 0. If we take for the dominant functions an expression 
of the form M/(l — x/r), the auxiliary equation (79) can be written 
xF" + 2F _ M 1 m 
xY' + Y ~~ ac 1 _ x ' 
r 

whence we derive, by a first integration, 

Mr 

and then Mr 

a r=c/ o x (i-5)"«te+o'. 

We have only to take C = 0, C = 1 in order to have an analytic integral, in the 
neighborhood of the origin, not vanishing for x = 0. 

Extension to the general case. The proof of Fuchs' theorem for the general 
case can be based on the same principles by showing that if it is true for an 
equation of order (n — 1), it is also true for an equation of order n. 

If the equation (57) has n particular integrals separating into a certain num- 
ber of groups of the form (70), it has at least one particular integral of the form 
(x — a) r <f>(x — a), where <f>(x — a) is an analytic function in the neighborhood 
of the point a, which does not vanish for x = a. The substitution 

y = (x — a) r (x — a) u 

will lead to a linear equation in u which has the particular integral u = 1 ; 
hence the derivative u' satisfies a linear homogeneous equation of order n— 1. 
The theorem being supposed true for a linear equation of order n — 1, this 
equation in u' is of the Fuchs form ; the same thing is evidently true of the 
equation in u and therefore of the equation in y. 
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Conversely, let us consider an equation of the form (71), in which a — 0. 
This equation is formally satisfied by a series of the form 

y = c <r + c 1 a?" + 1 + (c ^ 0) 

where r denotes a root of the fundamental characteristic equation 

/R2\ p(r) = r(r-l)...(r-n + l) # 

^ \ +P 1 (0)r(r-l)...(r-n + 2)+ ... + P*(0) = 

such that no other root of this same equation is equal to r increased by a posi- 
tive integer. In order to establish the convergence of this series, it is easy to 
show, by an artifice analogous to the one employed for n = 2, that it suffices to 
prove that a linear equation of the form 

— Y) = -2L. (x n ~ 1 Y) 
dx» K 1 1 _xdx»-i y ' 

r 

has an analytic integral in the neighborhood of the origin not vanishing for 
x = 0. Now this equation has the particular integral (§§18 and 39) 

1 r x / t\~ Mr 

Y= | dt, 

(n- 2) ! x"- 1 Jo v ' \ r) 

which actually satisfies the preceding condition. If the equation (82) has n 
distinct roots, r v r 2 , . • ., r n , such that none of the differences r t - — r k is equal to 
an integer, the general integral of the linear equation is of the form 

y = C?! a?!^ (x) + C 2 x r 2 2 (x) + • • • + C n x r n<f> n (x), 

where <f> v 2 , n are analytic in the neighborhood of the origin. If the 
equation (82) has equal roots or, more generally, roots such that some of the 
differences r t — rjc are integers, these roots separate into a certain number oi 
groups, the difference between two roots of the same group being an integer, 
while the difference between two roots of different groups is never an integer. 
Let r be the largest root of one of these groups. We have just seen that the 
equation (71) has a particular integral of the form x r 0(x), where 0(x) is an 
analytic function in the neighborhood of the origin and such that (0) is not 
zero. By putting y — x r 0(x)u, then du/dx = v, we are led to a linear differ- 
ential equation of order n — 1 in v, which is again of the Fuchs form. The 
theorem being supposed true for an equation of order n — 1, that equation in v 
has n — 1 particular independent integrals of the form 

v = x« |> (x) + ^ x (x) Log x + • • • + ^ q (x) (Log X)9], 

where \p , • • \p q are analytic functions for x = 0. If a is not an integer, 
we easily see, by a succession of integrations by parts, that fv dx is an expres- 
sion of the same kind as v. If a is an integer, fv dx contains also a logarithmic 
term 

C(Logx)« + 1 , 

where C is a constant coefficient. Fuchs' theorem is therefore true for an 
equation of the nth order.* 

* For greater detail see the paper by Fuchs in Crelle's Journal or the thesis of 
Jules Tannery (Annates de VEcole Normale, 2d series, Vol. IV, 1875). 
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51. Gauss's equation. Let us apply the general method to the equation 
(83) x(l- x)y" + [7- (a + P + l)x]y'-apy = 0, 

where a, 0, 7 are constants. The singular points in the finite plane are x = 
and x = 1. The characteristic equation for the point x = is r (r + 7 — 1) = 0, 
and its roots are r = 0, r = 1 — 7. If 7 is not zero nor equal to a negative 
integer, it follows ffom the preceding theory that the equation has an analytic 
integral in the neighborhood of the origin corresponding to the root r — 0. In 
order to determine this integral, let us substitute in the equation the series 

y = c + c 1 x + •••+c n z»+ ... 
and equate to zero the coefficient of x n ~ x . This gives a recurrent relation 
between any two consecutive coefficients 

71(7 + n — l)c„ = (a + n — 1) (p + n — l)c n _i; 
hence the analytic integral is the series 

J( a, ftT ,«) = l + ^ + g <« + 1 >^+ 1 > ^ + ..., 

1.7 1.2.7(7+1) 

which is called the hypergeometric series. This series is convergent in the circle r 
with unit radius about the origin as center. In order to obtain a second integral, 
let us make the transformation y = x 1 ~yz. This leads to an equation of the 
same form, 

(M\ l X(1 -&)*"+ [2 - 7 - (« + + 3 - 2y)x}zT 

K V I -(a + 1-7) (/3 + 1-7)2 = 0, 

which differs from the first only in the substitution of a + 1 — 7, p + 1 — 7, 2 — 7 
for a, /3, 7 respectively. If 2 — 7 is not zero nor equal to a negative integer, 
the equation (83) has therefore the second integral x 1 ~yF(a +1 — 7, £+1 — 7, 
2 — 7, x) ; and if 7 is not an integer, the general integral is represented in the 
circle r by the expression 

(85) y = C x F(a, /3, 7, x) + C 2 x*- yF(a + 1 - 7, P + 1 - 7, 2 - 7, a). 

If 7 is an integer, the difference between two roots of the characteristic 
equation is zero or equal to an integer, and the integral contains in general 
a logarithmic term in the neighborhood of the origin. We shall study only the 
case where 7 = 1. The two integrals 

F(a % p, 7, »), xi~yF(a + 1 - 7, P + 1 - 7, 2 - 7, x) 
reduce in this case to the single integral F(a, /3, 1, x). 

In order to find a second integral, let us first suppose that 7 differs but little 
from unity, say 7 = 1 — h , where h is very small ; then the equation (83) has the 
two integrals 

F(a, frl—h, x), x h F(a + h, p + h, 1 + h, x), 
and consequently the quotient 

x h F(a +h,p + h,l + h,x) — F(a, p,l- h, x) 

_ 

is also an integral. As h approaches zero, this quotient approaches as a limit the 
derivative of the numerator with respect to h at the point h = 0. The deriva- 
tive of the factor x h gives us a logarithmic term which, for h = 0, reduces to 
F(a, j8, 1, x) Log x. To find the derivative with respect to h of any coefficient 
in the two series, such as the coefficient 
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(a+h)(a + h + l)...(g + h+.n-l)(p + h)(p+h + l)...(p + h + n-l) 
nl {l+h)(2 + h)...{n + h) ' 

it is convenient to calculate first the logarithmic derivative. We find thus a 
new integral which has the form 

U l (x) = F(a,p,l,x)I,ogx 
(86) \ A a (a + 1) • • • (a + n - 1) g (g + 1) ; • • (g + n - 1) n 

I (n !) 2 

where we put 

-11 11 

= ~ + — - + ' • ' + + - + 



a a+1 a+n—1 p £ + n _i 

We might study in the same way the integrals of Gauss's equation in the 
neighborhood of the point x = 1, but it suffices simply to notice that if we 
replace x by 1 — x, the equation does not change in form, but y is replaced by 
a + P + 1 — 7- The general integral is therefore represented in the circle T t 
with unit radius about the point x = 1 as center by the expression 

y = C 1 F(a, p, a + p + 1 - 7 , 1 - x) 

+ C 2 (l - z)y-"-l*F(y - or, 7 - 0, 7 + 1 - a - j8, 1 - »), 
provided that 7 — <ar — /3 is not an integer. 

In order to study the integrals for values of x of very large absolute value, 
we put x = 1/t, and we are then led to study the integrals of a new linear 
equation in the neighborhood of the origin. The integrals of this equation 
are likewise regular in the neighborhood of the origin, and the roots of the 
characteristic equation are precisely a and p. If we substitute simultaneously 
x = 1/t, y — t a z, the equation obtained is again of the form (83), but p is 
replaced by a + 1 - 7, and 7 by a + 1 - p. Gauss's equation has therefore 
the integral 

x- a F^a, a + 1 — y, a + 1- ft ~y 

By symmetry it has also the integral obtained from this one by interchanging 
a and p, and therefore the general integral is represented in the region exterior 
to the circle r o by the expression 

2/ = C 1 X-«F^a,a+l-7,a+l-/3,^ + C 2 x-^F^+l-7, &p+l-a,^j, 

provided that a — p is not an integer. 
Note. Every linear equation of the form 

(87) (x- a)(x- b)y" + (Jx + m) y' + ny = 0, 

where a, 6, Z, m, n are any constants (a ^ 6), reduces to Gauss's equation by the 
change of variable x = a + (b — a) t. For, to identify the resulting equation 

(88) t( l-t) d ^-( l ^ + ») d -l-ny = 

at 2 \b — a J dt 

with the equation (83), we need only put 7 =— (la + m)/(b — a), and then 
determine a and p by the two conditions a + /3+l = Z, ap = n. 
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52. Bessel's equation. Let us consider in particular the equation 

(89) x (1 - kx) y" + (c - bx) y' -ay = 0, 

which has the two singular points x = 0, x = 1/k, and which can be reduced to 
Gauss's equation by the change of variable kx = t. If we make the parameter k 
approach zero while a, 6, c approach finite limits A, B, C, the singular point 
x = 1/k goes off to infinity, and we obtain at the limit the linear equation 

(90) xy" + (C - Bx) y'-Ay = 0, 

whose only singular point at a finite distance is the point x = 0. If B is not 
zero, replacing Bx by x we are led to an equation of the same form, where 
B = 1. Likewise, if B = and A is different from zero, we can suppose A =1. 
Finally, disregarding the trivial case A = B = 0, the equation (90) can be 
replaced by one of the two forms 

(91) xy"+(y-x)y'-ay = 0, 

(92) xy" + yy'-y = 0. 

Studying the integrals of these two equations in the neighborhood of the 
origin, as we have done for Gauss's equation, we are led to introduce the two 

1.7 1 . 2 . 7(7 + 1) 

which may be considered as degenerate cases of the hypergeometric series. If 
we replace in F(a, 0, 7, x) the variable x by kx and £ by 1/k, the coefficient 
of x n in F(a, 1/k, 7, kx) approaches the coefficient of x n in G(a, 7, x) as k 
approaches zero. Similarly, the coefficient of x n in F(l/k, 1/k, 7, k 2 x) approaches 
the coefficient of x n in J (7, x) as k approaches zero. 

If 7 is not an integer, the general integral of the equation (91) is given by 
the expression 

(93) y = C x G{a, 7, x) + C 2 x*-yG(a + 1 - 7 , 2 - 7, 
Likewise, the general integral of the equation (92) is 

(94) y = C ie 7(7, x) + C^-yJ (2 - 7, x). 

These formulae are valid in the whole plane. 

If 7 is an integer, the general integral of the equation (92) always contains a 
logarithmic term. For example, if 7 = 1, we obtain an integral different from 
J(l, x) by finding the limit f or h = of the quotient 

x h J(l + h, x)- J(l-h, x) 

h ' 

which gives for the general integral 

y = C, J<1, x) + C t [j(l, x)Logx- 2^5 (l + \ + • • • + J^i]' 

We can reduce to the form (92) a certain linear equation which appears 
in a large number of questions of mathematical physics. Let us put in the 
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equation (92) x = — £ 2 / 4 ; replacing y by n -f 1, the equation obtained is iden- 
tical with the equation already studied (§ 46), 

(95) t g + (2n + l)g + fc = 0. 

If, in this last equation, we put y = t~ n z, we obtain a new form of Bessel's 
equation, 

< 96 > i2 £ + *S +(f2 - n2)z=o - 

The three equations (92), (95), (96), where y = n + 1, are therefore absolutely 
equivalent to one another. If n is not an integer, the preceding development 
shows that the general integral of Bessel's equation (96) is 

z = 0^^(^71 + 1, -^ + C 2 *-»J^l--n, - 

We have shown above (§ 46) that if n is half an odd integer, the general integral 
of the equation (95) can be expressed in terms of elementary transcendental 
functions. Hence the transcendental function J (7, x) is expressible in terms of 
exponential functions if 7 is half of an odd integer. 

Note. The equation studied by Riccati, 

(97) — + Au 2 - Bx™ = 0, 
dx 

where A, B, m are given constants, can also be reduced to any one of the 
equivalent equations (92), (95), (96). Indeed, we have seen (§ 40) that the gen- 
eral integral of the equation (97) is z'/Az, where z is the general integral of 
the linear equation 

(98) — - ABx m z = 0. 
dx 2 

If we make the change of variable x = X£ w , where X and /jl are two undetermined 
quantities, the last equation becomes 

d 2 z dz 

(99) t~^- (/jl — 1) — — — AB\™ + *n*K'* + Vi>- 1 z = 0. 

dt 2 dt 

In order to identify this equation with the equation (95), we need only take 
H = 2/(m + 2), and determine X by the condition AB\ m + 2 n 2 =— 1. The cor- 
responding value of n is — p/2 or — l/(m + 2). We can therefore express the 
general integral of Riccati's equation (97) in finite terms whenever l/(m + 2) 
is half of a positive or negative odd integer 2 i -f 1, that is, whenever m is equal 
to — 4 -f 2i), where i denotes a positive or negative integer. 

53. Picard's equations. Given a linear differential equation with coefficients 
analytic except for poles, we can determine by Fuchs' method whether the 
general integral is itself an analytic function except for poles. For this it is 
necessary and sufficient : (1) that the integrals shall be regular in the neigh- 
borhood of each of the singular points ; (2) that all the roots of the charac- 
teristic equation, relative to each of these singular points, shall be integers ; 
finally, (3) that all the logarithmic terms shall disappear from the expression 
for the general integral in the neighborhood of a singular point. 
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Suppose that all these conditions are satisfied. The general integral is then 
a single-valued analytic function except for poles in the whole plane. If the 
coefficients of the equation are rational functions, there are only a finite num- 
ber of singular points a 1? a 2 , • • a n . In order for the general integral, to be a 
rational function, it is sufficient that the equation obtained by putting x = 1/t 
shall itself have all its integrals regular in the neighborhood of the point t = 0, 
since the general integral is single-valued and therefore cannot contain log- 
arithmic terms nor fractional powers of t. If this last condition is satisfied, we 
can obtain the general integral by equating coefficients according to the method 
of undetermined coefficients. In fact, let — m 4 - be the smallest root of the char- 
acteristic equation relative to the point x = a { , and N the smallest root of the 
characteristic equation relative to the point t = f or the transformed equation. 
It is clear that the product of any integral y and the expression 

(x — 04)™! (x — a 2 ) m 2 • • • (x — a n )™n 

is a rational function having no poles in the finite portion of the plane. This 
product is therefore a polynomial P(x), whose degree is at most equal to 

m l + m 2 -\- . . . + m n — N. 

Since we know an upper bound for the degree of this polynomial, the coefficients 
can be determined by replacing y by an expression of the form P(x) n (x — ai)- "n, 
where P (x) is the most general polynomial of this degree, in the left-hand side 
of the given equation, and then equating the result identically to zero. 

Picard has given another very important case where the general integral can 
be expressed in terms of the classic transcendental functions. Given a linear 
homogeneous differential equation, whose coefficients are elliptic functions of the 
independent variable with identical periods, if its general integral is an analytic 
function except for poles, that integral can be expressed in terms of the standard 
transcendental functions of the theory of elliptic functions. 

For simplicity in writing, let us develop the proof for an equation of the 
second order only. Let f ± (x), f 2 (x) be two independent integrals of a linear 
homogeneous equation y" + p(x)y'+q (x) y = 0, where p (x) and q (x) are elliptic 
functions with the periods 2 w and 2 By hypothesis, /i(x) and/ 2 (x) are single- 
valued functions analytic except for poles. Since the given equation does not 
change when we replace x by x + 2 w, / x (x + 2w) and / 2 (x + 2w) are also inte- 
grals, and we have the relations 

(100) f ± (x + 2 c) = af^x) + bf 2 (x), / 2 (x + 2,) = cf^x) + d/ 2 (x), 

where a, 6, c, d are constant coefficients whose determinant ad — be is not zero. 
For if we had ad— bc = 0, we could derive from (100) a relation between/ 1 (x + 2 w) 
and / 2 (x + 2 w) of the form C^x + 2w)+ C 2 / 2 (x + 2w) = 0, where C 1 and C 2 
are constants not both equal to zero. This is impossible, since f x and / 2 are two 
independent integrals. For the same reason, we have another system of relations 

(101) f x {x + 2 «') = a'f x (x) + &'/ 2 (x), / 2 (x + 2 «0 = c'f^x) + <T/ 2 (x), 

where a\ b\ c', d' are constant coefficients, and a'd' — b'c' is not zero. Let us try 
to find, as in § 47, an integral (x) = X/ X (x) + fif 2 (x) such that <f> (x + 2 w) = s<p (x). 
We have for the determination of X, ^, s the two equations 



X(a - s) + iic - 0, \b + fi(d - s) = ; 
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whence we derive the equation of the second degree for s, 

F(s) = s 2 -(a+ d)s +ad — bc=zO. 

If this equation has two distinct roots s 1? s 2 , there exist two independent inte- 
grals x (x), 2 (x) such that we have 

(102) x (x + 2«) = ^(x), <t> 2 ( x + 2w ) = 

and the relations (101) can be replaced by the two relations of the same form 

(103) x (x + 2 w 7 ) = &0i (x) + Z0 2 ( x )> <M X + 2 w 7 ) = m0 x (x) + n0 2 (x). 

By means of the relations (102) and (103), we can now obtain two different ex- 
pressions for <f> x (x -f 2 w -f 2 «') and 2 (x + 2 w + 2 a/). We have, on the one hand, 

1 (x+2w+2w / ) = s 1 1 (x +2w') = 8^0! (x) + s^0 2 (x). 

On the other hand, proceeding in the inverse order, we may also write 

0j(x + 2 w + 2 «') = A:0 x (x + 2 o>) + l<P 2 {x + 2 o>) = ksrf^x) + ls 2 <f> 2 (x). 

Since these two expressions must be identical, we have I = 0, for s x — s 2 is not 
zero. Similarly, by considering the two expressions for 2 (x + 2u + 2a/), we 
find m = 0. The integrals x (x), 2 (x) are therefore analytic functions except 
for poles, which reproduce themselves multiplied by a constant factor when the 
variable x increases by a period ; these are called doubly periodic functions of the 
second kind. Every function (x) analytic except for poles which possesses this 
property can be expressed in terms of the transcendental functions p, cr, since 
the logarithmic derivative 0'(x) /0 (x) is an elliptic function, and we have seen 
that the integration does not introduce any new transcendental (II, Part I, § 75). 
Moreover, we can prove this without any integration. Let <p (x) be an analytic 
function except for poles such that 

0(x + 2o>) = ai0(x), 0(x -f 2 a/) = /0(x). 

Consider the auxiliary function ^(x) = eP x <r(x — a)/cr(x), where a and p are 
any two constants. Erom the properties of the function <r (see Vol. II, Part I, 
§ 72) we have 

\j/(x + 2 w) = e 2w P- 2l J°^(x), \f/{x+ 2 (*)') = e 2w/ P- 2T ? /a ^(x). 

In order for the quotient (x)/\p (x) to be an elliptic function, it is sufficient that 

2 cop — 2 a-q = Log /a, 2 u'p — 2 ai{ — Log \x\ 

These relations determine p and a (II, Part I, p. 161). It should be noticed that 
we can take a = if Log jj. and Log fjf are proportional to the corresponding 
periods 2 w, 2 &/. 

Let us now turn to the case where the equation F(s) = has a double root s. 
We can find (§ 48) two independent integrals x (x), 2 (x) such that 

(104) x (x + 2w) = s0 x (x), 2 (x + 2 «) = s0 2 (x) + C0 1 (x). 

If C = 0, all the integrals of the equation, and in particular / t (x) and/ 2 (x), are 
multiplied by s when x is increased by 2 w. Assuming O = 0, let us try to find a 
linear combination X/ 1 (x) + fjf 2 (x) which reproduces itself multiplied by s' when 
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x increases by 2 a/. Starting from the equations (103), we find two independ- 
ent integrals x (x), 2 (x) such that either 

4> x (x + 2 */) = s'tf^x), 2 (x + 2 */) = S 2^2 W 

or 

x (x + 2 &/) = ^iW) 2 (^ + 2 &/) = s '0 2 ( x ) + ^iWi 
where C is not zero. In the first case the integrals x (x), 2 (x) are again 
doubly periodic functions of the second kind. In the second case the integral 
<f> x (x) alone is a doubly periodic function of the second kind. As for the inte- 
gral 2 (x), the quotient 2 (x)/0 1 (x) increases by a constant C when x increases 
by 2 a/, and it does not change when x increases by 2w. Now the function 
Af(x) + Bx, where A and B are two constant coefficients, possesses the same 
property, provided that we have 

2 At) + 2 Be* = 0, 2 jy + 2 £ft/ = C. 

The difference 2 /0 x — A{(x) — Bx is therefore an elliptic function. 

If the coefficient C is not zero in the equations (104), we have relations between 
the integrals x (x), 2 (x), x (x + 2 a/), 2 (x + 2w') of the form (103), and we 
can again deduce from them two different expressions for x (x + 2 w + 2 <*/) 
and 2 (x + 2 w + 2 w'). By writing that they are identical, we obtain the con- 
ditions I = 0, k = n. The integral x (x) is again a doubly periodic function of 
the second kind, while the integral 2 (x) satisfies the two relations 

2 (x + 2a>) ^ 2 (x) C ^ 2 (x + 2ft/) = 2 (x) [ m 
X (x + 2 w) x (x) s ' t (x + 2 a/) X (x) k 

Let us determine just as before the two coefficients A and B in such a way 
that 2 ^l?; + 2 ifo = C/s, 2Atj'+ 2 Be/ = ra/&. Then the difference 

hW-Al;(x)-Bx 
0i (x) 

is again an elliptic function. We see, therefore, that the general integral is in 
all cases expressible in terms of the single transcendentals e x , p(x), f(x), <r(x). 
Let us consider, for example, Lam&s equation 

(ply 

(105) ^ - [n(n + l)p(x) + h]y = 0, 

where n is an integer and h is an arbitrary constant. The integration of this 
equation by Hermite was the starting point for the preceding theory. The gen- 
eral integral of this equation is a function analytic except for poles. In fact, 
the only singular points are the origin and the points 2mw + 2m / w / . In the 
neighborhood of the origin the integrals are regular, and the roots of the char- 
acteristic equation are r' = — n, r" = n + 1. Their difference is an odd integer, 
and the coefficient of y is an even function ; therefore the expression for the 
general integral does not contain any logarithmic term (see ftn., p. 137). 

54. Equations with periodic coefficients. In many important questions of 
mechanics, linear equations with periodic coefficients occur. We shall indicate 
rapidly their more important properties. Let 



(106) 
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be a linear equation whose coefficients are continuous functions of the real 
variable t, having a period w, which we may always suppose positive. If the 
integrals y x (t), y 2 (0»*"» Vn(t) form a fundamental system, it is clear that 
y x (t + w), y 2 (t + w), • • •, + are also integrals of the equation (106), 
since that equation remains unchanged when we replace t by t -f w. Hence 
we have n relations of the form 

(107) yi(t + w) = a t i2/i(0 4- a i2 yi(t) + • • • + a in y n (t). (i = 1, 2, • . ., n) 

The determinant If of the coefficients is different from zero. For, by 
repeating the reasoning of page 129, we find that this determinant has the value 



-f P x dt 



(108) 

The* equations (107) define a linear substitution with constant coefficients, 
whose determinant is not zero. We are therefore led to a study entirely similar 
to the one which has already been made in detail in §§ 48, 49. Instead of 
making the complex variable x describe a circuit in the positive sense around a 
singular point a, the variable t describes a segment of the real axis of length w. 
It follows from that study that we can always choose a fundamental system of 
integrals such that the relations (107) reduce to a simple canonical form. The 
actual formation of this system depends first of all on the solution of the 
characteristic equation . 



(109) F(s) = 



an — s au • • • «i n 

«21 «22 — s • • • a 2 n 



a n i a n 2 • • • a nn — 

All the roots" of this equation are different from zero, since their product is 
equal to the determinant H, whose value we have just written down. If the 
n roots of that equation are distinct, there exists a fundamental system of 
integrals such that the equations (107) take the form 

(110) y x (t + w) = Stf^t), y n (t + u) = Sny n (t). 

If the equation (109) has multiple roots, we can always find a fundamental 
system of integrals which separate into a certain number of groups such that 
the p integrals y v y 2 , • • •, y p of the same group satisfy relations of the form 

(y t (t+ w) = sy 1 (t), 
)y 2 {t + u) = s[y 2 (t) + Vl (t)], 



(111) 



[y P (t + <*) = 8[y p (t)+ y p _i(Q]. 



In order to find expressions for these integrals, let us seek first the general 
form of a single-valued continuous function f(t) such that f(t + w) = sf(t), 
where the factor s is not zero. Let a: be a determination of (l/w)Logs. It is 
clear that the product f(t) er at has the period w ; hence f(t) is of the form 
f(t) = e at 4>(t), where <f>(t) is a continuous function with the period w. Accord- 
ingly, if S{ is a root of the characteristic equation, we shall put ai = (1/co) Log Sj. 
The constants cci, which are determined except for multiples of 2 7rV— 1/w, 
are called the characteristic exponents. The real parts of these exponents, which 
are determined without ambiguity, are called the characteristic numbers. If the 
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equation (109) has n distinct roots s v s 2 , • • •, s n , the equation (106) has then n 
independent particular integrals of the form 

(112) y^eV^ft 2/ 2 = eV0 2 (Z), 2/„ = e«»'0 n (O, 

where a v a 2 , • • •, a n are the characteristic exponents, and where <f> v <p 2 , • • • , 0„ 
are continuous functions with the period w. 

In the general case it is evidently sufficient to find expressions for the 
integrals of a group which satisfy the relations (111). Now if we substitute in 
these relations yi = e at Z{, where a is equal to (l/w)Log s, they become 



(liiO 



(z 1 (t + u,) = Z l (t), 
Z 2 (t + a,) = Z 2 (t) + Z x (t), 



z p (t + w) = Z p (t) + Z p -i(t). 

When t increases by w, the variable r = t/u increases by unity. Taking r for a 
new variable, the problem is reduced to one solved above (§ 49). If we set 

«*i ! 

the general expressions for the functions y v y 2 , • • •, y p are 

f V 1 = e« t * 1 (t), V 2 = e**[P 1 (t)4> 1 {t) + 4> 2 (t)l 

(113) J yi (<) = e««[Pi_i(O0!(«) + Pi- 2 (t)<P 2 (t) + • • • + PiWfc-itf) + 0i(<)], 
[ (i = l,2,...,p) 

where 1? # 2 , • • • , 0p are continuous functions with the period w, the first of 
which, X (O? is not zero. We see again here, as in § 49, that all these integrals 
can be deduced from the last one of the group. For z p -\(t) is equal to the 
difference z p (t + w) — z p (t), and, similarly, z p -_ 2 (Q = z P -i(t + w) — Zp-i(Q, and 
so on. We can therefore write the equations (113) in the form 

(y p (t) = e**z p (t), 
Vp-i (0 = ^'Aife), 
,_a(0 = c a *A 2 (2 p ), 



(114) 



Ui(0 =e a *A p _i(2p), 

where A x (^), A 2 (%), ••• indicate the successive differences of z p (t) when we 
change t to £ + w. Let us observe that z p (£) is a polynomial in t of degree p — 1, 
whose coefficients are periodic functions of t. The successive differences A 1 (2 P ), 
A 2 (2 P ), • • • are therefore polynomials of the same kind with decreasing degrees, 
the pth difference being zero. Let us indicate by Dz p , jD 2 z p ,~ •, D l z p the suc- 
cessive derivatives of z p taken with respect to £, considering the coefficients of 
this polynomial as constants. From the theory of finite differences, we know 
that the successive differences A^Zp), A 2 (z p ), ••• are linear combinations with 
numerical coefficients of the derivatives Dz p , D 2 z p , • • •, D*2p, and conversely.* 

* Without resorting to this theory, we may observe that Taylor's formula gives us, 
step by step, Aife) = o, i -D i ^+ • • •, 

where the terms not written contain only the derivatives 7>' + l , We can there- 
fore express, conversely, the derivatives D l " z P as linear functions of the differences 
A;, -At + i, 
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We can therefore replace the system of integrals (114) by the equivalent system 
(Y p (t) 

(115) I Y p _ 2 (t) = e«tD*z p , 

{Y^t) =e« t DP- 1 z p . 

Note 1. The integrals of the group (113), corresponding to the characteristic 
exponent a, approach zero when t becomes infinite passing through positive 
values, if and only if the real part of a is negative. In order that all the inte- 
grals of the equation (106) shall approach zero as t becomes infinite, it is there- 
fore necessary and sufficient that all the characteristic numbers shall be negative, 
or, what amounts to the same thing, that the absolute value of each of the roots 
of the equation (109) is less than unity. 

Note 2. If s is a real positive root of the equation (109), it is natural to 
take for a the real determination of (1/w) log s. If the coefficients of the equa- 
tion (106) are real, the same thing will evidently be true in this case of the 
integrals y v y 2 , • . y p of the group (113) and consequently of the periodic 
functions X (£), <ft 2 (£), • • •. 

Let s = X + \x V— 1 be ap-fold root of the equation (109), where n ^ 0, and 
let a = a' + a" V— 1 be a corresponding determination of the exponent a. To 
the group of integrals (113) we can adjoin a conjugate group obtained by replac- 
ing a by of — a" V— 1 and the functions <pi(t) by the conjugate functions. It is 
clear that by combining these 2p integrals linearly in pairs we can derive from 
them a system of 2p real integrals. 

Finally, suppose that s is a real negative root. Then we can write the value 
of a = a' + (7r/w) V— 1, and to that root corresponds a particular integral of 
the form 

y = c«" (cos - + V^T sin (t) + V^T* 2 (<)), 

where the functions \p 1 and \p 2 are real and periodic. If the coe fficie nts of (106) 
are real, it is clear that the real part and the coefficient of V— 1 must each 
satisfy separately the linear equation. We would proceed similarly with the 
other integrals of the group (113) if p is greater than unity. 

Moreover, the case where s is real and negative reduces to the case where s 
is real and positive by considering the period 2 w instead of the period w. It is 
clear, in fact, that if an integral is multiplied by s when we change t to t + 
it will be multiplied by s 2 when we change t to t + 2 co. 

Note 3. When the coefficients pi are analytic functions of the complex vari- 
able t = if + t" V— 1, analytic in the strip R included between the two parallels 
to the real axis = ± h, the integrals of the equation (106) are analytic func- 
tions in the same strip. The reasoning used under the supposition that the 
variable t moves along the real axis applies without modification to the case 
in which that variable moves in the strip R. It follows that the functions <}>i(t), 
which appear in the expressions of (113), are periodic analytic functions in the 
strip R. They can therefore be developed in series of sines and cosines of 
multiples of the angle 2 irt/u (see Vol. II, Part I, § 65). 



150 



LINEAR DIFFERENTIAL EQUATIONS [III, § 55 



55. Characteristic exponents. The investigation of the characteristic exponents 
is in general very difficult * The solution of this problem evidently reduces to 
the determination of the coefficients a ik which appear in the equations (107), 
which, in turn, is equivalent to the following : knowing the initial values, for 
t = tjof the n integrals y v y 2 , • • y» and their first n-1 derivatives, to find 
the values of these integrals and of their derivatives for t = t + «. The coeffi- 
cients ant are then obtained by the solution of the n systems of linear equations 

)Vi(to + <») = ailVltyo) + O»2 2te(£o) + * ' * + a inVn(to) 
yW(t + «) = anyi p >(to) + • • • + a in y ( n p) (t ) . 
(p =1,2,..., (n-1)) (i = l,2,...,n) 

We cannot in general solve this last problem except by the use of general 
methods, for example, by successive approximations. Let us replace p { by \p { in 
the equation (106), where X denotes a variable parameter, and then develop in 
powers of X the integral of that equation which together with its first (n - 1) 
derivatives takes on preassigned values independent of X f or t = t , 

(117) y =/ (0 + Vi(<) + ' ' ' + + • • •> 

where / (<) is a polynomial in I, of degree n-1 at most, which can be written 
down immediately from the initial conditions. Substituting this value of y in 
(106), we see that the other coefficients/^), / 2 (Q, • • • are determined, step by step, 
by relations of the form 

^" = *P,/i(0, /[(*).•••]. 

in which the right-hand sides depend only upon the functions / 2 , • • •, 
and upon their derivatives. Moreover, these coefficients, together with their first 
n-1 derivatives, must vanish for t = t . Hence these coefficients can be found 
by quadratures. We have already noticed (§ 28) that the series obtained is con- 
vergent for any value X. If we put X = 1 in the relation (117) and in all those 
which we obtain from it by differentiation, we shall have the developments of 
the integral under consideration and of its derivatives in series which are con- 
vergent for all real values of t. Hence we can obtain in this way the quantities 
Vi (t 4. w ) ? yW(t + w) which appear in the equations (116), and consequently 
we can determine the coefficients a^.t 

Example. Let us consider, for example, the equation 

d2 y /a 

(118) W =P()V ' 

where p(t) is a continuous function of t with the period w. The product of 
the roots of the characteristic equation is here equal to one, by formula (108). 



* When the coefficients pi are analytic integral functions of the complex variable t, 
the change of variable e 2irti ^ = x replaces the given equation by a linear equation 
whose coefficients are single-valued in the neighborhood of the origin, and we are led 
to study the law of the permutation of the integrals when the variable x describes 
a loop around the origin. But the equation thus obtained is not in general of the 
Fuchs form. 

t If we allow the parameter X to have any value, it follows, from the process used 
above, that the coefficients aik, and consequently the coefficients of the characteristic 
equation, are integral functions of this parameter. 
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That equation is therefore of the form 

(119) 6 2_j. s + i = . 

In order to determine the coefficient A, let us denote hjf(t) and <f>(t) the inte- 
grals of the equation (118) which satisfy the initial conditions /(0) = 1, f (0) - 0, 
(0) = 0, 0'(O) = 1. From the relations 

f(t + u>)=a n f(t)+a 12 <f>(t), 

0(£ + «)= a 21 f(t) + a 22 0(O, 

4>'(t + «) = a 21 /'(0 + «22^ 7 (0» 
we derive, by putting t = 0, a u = /(«), <* 22 = *'(«)• The characteristic equation 
in this special case is _ s) ^ s) _ ^ ^ = , 

whence A = a n + a 22 = /(«) + . 

If we now replace p (t) by Xp (t), we obtain the developments of the integrals 

/(£), 0(Q in the form 

/(£) = 1 + \f x (t) + • • • + Wn(t) + • • 

0(0 = « + X0!(O + • • • + X»0„ (t) + • • 
where the functions /„ and n , together with/^ and 0^, vanish for « = 0. Substi- 
tuting these developments in the two sides of the equation (118), after having 
replaced p by Xp, we find 

whence we derive the recurrent relations 

f n (t)=f o t dtf o t p(t)f n - 1 (t)dt, 4> n {t) = J o # (tt J o P(O0n-lW^ 

which enable us to calculate step by step all these functions by starting with 
jr^yj _ i ? o (£) = £. it follows that we may write 

(120) ^ = 2 +<*>>)] • 



n = l 



If the function p(£) is never negative, we see at once that all the functions 
/ (t) 0*(O, r (O are positive for t > 0. It follows that A > 2, and the equa- 
tion'(llO) has^two real and positive roots, one greater and the other smaller 
than unity The conclusion is much less evident in the other cases. lfp(t) 
never takes on a positive value, it follows from a thorough study made by 
Liapunof * that the absolute value of A is less than 2, if the absolute value of 

pdt 

is less than or equal to 4. The equation (119) has in this case two conjugate 
imaginary roots, the absolute value of each of which is unity. 

*Liapunof, Probleme general de la stabilite du mouvement {Annates de la 
Faculte des Sciences de Toulouse, 2d series, Vol. IX, p. 403). On the general theory 
of linear equations with periodic coefficients, in addition to the preceding paper see 
also Floquet's Annates de VEcole Normalesuperieure, 1883, and Poincare s Les Methodes 
nouvelles de la Mechanique celeste (Vol. I, chap. iv). 
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IV. SYSTEMS OF LINEAR EQUATIONS 

56. General properties. Most of the theorems established for a 
linear equation can be extended without difficulty to systems of 
linear equations in several dependent variables. We shall assume 
in what follows, as we may without loss of generality, that these 
equations are of the first order (§ 22). Let y v y 2 , - • y n be the n 
dependent functions, and x the independent variable. It follows 
from a general theorem (§ 37) that the integrals have no other 
singular points than those of the coefficients. If we assign the 
initial values y\, y° 2 , • • •, y\ for a point x = x Q which is not a singu- 
lar point, we can follow the analytic extension of these integrals 
along the whole of any path starting from x Q and not passing through 
any of these singular points, which are known in advance. 

We shall suppose, only for simplification in writing, that we have 
a system of three equations with three dependent variables. Let us 
consider first the system of three homogeneous equations, 

4^ + ay + hz + cu — 0, 

ax 



(121) 



dz 

— + a lV + \z + e lU = 0, 



du 
^dx 



+ a 2 y + b 2 z + c 2 u = 0, 



where a, b, c, • • • are functions of the single variable x. If we know 
a particular system of integrals (y v z v u ± ), the functions (Cy v Cz v CaJ 
also form a system of integrals for any value of the constant C. 
Similarly, if we know two particular systems of integrals, (y v z v 
and (y 2 , z 2 , u 2 ), we can derive from them a new system of integrals 
depending upon two arbitrary constants, 

+ C 2^ C 1 Z 1 + C 2*2> C 1 U 1 + C 2 U V 

Finally, if we know three particular systems of integrals, 

the equations 

(122) U = C 1 z 1 + C 2 z 2 +C s z v 

[u = C lUl + C 2 u 2 + C s u 3 

represent also a system of integrals, where C v C 2 , C 3 are arbitrary con- 
stants. In order to assert that the expressions (122) represent the 
general integral of the system (121), we must make sure that we can 
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choose the constants C v C 2 , C 3 in such a way that, for a given point 
x = x Q not a singular point, y, z, u take on any preassigned values 
y , z Q , u Q whatever. In order for this to be true, it is necessary and suf- 
ficient that the determinant of the nine functions y i9 z i} u { (£ = 1,2,3), 



A = 



shall not vanish identically. If this is true, we shall say that the set 
of three particular systems of integrals form a fundamental system. 

If A vanishes identically, the three particular systems of integrals reduce to 
two, or even to a single system. Suppose, first, that not all the first minors of A 
vanish simultaneously, for example, that the minor 5=y x z 2 — y 2 z x is not identi- 
cally zero. Let ibea region of the plane where 8 does not vanish. We shall 
determine two auxiliary functions K x and K 2 , analytic in the region A, such 
that we have 



(123) 



= K x y x + K 2 y 2 



= K x z x + K 2 



zero, these functions K x and K 2 also satisfy 



and since the determinant A 
the relation 

(124) u 3 =K lUl +K 2 u 2 . 

If we replace y, z, and u in the first two equations of the system (121) by the 
preceding expressions for y 3 , z 3 , it 3 , observing that (y v z x , u x ) and (?/ 2 , z 2 , u 2 ) 
form two particular systems of integrals, we obtain, after simplification, the 



equations 



from which we derive K x = K 2 = 0. The functions K x and K 2 are therefore 
constants, and the relations (123) and (124) remain true in the whole region 
of existence of the functions Zi, u t . It follows that the system of integrals 
(2/ 3 , z 3 , u 8 ) is a combination of the other two. 

If all the first minors of A vanish identically, the three systems of integrals 
reduce to a single system. Since the elements of A cannot all vanish simul- 
taneously, let us suppose that y x is different from zero, and let us put y 2 = Ky v 
From the relations y x z 2 — z x y 2 - 0, y x u 2 - u x y 2 = we derive also z 2 = Kz v 
u 2 = Ku x . Replacing ?/, z, u in the first of the equations (121) by Ky x , Kz x , Ku x 
respectively, there remains 2/1^ = 0. Hence K is constant, and the system. 
(y 2 , z 2 , u 2 ) differs from the system (y x , z x , u x ) only by a constant factor. Similarly, 
the third system of integrals is identical with the first. It should be observed 
that y v y 2 , y 3 are not necessarily linearly independent; for example, one or 
two of these functions may be zero, but not all three may be zero. 

The value of the determinant A may be calculated as follows. The derivative A' 
is the sum of the three determinants 
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Replacing the derivatives y\, z\, u\ by their values obtained from the equations 
(121), these three determinants reduce, respectively, to — <xA, — \A, — c 2 A. 
We have, therefore, the relation A' =— (a + & x + c 2 ) A, and consequently 

(125) A(x) = A(x )e-f* X o^ + c > )dx . 

When we know the general integral of the homogeneous system 
(121), we can deduce from it by quadratures the general solution of 
the non-homogeneous system 



(126) 



^ + ay + bz + cu = f^x), 
dz 

— + a x y + b x z + c x u =f 2 (x), 



Indeed, if we make the change of variables denned by the equations 
(122), C v C 2 , C\ being considered as new dependent variables, the 
system (126) is replaced by the following system, 



(127) 



which is integrable by quadratures, for we derive from it 

(t = l, 2, 3) 





dC t 
dx 


+ y. 


dC 2 
dx 


+ Vs 


dx 




* z 

i 


dC x 

dx 


+ * 2 


dC 2 
dx 




dC, 
dx 






dC Y 

dx 




d(\ 
dx 


+ u z 


dC* 
dx 





dC £ _ 
~dx~ " Xl 



Let us also observe that this transformation is unnecessary whenever 
we can determine directly a particular system of integrals (F, Z, U) 
of the equations (126). In order to obtain the general integral 
of these equations, we need only add Y, Z, U, respectively, to the 
right-hand sides of the equations (122) which represent the general 
integral of the homogeneous system (121).* 



* A method analogous to that of Cauchy (§ 39) may also be employed. Let 

y = <pi(x,a), z=\f/i(x,a), u = in(x,a) (z = l, 2, 3) 

be three systems of integrals of the homogeneous equations (121), satisfying, respec- 
tively, the initial condition 

faia, a) = l, yp^a, ar) = 0, ir^a, a) = 0, 

2 (a, a) = 0, \f/ 2 (or, cz) = 1, ir 2 (a, a) = 0, 

03 (a, a) = 0, ^3 (a, a) = 0, tt 3 (a, a) = 1. 
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When we know one or two particular systems of integrals of the 
equations (121), we can lower the order of the system by one or two 
units. Suppose, first, that we know a single system of integrals 
(y v z v u x ) } where the function y x is not zero. The change of 
dependent variables 

y=y 1 Y, z = z x Y+Z, u = u 1 Y+U 

leads to a linear system of the same form which must have the par- 
ticular system of integrals Y=l 9 Z = 0, U = 0. Therefore the 
coefficients of Y in these new equations must be zero. In fact, the 
transformed system is 

0, 

= 0. 

If we replace dY/dx in the last two equations by its value derived 
from the first, we obtain a system of two linear homogeneous equa- 
tions in the two dependent variables Z and U. After integrating 
this system Y can be obtained by a quadrature. 

Suppose now that we know two independent systems of integrals, 
(y v z v u^), (y 2 , z 2 , u 2 ). Since the three determinants 

yi z 2 - Vi z v Vi u 2 - V* u i> z i u 2 ~ z 2 u i 

do not vanish simultaneously, as we have shown above, let us sup- 
pose that y x z 2 — y 2 z l is different from zero. The transformation 

y = y x Y + y» z > z = ^Y+z 2 z y u = uj + u 2 z + u, 

where F, Z, U are the new dependent variables, leads to a linear 
system of the same form having the two particular systems of 



It is easy to see that the functions 

Y=f ViW a) +f 2 (a) <f> 2 {x, a) +/s <Ps (*, «)] da, 
Z= f Vi(«)lM*, a)+f 2 (a)yp 2 (x, a) +f 3 (a)xp 3 (x, a)] da, 
U= f [fi(a) it i (x, a) +/ 2 (a) ir 2 (x, a) +/ 3 (a) tt z (x, a)] da 

form a system of integrals of the non-homogeneous equations (126) . 



(128) 
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integrals (Y 1 = 1, Z x = U x = 0), (F 2 = 0, Z 2 = 1, U 2 = 0). The coeffi- 
cients of Y and Z in the equations of the new system must therefore 
be zero, and this new system has the form 

as is easily verified. It is clear that this system is integrable by 
quadratures, since the last equation contains only U. 

The preceding methods may be extended to systems of n linear 
equations with n dependent variables. In order to obtain the general 
integral of such a homogeneous system, it is sufficient to know n 
particular systems of integrals which form a fundamental system. 
If we know p independent systems of integrals (p < ri), the integra- 
tion reduces to that of a system of the same form with n — p 
dependent variables and to a number of quadratures. Finally, the 
general integral of a non-homogeneous system can be obtained by 
quadratures if we know the general integral of the corresponding 
homogeneous system. 

57. Adjoint systems. Given a linear homogeneous system with n dependent 
variables, 

(129) ^ = anyx + • • • + a ik y k + • • • + a in y n , (i, k = 1, 2, • • n) 
the linear system 

d Y- 

(130) -^=-a li Y 1 a H Y k a ni r„, 

which is obtained from the first by replacing y { by Y { , and by changing the 
rows into columns in the determinant of the coefficients a^, after having changed 
the sign of each element, is called the adjoint of the first. It is evident from the 
definition itself that this relation is a reciprocal one between the two systems. 

The integration of one of the systems (129), (130) involves that of the other. In 
fact, let (y v y 2 , • • •, y n ) and (Y v F 2 , . . Y n ) be any two particular systems of 
integrals of the two adjoint systems. From the relations (129) and (130) we have 

— (Y iyi + Y 2 y 2 + "' + Y n y n )=VY i (a il y 1 + • • • + a ik y k + . • • + a in y n ) 
dx 

+ Vi (- a U F l a K Y * ani Yn > • 

i 

If we permute the indices i and k in the second sum, we see immediately that 
the coeflicient of Y { y k on the right-hand side is 

Oik — a ih = ^> 

and the right-hand side is identically zero. We have therefore the relation 
between these two particular systems of integrals 

(131) Y lVl + Y 2 y 2 + • • • + Y n y n = C, 
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where C denotes a constant. The knowledge of a particular system of integrals 
(Y v Y 2 , Y n ) of the equations (130) furnishes therefore a first integral of 
the system (129), which is linear with respect to the dependent variables y v y 21 
. . . , y n . If we know the general integral of the adjoint system (130), the gen- 
eral integral of the given system (129) is represented by n relations of the form 
(131), where we take successively, for Y v Y 2 , • • F n , a set of n independent 
systems of integrals of the equations (130) . 

Particular attention has been paid to linear systems which are identical 
with their adjoint. In order to have this case, it is necessary and sufficient 
that the determinant of the be a skew symmetric determinant ; that is, that 
we have a&. + au = 0, whatever may be i and and consequently an = 0. If 
(y v y 2 ,-—,y n ) and (zi, z 2 , • • •, z n ) are two particular systems of integrals, the 
relation (131) becomes 

Vx Z \ + 2/2*2 + * * ' + VnZn = COnSt.J 

and if the two systems are identical, we have also 

y\ + y\ + • • • + vl = const - 

The integration of a linear system of the third order identical with its 
adjoint leads to the integration of a Riccati equation (§ 31, Ex. 2). The inte- 
gration of a system of the fourth order of that kind leads to the integration of 
two Riccati equations (see Ex. 15, p. 170). 

58. Linear systems with constant coefficients. If all the coefficients 
a, b y c, • • • of the equations 

^ + ay 4- bz + vu> = 0, 

dz 

— + a lV + bjs + o x u = 0, 

— + a $ + b 2 z + c 2 u = 

are constants, the general integral can be found by the solution of 
an algebraic equation. For let us try to satisfy these equations by 
taking for y, z, u expressions of the form 

(133) y = ae rx , z = pe rx , u = y e rx , 

where a, ft, y, r are unknown parameters. Substituting these func- 
tions for y, z, u in the left-hand sides of the equations (132), and 
suppressing the common factor e rx , we find the conditions 

r(a + r)a + bp + cy = 0, 

(134) J a x a + (b 1 + r)fi + c l7 = 0, 
[a 2 a+b 2 p+(c 2 + r)y = i 



(132) 
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which must be satisfied by values of a, ft y which do not all vanish. 
For this it is necessary and sufficient that r shall be a root of the 
equation of the third degree, 

a + v b c 
a x b 1 + r c 1 

l> 2 + r 



(135) F(r) = 



a n 



= 0, 



which is called' the auxiliary equation. Having taken for r a root of 
this equation, the relations (134) are consistent and we can deduce 
from them values for a, ft y, at least one of which is not zero. 
To every root of the equation F(r) = corresponds therefore a 
particular system of integrals of the form (133) ; there may even be 
several, as we shall see presently. If the auxiliary equation has 
three distinct roots r v r 2 , r 3 , each one furnishes a particular system 
of integrals. These three systems are independent, for, if they were 
not, we could express e r * x as a linear combination with constant 
coefficients of e r i x and of e r ^ x , which would be absurd. We can there- 
fore, in this case, obtain the general integral of the system (132) 
after we have solved the equation F(r) = 0. 

It remains to treat the case in which the auxiliary equation has a 
multiple root. Let us denote by f(r), <£(r), ij/(r) the three cof ac- 
tors of the auxiliary determinant corresponding to the elements of 
the same row, for example, the first. The last two equations of 
the system (134) are always satisfied for any value of r by taking 
for a, ft y quantities proportional to these cofactors ; if r is a root 
of F(r) = 0, these values of a, ft y also satisfy the first of the equa- 
tions (134). It follows from this that if r is a root of F(r) = 0, 
the functions 

y = f(r) e rx , z = cj> (r) e rx , u = \p (r) e rx 

form a particular system of integrals. Now let us suppose first that 
the equation F(r) = has two roots, r x and r 2 , whose difference is 
very small. Each of them furnishes a system of integrals, and the 
functions 

f(r 2 )e r * x -f(r x ) <fr (r. 2 ) - j, (r,) e r ^ x ij/(r 2 ) e r * x - ^(r^ e r i x 

r 2 -r x ' r 2 -r x ' r i~ r i 

are also integrals. If we now let r 2 approach r x and pass to the limit, 
we may conclude that if r x is a double root of F(r) = 0, the two 
groups of functions, 

(I) y x = / W <rr, «x = + ft) u i = <A ft) ^ 
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form two systems of integrals. Similarly (see § 44), if the equation 
F(r) = has a triple root r v we can add to the preceding two groups 
the group of three functions, 



(III) 



d 2 d 2 
d 2 



which form a third system of integrals. 

Let us now consider first the case where the equation F(r) = 
has a double root r t and a simple root r r If the double root r does 
not cause all the first minors of the auxiliary determinant to vanish, 
we may suppose that at least one of the cofactors f(r^), <#>( r i)> 
is not zero, for we can evidently replace, in the reasoning which pre- 
cedes, the first row by the second or the third. Suppose, for example, 
f( r i) ^ 0- ^ ne two systems of integrals (I) and (II) are independ- 
ent, for y 2 is equal to the product of e r i x and a binomial of the first 
degree xf(r^ -\-f(r^). As for the simple root r 2 , it furnishes a third 
system of integrals which, for the same reason as above, is not a 
linear combination of the first two. 

The reasoning fails if the double root r x makes all the first minors 
vanish, for the system (I) reduces to the trivial solution 

Vi = z x = u x = 0. 

But in this case the three equations (134) reduce to a single equa- 
tion when we replace in it r by r r If, for example, c is not zero, 
they reduce to the single equation (a + r^) a + b/3 + cy = 0, and we 
can take the two constants a and f$ arbitrarily. If we take, first, 
(a = 1, /?=0), then (a = 0, /? = 1), we obtain two independent 
systems of integrals of the form (133). A double root of F(r) = 0, 
therefore, always furnishes two particular independent systems of 
integrals. 

Suppose, finally, that F(r) = has the triple root r = r r If this 
root r x does not cause all the first minors of the determinant to 
vanish, we may suppose, for example, that f(r^ is not zero. The 
three particular systems of integrals (I), (II), (III) are independent, 
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for the coefficients of e r i x in y v y 2 , y s are respectively of degrees 
0, 1, 2 in x. 

If the triple root r x causes all the first minors of the determinant 
to vanish, we can determine first of all two independent systems of 
integrals of the form (133), as we have just explained in regard to 
the case of the double root, and we can then obtain the general 
integral if we can find a third system independent of these two. 
Developing the expressions in (III), and noting that 

we find 

y 3 = e^[2«/'(r 1 )+/"(r 1 )], z 3 = [2 x<l>'(rj ■ + 4>"(rfl, 

and this system of integrals is certainly independent of the first 
two unless we have at the same time /'(r^ = <£'( r i) = ^'( r i) = 0- 

Hence we obtain in this way a new system of integrals, unless the 
triple root r x also causes the derivatives of all the first minors to 
vanish. Now this cannot happen, as we see at once, unless we have 

b = c = a x = c x = a 2 = b 2 = 0, a = b x = c 2 = — r v 

and the system (132) reduces to three identical equations, 

dy A dz du A 

In this case, which may be considered as a limiting case, the three 
equations (134) are satisfied identically, when we replace r by r x in 
the expressions of (133), for any values whatever of the parameters 
a, ft, y. Summing up, to a triple root of the auxiliary equation there 
always correspond three particular independent systems of integrals. 

Generalization. Similarly, a system of n linear equations with constant 
coefficients 

^ + a 11 y 1 + a 12 y 2 + • • • + a ln y n = 0, 



(136) 



cty n 

-r~ + CLnlVl + <Xn2V2 + • • • + OnnVn = 0, 

ax 



may be integrated by finding particular systems of integrals of the form 

(137) y x = a x e rx , y 2 = a 2 e™, • • , y n = a n e™, 

where a v a 2 , • • •, a n , r are unknown constants whose values are to be deter- 
mined. We are thus led to n equations of condition 
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(138) 



( a il + r ) a l + a i2 a 2 + * * * + a l" a n — °» 
a 2i a i + ( a 22 + T ) CX 2 + " • +a2na n = 0, 



a n i ai + a n2 a 2 + h (««» + r)a n = 0, 

which give for. the unknown quantity r the auxiliary equation 



(139) 



F(r) = 



o n + r 



a 1t 



«2n 



a 22 + r ... 



= 0. 



If this equation has n distinct roots r v r 2 , • • •, r„, we obtain by this method 
n particular systems of integrals of the form (137) and, consequently, the gen- 
eral integral. If there are multiple roots, the discussion is somewhat more 
complicated. Let r x be a p-f old root ; to obtain from this root particular sys- 
tems of integrals of the equations (136), we may proceed in two ways. On the 
one hand, applying d'Alembert's method, Ets in the case of three equations, we 
can obtain p systems of integrals corresponding to that root. These integrals 
will be independent only if r x does not make all the first minors vanish. On the 
other hand, if r x makes all the minors formed from n — q + 1 rows of the deter- 
minant vanish, without making all those of n — q rows zero, that root furnishes 
q systems of integrals of the form (137), for the n equations (138) reduce to 
n — q independent equations when we replace r by r x . Combining these two 
methods, we find that they always furnish p independent systems of integrals. 

Practically we can obtain all these systems by equating coefficients. In fact, 
by the combination just mentioned we should obtain a system of integrals 
depending uponp arbitrary constants, which is of the form 



Vx = e^P^x), y 2 = e^P 2 (x), 



y n = e r i*P n (x), 



where P 1? P 2 , • • •, P n are polynomials of degree p — 1 or of lower degree. If 
we leave the coefficients of these polynomials as unknown, and if we substitute 
in the given equations, we shall obtain a certain number of relations between 
these coefficients, which enable us to express all of them in terms of p of them, 
which may be taken as arbitrary constants. 

59. Reduction to a canonical form. Every linear system with constant coeffi- 
cients can be reduced to a simple canonical form the integration of which is 
immediate. 

Let us write this system under a slightly different form, 



(140) 



V\ = a n2/i + «i2 2/2 + * ' • + a ln y n , 

y'2 = a 2\V\ + a 22V2 + ' ' * + a 2n?/n, 



y n = a nl y 1 + a n2 y 2 + • • • + a nn y n , 



where y' t denotes dyi/dx. If we take n dependent variables, F x , F 2 , 
linear in terms of y 11 y 2 , • • • , ?/ n , 



(141) 



Y{ = b il y l + • • • + b in y n , 



(i = 1, 2, ■ 
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where the coefficients b ik are constants whose determinant is different from 
zero, the system (140) is replaced by a system of the same form, 
f Y[ = A 1X Y X + A 12 Y 2 + • • • + A ln Y ni 
Y' 2 = A 2l Y x + ^ 22 ^ 2 + • • • + A 2n Y n , 



(142) 



Xn = A "X + A "* 7 * + * * ' + AnnYn ' 

obtained by replacing the variables y x , y 2 , • • •, y n , in the expressions for F/, 

F/ = + • • • + 6,» = 6.1 (a n 2/! + • • • + Oi w y n ) + • • • 
+ 6 t - n (a„i2/ 1 + • • • + a nn y n ), 

by their values given by the equations (141). If we consider the equations (140) 
as a linear substitution carried out on the variables y x , y 2 , • • • , y n , and F 15 F 2 , 
. . • , Y n as n new variables, the preceding calculations are precisely those which 
we must make in order to find the new linear substitution on the variables 
F 1? F 2 , • • •, F n , which corresponds to the linear substitution (140). Now we 
have seen that by suitably choosing the variables F; (§ 48) we can reduce every 
linear substitution to a simple canonical form.* In this canonical form the 
variables separate into a certain number of distinct groups, such that the 
substitution which the p variables F x , F 2 , • • • , Y p of the same group undergo 
is of the form 

(143) Y'^sY,, ^ = *(F 1 +F a ), Y; = s(Y p ^ 1 +Y p ). 

We can therefore, by a suitable change of variables of the form (141), always 
reduce the integration of the system (140) to the integration of a certain num- 
ber of systems of the form (143), where Y[ = dYi/dx. 

The integration of this system is immediate, but it is preferable to employ a 
somewhat different canonical form. For this purpose let us set F; = s { Zi(s ^ 0). 
The system (143) becomes 

dz, dz 9 , dz„ 

< 144) ^ = sz - .■£=* c * + t » &=^ + ^- 1 - 

This new canonical form is unchanged if we multiply all the dependent vari- 
ables by a factor e^, except for the change of s to s + X ; and it is applicable 
also to the case where the auxiliary equation has zero for a root. 

The general integral of the system (144) is represented by the equations 

1 x* '~ " ^ 

Zie~ sx = C 1 — — — + C 2 — —+...+ CUix+C* (i=l,2,... >3 )) 

[l — L)\ [l — L) \ 

or by equivalent equations obtained by solving for the constants Ci 

(145) z x er ** = C x , (z 2 - xzj er ** = C 2 , (z 3 -xz 2 +^ z^j er « = C 3 , 

| Zi - xzi _ i + |^ * - 2 + (- I) 1 " 1 ^ ^ j z t j e- « = Ci. (i = 1, 2, . • • , p) 



* We supposed before that the determinant of the substitution was not zero, 
whereas the determinant formed by the coefficients mic may be zero. But if we 
change y% to e^ x zi, the coefficients a u , a 22 , • • • , a n n are diminished by X, while the 
ant's, where i ^ k, do not change. We can therefore always choose X in such a way 
that the determinant of the new coefficients shall not be zero. 
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60. Jacobi's equation. Let us consider again a system of three 
linear equations with constant coefficients, which we shall write in 
the form 

fdx 



(146) 



^ ax + by + cz, 
= a x x + \y + c t s, 



-j = a 2 x + & a y + c 2 s, 



where t denotes the independent variable. Let us add these three 
equations, after having multiplied them respectively by ydz — zdy, 
zdx — xdz, xdy — ydx. The relation obtained is 

C(ax + by+ cz) (ydz - zdy) + fax + \y + c^z) (zdx — xdz) 

t + ( a 2 x + Kv + C 2 Z ) ( xd V ■" = 
and it is homogeneous in x, y, z. Hence it can be replaced by a rela- 
tion between x/z and y/z. Indeed, if we put x = Xz, y = Yz, and 
divide by £ 3 , this relation takes the form 



(148) { 



-(aX + bY+cjdY + faX + ^Y+cJdX 

+ faX + b 2 Y+ c 2 ) (Xd Y - YdX) = 0, 



which is exactly Jacobi's equation (pp. 11 and 32). 

Let x =f(t), y = 4>(t), z = ^r(tf) be a system of integrals of the 
equations (146). As £ varies, the point whose homogeneous coordi- 
nates are x, y, z (and whose Cartesian coordinates are X = x/z, 
Y=y/z) describes a plane curve T which is, by the preceding argu- 
ment, an integral curve of Jacobi's equation (148). The integration 
of Jacobi's equation therefore reduces to the integration of the sys- 
tem (146), that is, to the solution of an algebraic equation of the 
third degree, as we have already seen. 

If the auxiliary equation has three distinct roots s x , s 2 , s 3 , the general inte- 
gral of the system (146) is, according to the preceding paragraph, of the form 

(I) Per V = Cj_ , Qe~ V = C 2 , Rer V = C 3 , 

where P, Q, R are three linear homogeneous functions of x, y, z. It is easy to 
derive from these equations a homogeneous combination of degree zero which 
does not contain the \ariable t, 

(a) P s 3 ~ s 2 Q s x ~ h Rh -h=K, 

which is the same result that we obtained before by another method. 

The case in which the auxiliary equation has a double or a triple root 
can also be easily treated. The equations representing the general integral form 
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either two groups or a single group. In the first case these equations are of 
the form 

(II) Pe- V = C 19 (Q - tP) e~ V = C 2 , £e~ V = C 8 , 
and in the second case, of the form ^ 

(III) Pe- V = C lf (Q - tP)e-i = C a , (fl - + ^p) = C 3 , 

where P, Q, R denote in each case three linear homogeneous functions of 
x,y, z. From (II) we derive the following homogeneous combination of zero 
degree, independent of t : 

R < s l- s 3 )? TT 

and from (III) the combination 

2 PR — Q 2 jr 
(7) jq = K ' 

The relations (a), (j8), (7) represent the three forms possible for the general 
integral of Jacobi's equation. 

61. Systems with periodic coefficients. Let us consider first, for simplicity, a 
system of three equations of the form (146), whose coefficients a, 6, c, • • . are 
continuous functions of the variable t, each of which has the period w >0. 

Let (x 19 y t , z t ), (* 2 , y 2 , 2 2 ), (aJ 8 » 2/ 3 , z a) be three independent systems of inte- 
grals. Then the functions 

Xi (t) = Xi («+«), r* (0 = yi (t + «), Zi (t) = Zi (t + «) 
also form a system of integrals, and we have consequently three groups of 
relations of the form (§ 56), 

(Xi = anxx + a i2 x 2 + a i3 x^ 
(149) \ Yi = OiiVi + Ui2V2 + days, (i = 1, 2 > 3 ) 

[ Zi = «ii 2Ji + Cli2Z2 + «i3^3, 

where the a^'s are constant coefficients whose determinant H is not zero. We 
have, in fact, the relation 



*1 


*1 


^1 






2/1 


*1 


^2 






= H 


x 2 


2/2 


*2 


^3 


^3 


^3 




x 3 


2/3 


*3 



or, by (125), reasoning as we have done several times (§§ 38, 56), we may write 
the value of H in the form 

TT f n a> (« + & l + C 2>^ 

(150) H=eJ° . 

If the variable t is increased by the period w, the three functions 

*i(0, MO* *s(0 

undergo a linear transformation whose determinant is different from zero, 
defined by the relations 

\X 1 = + #12*^2 "t" ^13 ^3' 

(151) j Xj = a 21 x x + a 22 x 2 + a 23 x s , 

[X^ = a 3l X l a 32 X 2 ^33*^3? 
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and the two other systems of functions, (y v y 2 , 2/ 3 ), (z x , z 2 , z 3 ), undergo the same 
transformation. Now we know that it is possible to replace the three functions 
x x , x 2 , x 3 by three independent linear combinations with constant coefficients 
such that the equations (151), which define the new linear transformation, take 
on a simple canonical form. Taking the same linear combinations of the func- 
tions (y v y 2 , y 3 ) and of (z 1? z 2 , z 3 ), we obtain three systems of functions which 
are transformed by the same linear substitution of canonical form when t is 
changed to t + w. 

The reasoning is evidently general and applies to every linear homogeneous 
system in n dependent variables with periodic coefficients. Let y v y 2 , • • •, y n 
be these n dependent variables. We can determine n independent systems of 
integrals (y u , y 2 i, • • •, y n i) (i = 1, 2, • • n) such that the n functions 

Vkh 2/*2, Vkn 
undergo a linear substitution of canonical form when t changes to t + w, this 
linear substitution being the same for all the indices k. The consequences are 
the same as those which have been developed above (§ 54). All the integrals 
are expressible as the product of an exponential factor of the form e at and 
another factor which is either a periodic function of t or a polynomial in t 
whose coefficients are continuous periodic functions of t. Let 
y n = e« t z v y 21 = e« t z 2 , • y n i = e at z n 

be a particular system of integrals, where z v z 2 , • • •, z n are polynomials in t, 
with periodic coefficients, of which at least one is of degree p — 1, and of which 
none is of a degree greater than p — 1. From this system of integrals we can 
derive (p — 1) other systems of the form 

y li = e**Dz v y 22 = e«*Dz 2 , y n 2 = e« t Dz n , 

• • •, • • • • •? • • 

y hp = e at DP~^z v y 2 , P = e at DP~ 1 z 2 , y n , P = e at m-^z n , 

where the derivatives D { z k are taken regarding the periodic coefficients of the 
powers of t as constants (§ 54). All the systems of integrals of the given equa- 
tions can thus be derived from a certain number of them. The actual formation 
of these integrals, of which we know only the analytic form, depends, above all, 
on the solution of an algebraic equation of the nth degree, which is called, as 
before, the characteristic equation of the system. The coefficients of this equa- 
tion can be obtained in general only by approximations, as in the case of a 
single differential equation of the nth order (§ 55). 

62. Reducible systems. Let us consider a system of linear homogeneous equa- 
tions of the form (140), whose coefficients are real, continuous, and bounded 
functions of the real variable t for all the values of that variable greater than 
a certain bound t , and let us suppose that we apply to this system a transfor- 
mation of the form 

(152) zi = b a yi + b i2 y 2 + • • • + b in y n , (i = 1, 2, • • • , n) 

where the coefficients b i1c satisfy the following conditions : 

1) They are real, continuous, and bounded functions of the variable t for 
t>t ; 

2) They have derivatives satisfying the same condition ; 

3) The reciprocal of the determinant of the 6^'s is bounded. 
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If we take the functions z t - for new dependent variables, it is clear that the 
system (140) is replaced by a linear system of the same kind as the first. We 
have, in fact, , 

-^- = &ii2/i + &ii2/i+ 

or, replacing y[, y' 2 , • • •, y' n by their values obtained from the equations (140), 
dz t 

— — CilVl + C i2 y 2 + • • • + C in y n , 

dt 

where the coefficients Cut have the same properties as the coefficients a^. We 
have now only to replace y\, y 2 , • • •, y n in these last equations by their expres- 
sions in terms of the new dependent variables Z\, z 2 , • • •, z n obtained from the 
equations (152). 

If it is possible to choose the coefficients 6^ of the transformation in such a 
way that the new system will be a system with constant coefficients, the system is 
said by Liapunof to be reducible. See page 242 of his paper cited in the footnote 
on page 151. 

Every system whose coefficients are real, continuous, and periodic functions, with 
the same period a>, is reducible. 

In fact, let us consider the adjoint system, which is also a system with 
periodic coefficients. Let s be a root of the characteristic equation and a the 
corresponding characteristic exponent. We shall suppose, in order to consider 
the most general case, that to this exponent a corresponds a group of p par- 
ticular systems of integrals of the form previously considered. This group will 
therefore furnish (§ 57) p linear first integrals of the given system, which will 
be of the form 

e at (ziyi + z 2 y 2 + • • • + z n y n ) = Ci, 
e^(yiDzi + y 2 Dz 2 + • • • + = C 2 , 



& t (yiD*- 1 z 1 + 2/2 -Dp- ^2 + • • • + y n D*>- l z n ) = C p , 

where z±, z 2 , • • • , z» are polynomials in t, of degree p — 1 at most, with periodic 
coefficients, and where the derivatives D l are taken regarding these coefficients as 
constants. Arranging these first integrals with respect to t, we may write them 
in the form 



(153) 



L(P-1)! (P-2)I p \ 
L(p-2)! (p-3)! 2T J 



where T\, Y 2 , • • •, Y p are independent linear combinations of y\, y 2 , • • •, y n with 
periodic coefficients. For if they were not independent, we could derive from 
the equations (153) a relation between the arbitrary constants C\, C 2 , • ••, C p 
and the variable t. If we take the linear combinations Yi, Y 2 , Y p for 
dependent variables, the relations (153) represent precisely the general integral 
of the linear system of equations (§ 59), 

^1 — (IY2 dY p 

(154) -dT = - a¥l ' -dT = - ar * + Yu -jf =-«*, + Yp-*- 
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Proceeding similarly with all the groups of first integrals furnished by the groups 
of integrals of the adjoint system, we see that the given system is transformed 
into a linear system with constant coefficients by means of a transformation of 
the form 

( 166 ) Yi = <t>ilVl + <Pi2V2 + • • • + 0z„2/„, 

where the coefficients <p ik are periodic functions with the period w. 

The reciprocal of the determinant D of the <p ik 's is bounded for t > t , for 
we shall show that D does not vanish for t > t . Indeed, if we consider n inde- 
pendent systems of integrals (y u , . . ., y ni ) of the first system and the corre- 
sponding n systems (F lf , . . Y ni ) of the transformed system, the determinant D 
is equal to the quotient obtained by dividing the determinant of the IV s by 
the determinant of the y^s, and we know that these last two have finite values 
different from zero for all finite values of t. It follows that the absolute value 
of D remains greater than a certain positive minimum for all values of t 
between t and t + w. 

In order to complete the proof, we may suppose that the characteristic equa- 
tion of the adjoint system has no real negative roots ; for, by § 54, any root is 
replaced by its square if we consider the period 2 w instead of the period w. 
If the characteristic equation has only real positive roots, we may evidently 
suppose that all the functions <f> ik which appear in the equations (155) are real. 
Then that transformation actually satisfies all the required conditions. More- 
over, all the characteristic exponents are real, and the transformed system has 
real coefficients. But if the characteristic equation of the adjoint system has 
conjugate imaginary roots, to each group of p linear combinations, such as 
Y v Y p , in which appear imaginaries we can associate the group 

formed by the conjugate imaginaries. Hence, combining them in conjugate 
pairs, it is clear that we again obtain a system with real constant coefficients 
by means of a transformation of the desired form with real coefficients. 



EXERCISES 

1. Integrate the linear equations 

2/(iv) _ 2y" + y = Ae* + Be-* + C sinx + D cosz, y<y) + y" = x , 

y'" — y" + y' — y = 2e x — 4cos x, 

y'" - 3 y' + 2 y = (ax + 6) + ce~ 2 *, 

x?y"'-9xy"+ 9 2 / / = l+ 2x + .3z 2 Logz, 

x V - 2 xy' + 2 y = x 2 + px + q, 

x V" - 3 x V + 7 xy' - 8 y = x 3 - 2 x, 

xV / -3x?/ / + 4y = x 2 + f X dx . 

Jo Vl + x* 

x*y"' - 9 x*y" + 37 xy* - 64 y = x 4 [a + b Log x + c (Log x) 2 ], 
xV + 2xy' - 2 y = x cos x — sin x, 
x 2 y"+3xy'+y=f(x). 

If f(x) is analytic in the neighborhood of the origin, prove that this last equa- 
tion has a particular integral analytic in the same neighborhood. 



168 



LINEAR DIFFERENTIAL EQUATIONS [III, Exs. 



2. Integrate the systems of linear equations 



' dt dt +y °' dt dt +Z ' 



W ^ + 5x + 2 / = cos2t, 5|-x+3y = ; 



(7) 



f*V_ 6 *!! + *? + lS„ + 20* = «*, 
dx 2 dx 

dx 2 dx ' dx 



( a, £ + „-. = o, = * | + — 0; 

.) = £ + l ,-4, = 0, g + 4z-x = 0; 



(0- 




'-3y + 8s-4u = 0, ^ +2/ _5z + 2u = 0, 
dx 

— + 3?/-14z+6u = 0; 
dx 



-(X + l)y-2z + 2(l-X)u = 0, 
^ 2^+ Xy + «+ 2(X-l)u = 0, 

w' + Xy + (2X-l)u = 0. 

3. Find the general integral of the equation 

(2x + l)y" + (4x-2)?/ / - Sy = (6x 2 + x-3)e* 
from the fact that the homogeneous equation has a particular integral of the 
form e mx , where m is a constant. [Licence, Caen, 1884.] 

4. Prove that the differential equation 

(x*-l)y" = n{n + l)y, 

where n is a positive integer, has a polynomial P(x) for integral. From this 
prove that the same equation has a second integral 

PLo g g±|) +Q , 

where Q is also a polynomial. [Licence, Paris, 1890.] 

5. The linear differential equation 

xy" — (x + (jl + v)y' + ny = 0, 

where /i and v are two positive integers, has a polynomial y l = P (x) as an inte- 
gral. Hence prove that it has a second integral y 2 = e x Q(x), where Q(x) is also 
a polynomial. [Licence, Paris, 1903.] 

6. Find the necessary and sufficient condition that the linear equation 
y" 4. py' + qy — may have two independent integrals, y x , y 2 , which satisfy 
the relation y\y 2 = 1. Assuming thatp = — 1/x, find the coefficient q and the 
general integral. [Licence, Paris, 1902.] 

7. Derive the formula (23), p. Ill, from the formula (11), p. 106, which 
gives the value of the determinant A(t/i, y 2 , y n )- 
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8. Bessel's equation, 

xy" + 2 (m + 1) y' + xy = 0, 
has as a particular integral the function represented by the definite integral 

y — f (1 — z 2 ) m cos xz dz, 
Jo 

provided that the real part of m is greater than — 1 . If m is a positive integer, 
that integral is of the form (see Vol. I, end of Chap. V, Ex. 20, 2d ed. ; Ex. 21, 

lsted -) 2.4.6...2m(CTsinx+ Fcosx), 

where 77 and V are polynomials in 1/x whose coefficients are all integers, and 
the general integral is 

y = C(Usmx + Fcosx) + C"(Fsinx — ZJcosx). 

[Hermite.] 

9. The integration of the system of linear equations 

~ + ay + bz = 0, ^ + a x y + b x z = 0, 
dx dx 

where a, 6, a v b x are any functions of x, reduces, on putting y = tz, to the 
integration of Riccati's equation, 

j- + b + (a - \)t - a x t 2 = 0, 

and to the calculation of f(a + b x )dx (see ftn., p. 112). 

10. The ratio z of two independent integrals of the linear equation 

y" + py' + qy = 
satisfies the differential equation of the third order, 

( — ) =2q p 2 — p . 

z' 2\z7 ^2^ 

11. Given the differential equation 

(E) X (y"- y >)-. ay = 0, 

where a is constant, how must we choose the path of integration L so that the 
function y (x) represented by the definite integral 



(x) - f e zx z a - 1 (z-l)- a - 1 dz 



y 

shall be a particular integral of (E) ? Show that the equation (E) has a par- 
ticular integral, which can be expressed without any sign of quadrature, when 
a is an integer. Deduce from it the general integral, and express it in terms 
of the smallest possible number of transcendentals. 

[Licence, Paris, July, 1908.] 

12. Determine the two functions P(t) and Q(t) so that the function y 
represented by the expression 

y = (x-a) f X f(t) P (t) dt + (x-b) f X f(t) Q (t) dt 

shall be an integral of the differential equation y" =f(x) for all possible forms 
of the function /(x). [Licence, Paris, October, 1907.] 
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13. The general integral of the linear equation 

xy » +[ n + x P(x)] y' + x n + 1 Q(x)y = 0, 

where P (x) and Q (x) are analytic in the neighborhood of the origin, is single' 
valued in this neighborhood. The letter n denotes an integer greater than unity. 
14*. Every equation of the form 

dx n dx n - 1 

+ *Q«-p-l(*)^ + Qn-*(*)g + ' ' ' + Qn(x)V = 0, 

where Q v Q 2 ,--, Q n are analytic functions in the neighborhood of the origin, 
has an analytic integral in the same neighborhood ; and the value of the inte- 
gral, as well as the values of its first p — 1 derivatives, may be arbitrarily chosen 
for x = 0, provided the equation 

(r _p) . . . (r- n + 1) + Q^O) (r - p) • • • (r - n + 2) + . . • + Q„- P (0) = 

has no integral root greater than p — 1. 

[E. Goursat, Annates de VJZcole Normale, 1883, p. 265.] 
Note. By an artifice analogous to the one which was used in § 50, we are led 
to prove the proposition for an equation of the form 



dPu M (dP-^u , , du \ 
— ( \- • • • + \- u), 

dxp , xXdxP- 1 dx J 



1- 

r 



where we have put d n ~p 
u = y + xy' + - +x n ~P 



dx n ~p 

15*. Let 2 be a system of four linear equations identical with its adjoint 
(p. 156) 

IE) ^ = any, + a i2 y 2 + a is y 3 + a u y v (i = 1, 2, 3, 4) a ih + a hi = 
ax 

This system has the first integral y\ + y\ + yj + 2/f = If we suppose C = 0, 
the preceding relations are satisfied by putting 

Vl = p(r,-S), y 2 = p(l + W, y 8 = ^( 1 -W» 2/ 4 = ^(*? + ft. 

Substituting these expressions for ?/ 2 , y 3 , y 4 in the equations (E), we obtain 
the system of three equations 

2 £- = (02i + iais) (*? - ft + 2 ia 2 3 + (as* + ia 24 ) (*? + ft, 
P 

2 V = (a u + a 43 ) (1 + v 2 ) + i (aw + a 24 ) (1 — + 2 i (a 32 + a u ) 17, 
2 |' = (02i + M (1 + £ 2 ) + i (obi + a 24 ) (1 - £ 2 ) + 2 i (a 32 + a«) £, 
of which the last two are Riccati equations. Let t\ = /(x, C^, £ = <£(x, C 2 ) be 
the general integrals of these two equations ; then the general integral of the 
equation in p is given by the equation 

[E. Goursat, Comptes rendus, Vol. CVI, p. 187, and Vol. CXLVIII, p. 612.] 
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16. Prove the relation 




(n — 1) \Jx 



in which the left-hand side contains n integral signs, by proving that the two 
sides are particular integrals of a linear differential equation of the nth order 
satisfying the same initial conditions. 

17 *. Prove that the integral <f> (x, a) of the linear equation F(y)=§ (p. 108), 
considered as a function of the variable a, is an integral of the adjoint equation 
G (z) = 0, after having replaced x by a. 

Note. It is seen that the integral of the equation F(y) = which, with its 
first (n — 1) derivatives, takes on the same values for x = x as a function tt (x) 
and its first (n — 1) derivatives, has the form 



where z = ir(a). The integral on the right must depend only upon tt(x), ^(Xq), 
7r'(% ), • • 7r( n ~^) (Xq) • Now we can also write (§ 42) 



and it is clear that the preceding condition is not satisfied unless we have 
G [0 (x, a)] = 0. It follows readily that the functions t - (x) defined by the 
equations (^1) (ftn., p. 109) form a fundamental system of integrals of the 
adjoint equation. 





*F(z)4>(z, a)da={*[z, 0(x, *)]}":* - *)]da, 

u — x n *J x.. 
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NON-LINEAR DIFFERENTIAL EQUATIONS 

I. EXCEPTIONAL INITIAL VALUES 

The proof which has been given for the existence of integrals 
that take on given initial values really supposes that the right-hand 
sides of the given system of equations are analytic in the neighbor- 
hood of these initial values (§ 22). Restricting ourselves to the case 
of a single equation, we shall examine some simple cases in which 
that condition is not satisfied. 

63. The case where the derivative becomes infinite. Let us consider 
an equation of the first order, 

(i) %=K x >y)> 

where the right-hand side f(x, y) becomes infinite for the pair of 
values x = x Q , y = y in such a way that its reciprocal 

is analytic in the neighborhood of this pair of values. We can write 
the preceding equation in the form 

(J/X 1 n / N 

K) dy f(x,y) 

regarding y as the independent variable and x as the dependent 
variable. But since the right-hand side / a (a;, y) is analytic by hypothe- 
sis for x = x , y = y Q9 Cauchy's theorem applies to the equation (2). 
Hence there exists an integral, and only one, which approaches x Q 
as y approaches y Q , and that integral is analytic in the neighborhood 
of the point y Q . The development of x - x in a power series accord- 
ing to powers of y — y necessarily commences with a term which 
is at least of the second degree, since dx/dy or f x (x, y) is zero for 
a y y ^ for otherwise f(x, y) itself would be analytic. Let 
this development of x — x Q be 

(3) x - x = A m (y - y ) m + A m + 1 (y - y ) m + 1 + • • • . 

(m === 2, A m ^ 0) 
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From the equation (3) we derive a development for y — y Q according 
to powers of (x — x ) 1/m (see II, Part I, § 99), 

1 2^ 

(4) ij- Vo = a 1 (x-x )*+a 2 (x-x )'"+ (a^O) 

It follows that the equation (1) itself has this one and only this one 
integral of the form (4) which approaches y Q as x approaches x Q , and 
the point x Q is an algebraic critical point for this integral* 

64. Case where the derivative is indeterminate. The complete dis- 
cussion of all the cases in which the derivative becomes indeter- 
minate is much more complicated. Let us take first the equation 
studied by Briot and Bouquet, t 

(5) xy i -by = a 1Q x + a 2Q x 2 + a u xy + % 2 y 2 H = (x, y), 

where the right-hand side is analytic in the neighborhood of the 
point x — y = 0, and let us try to determine whether there exists an 
analytic integral which vanishes with x. For this purpose let us 
substitute for y, in both sides of the equation (5), a power series 

(6) y = c x x + c 2 x 2 H h o n x n H . 

After the substitution the coefficient of x n on the left-hand side is 
(n — b)c n , while the coefficient of x n on the right is a polynomial, 

^rc( a i0> a 20> ' ' ' 7 a 0n ') C \) * ' * J C n-l)j 

whose coefficients are all positive integers, and which contains only 
the coefficients c v • • • , c n _ 1 , and some but not necessarily all of the 
coefficients a lh for which i + h ^ n. We therefore obtain a recurrent 
relation for the coefficients of the series (6) : 

V> I (n = l,2,...) 

This enables us to calculate these coefficients successively, provided 
that b is not equal to a positive integer. Let us first set aside this 
supposition. The relation (7) gives us 

_ ^10 ^20 ~T" ^11^1 ~f~ d()2 C l 



* In geometric language, we can also say that through the point (x , y ) there 
passes one and only one integral curve, on which the point (x , ?/ ) is an ordinary 
point, and the tangent at this point is the straight line x = x . In stating the theorem 
we have tacitly assumed that the function fi(x, y) does not vanish for x = x for all 
values of y ; for in this case the integral of the equation (2) , which takes on the value 
x for y = y , reduces to x = x , and the equation (1) has no integral which approaches 
y as x approaches x . 

t Journal de VEcole Poly technique, Vol. XXI, 1856. 
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and so on in this way. The value of the series (6) certainly repre- 
sents an integral of the equation (5) vanishing with x, provided that 
the series has a radius of convergence different from zero. In fact, 
the operations by which we have obtained the coefficients of this 
series are then valid (I, § 192, 2d ed.; § 186, 1st ed.). 

In order to prove the convergence of this series, let us observe 
first that if we give to n all the integral values 1, 2, . . • , to infinity, 
the fraction l/(n — b), which cannot become infinite, approaches 
zero. The absolute value of that fraction has therefore a maximum 
1/B, and we have for every value of the integer n, | l/(n — b)\^l/B. 

On the other hand, let 

*(x, Y) = A 1Q x + A 2Q x* + A n xY + A^ + • • • + A*itY* + • • • 
be a dominant function for <f>(x, y), having no constant term nor any 
term in F. We might take, for example, a function of the form 

M , r ir Y 

but it is really not necessary to specify it completely in order to 
carry through the proof. The auxiliary equation 

(8) BY=<£(x, Y) 

has, by the general theorem on implicit functions (I, § 193, 2d ed. ; 
§ 187, 1st ed.), an analytic root vanishing with x. Let 

( 9 ) Y =C 1 x + +••■• + C n x n + • • • 

be the development of this root in a power series. In order to cal- 
culate the coefficients C i9 we can substitute this development for Y 
in the two sides of the relation (8). This gives the recurrent relation 

(10) BC n = P n (A 1Q , A n , • • • , A 0n ; C v C a , • • • , C n ^), 

where P n denotes the polynomial which appears in the relation (7), 
in which a ik has been replaced by A ik and c { by C { . 

But from the very way in which we have chosen the constant B 
and the function <f>(x, Y), we have the inequalities 

1 1 

\ a **\- A *> \n-b\~ B' 
It follows that if we have 

Ki< C l> N <C 2> \ C n-l\< C n-l, 

we have also |c n | < C n , since all the coefficients of the polynomial P n 
are positive integers. Now we have |^ 10 |< A 109 and, consequently, 
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|cj < C r Eeasoning step by step, we conclude that the series (9) 
dominates the series (6). The latter is therefore convergent in the 
neighborhood of the origin. Summing up, if the coefficient b of y in 
the equation (5) is not equal to a positive integer, that equation has 
one and only one analytic integral that vanishes with x. 

In order to finish the study of the analytic integrals which vanish with x, 
we must still examine the case where b is equal to a positive integer. Suppose 
first 6 = 1; the first of the relations (7) reduces to a 10 = 0. If a 10 is not zero, 
then there is no analytic integral fulfilling the condition. If <z 10 is zero, setting 
y = Xx, we are led to an equation, 

(11) V = ^ (x, X) = a 20 + a n \ + a 02 X 2 + • • 

where the function ^ (x, X) is analytic, provided that | x | < r, | X | < A, r and A 
being two suitably chosen positive numbers. Now this equation (11) has an 
infinite number of integrals which are analytic in the neighborhood of the 
origin, for we can choose arbitrarily the value X of X for x = 0, provided that 
we have | X 1 < A. Hence in this case the equation (5) has an infinite number 
of analytic integrals vanishing with x. 

If b is equal to a positive integer greater than unity, the coefficient of x in 
the development of an analytic integral vanishing for x = must be equal 
to a 10 /(l — 6), and the transformation y = <z 10 x/(l — b) + Xx leads to an equation 
of the same form in which the coefficient of X is equal to (1 — b) : 

xX' — (b — 1) X = a 10 x + a 20 x 2 + a u Xx + • • • . 

By a succession of similar transformations we reach the case which has just 
been treated. Consequently, if the coefficient 6 is equal to a positive integer, 
the equation (5) has no analytic integral vanishing with x, or it has an infinite 
number of such integrals. 

Briot and Bouquet also investigated whether there existed non-analytic inte- 
grals approaching zero with x, and proved that the equation (5) has an infinite 
number of such integrals when the real part of b is positive. We can easily 
establish this theorem by means of the method of successive approximations. 
Let us first point out that if the real part of 6 is positive, we may, without 
lack of generality, suppose that the real part < R(b)>l. In fact, if we make 
the change of variable x = x /n , where n is a positive integer, the equation (5) 
is replaced by an equation of the same form in which b is replaced by nb. 
We shall suppose, then, that we have *R (b) > 1, and that b is not an integer. 
As we have just seen, the equation (5) has an analytic integral y x , which 
vanishes for x = 0. Hence, setting y = y x + u, the equation (5) becomes 

xu' — bu = </> (x, 2/1 + u) — 4> (x, yi) = u\p (x, u) . 

Since the function <j> (x, y) does not contain any term of the form a constant 
times y, the function ^ (x, u) will not contain any constant term, and we can 
write the preceding equation in the form 



xu' — bu = u [ax + pu + • • •] • 



176 NON-LINEAR DIFFERENTIAL EQUATIONS [IV, § 64 



Let us now put u = Xx 6 , where X denotes the new dependent variable. The 
equation takes the form 

(12) X' = X [a + /3XX&-1 +-.] = F(\ x, a*-*), 

where F denotes a power series with respect to the three variables X, x, x 6 - 1 . 
In the plane of the variable x let us draw through the origin two rays whose 
inclinations are w and ^(o^ < <a x < w + 2 7r), and let us consider the circular 
sector A limited by these two rays and an arc of a circle with the radius r 
described with the origin as center. If x remains in the interior of A, and 
if |X| remains less than a positive number Z, the function F(\, x, x &_1 ) will 
be analytic,* provided that the two numbers r and I are sufficiently small. 
Let us connect the origin with any point x of the sector J. by a straight line- 
segment, and suppose that we take for the initial value of X an arbitrary value 
X whose absolute value is less than I. We can apply to the equation (12) the 
method of successive approximations (§ 29), which consists in taking the 
successive integrals 

\ = \+ fJ F (\, xb ~ x ) dx , x 2 = x o + / * F ( x i' x > xb " *) dx > 

and, in general, r x 

X„ = X + J o F(\ n _ u x, x&-i)dx, 

all of these integrals being taken along the straight line. The fundamental 
hypotheses for the validity of the proof are satisfied. All the functions Xi(x), 
X 2 (x), • • • are analytic in the interior of the sector A, and the function X n (x) 
approaches a limit A (x) if the radius r has been taken sufficiently small. Hence 
the equation (12) has an integral which is analytic in the interior of the sector 
A and which approaches the value X as x approaches zero. |It follows that the 
equation (5) has an infinite number of non-analytic integrals in the neighbor- 
hood of the origin, each of which approaches zero as the point x approaches 
the origin and depends upon an arbitrary parameter X . This proves Briot and 
Bouquet's theorem. 

The condition that the real part of b — 1 be positive is essential. Indeed, if 
x approaches the origin, remaining in the sector A, its angle remains between a> 
and w 1? and its absolute value approaches zero. Setting x = pe l( », b — 1 = /a + id, 
we have 

(13) X 6-1 = e0* + W)(logp + i<o) = l °S P-va e i(v log p + fi<o) # 

As p approaches zero, w remaining included between the two limits w and w 1 , 
fx log p — vu) becomes infinite in absolute value in remaining negative, and the 
absolute value of x 6_1 approaches zero. On the contrary, if the real part of 
ib — 1 is negative, it is obvious that the absolute value of x b ~ 1 becomes infinite 
as x approaches zero, remaining in the sector A. The function F(\, x, x 6 ^ 1 ) is 
not continuous at the origin, and the previous proof no longer applies. 

According to Briot and Bouquet, if the real part of b is negative, the equa- 
tion (5) has no other integral than the analytic integral vanishing for x = 0. 



*If x approaches the origin, remaining always in the sector A, the derivative of the 
function F with respect to x may become infinite if the real part of b - 2 is negative, 
but that derivative does not appear in the method of successive approximations. 
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But their proof, which is very similar to the one in the footnote on page 50, sup- 
poses that the variable x approaches the origin along a path of finite length that 
has a definite tangent at the origin, and this condition should appear in the state- 
ment of their theorem. In order to give some idea of the difficulty of the ques- 
tion, let us consider the function a£, supposing that the real part /x of b is negative, 
while the coefficient v of i is different from zero. The absolute value of x b is equal 
to eMiogp-vo. If we make the variable x describe a curve that approaches the 
origin indefinitely, fi log p does approach + co, but if we make the angle w in- 
crease in absolute value at the same time in such a way that the difference 
fi]ogp — vu} remains negative and increases indefinitely in absolute value, the 
absolute value of x h approaches zero at the same time as \x\. If v >0, we need 
only make the variable x describe the logarithmic spiral whose equation is 
p - e xW2^ f or example ; for we then have \x h \ = e~^/ 2 , and if the angle w 
approaches + oo, \x\ = p and |x & | approach zero simultaneously. 

If the real part of b is negative and the real part of b/i is not zero, it follows 
from investigations of Picard and Poincare' that the equation (5) has an in- 
finite number of non-analytic integrals that depend upon an arbitrary constant 
and approach zero as the variable x describes a path such as the preceding, along 
which \x h \ approaches zero. The contradiction between this result and the 
theorem of Briot and Bouquet is only apparent, since in the two cases entirely 
different conditions are assumed. In particular let us notice that if the variable 
x takes on only real values, it cannot turn an infinite number of times around 
the origin ; consequently there will be no other integral which approaches zero 
with x except the analytic integral, provided the real part of b is negative. 

The results of this discussion are easy to verify with the elementary equation 
xy' — ax + by, whose general integral is y - ax/ '(1 — b) + Cx b if 6—1 is not 
zero, and y — ax Log x + Cx if b = 1. 

65. We shall limit ourselves to a few statements concerning the 
general case of an equation of the form 

dy ax -f- by cx 2 -\- 2 dxy -f eif • • • _ Y 



(14) 



dx a'x + b'y + c'x 2 + 2 d f xy + eWf • • • X 



where X and Y are power series which converge when 

I x | < r ) I y I < r - 

We are supposing, as we may without loss of generality, that it is 
for x = y = that dy/dx becomes indeterminate. Setting y = vx in 
this equation, it becomes 

dv _ a + bv — v(a' + b'v) + x<t> (x, v) 

^ ' X dx~~ a' + b'v -f x\p(x, v) 

where <f>(x, v) and if/(x, v) are two power series which are convergent 
whenever \x\<r and \ vx \ < r. If the equation (14) has an analytic 
integral vanishing with x, the coefficient of x in the development of 
that integral is necessarily a root of the equation 

(16) a + bv - v (a' + b'v) = 0, 
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since the left-hand side of (15) is zero for x = 0. Let v 1 be a root of 
the equation (16). If we put v = v x + u, the two functions 

cf>(x, v x + u), xj/(x, v 1 + u) 

are still regular in the neighborhood of the values x = 0, u = 0, and 
the equation (15) reduces to an equation of a form already studied, 

du , 

(17) x— = Au + Bxj , 

provided that v = v x does not make a' + Vv vanish. Since the equa- 
tion (16) is in general of the second degree, we see that we can 
reduce the equation (14) to the form (5) in two different ways. 
Hence there are in general two analytic integrals and only two van- 
ishing for x = 0. But these conclusions are applicable only under 
the most general conditions, where the coefficients a, b, a', V do not 
satisfy any special relation. 

The general investigation of the integrals, analytic or not, of the 
equation (14), which approach zero when x approaches zero (X and 
Y being two regular functions which vanish f or x = y — 0), has been 
the object, since the work of Briot and Bouquet, of a large number 
of investigations. Although it has been possible to treat more and 
more general cases, the question is still not exhausted. Let us notice 
in particular just one remarkable circumstance which we have not 
yet mentioned. Let us take the equation 

(18) x 2 ^-by = ax, 

and let us. try to find, as above, an analytic integral of this equation 
which vanishes for x = 0. If we attempt to determine the coeffi- 
cients of the series (6) so that on substituting it in the equation (18) 
we arrive at an identity, we discover the relations 

a + &c 1= =0, Cl = bc 2 ,. 2c 2 = bc 3 , . . nc n = bc n + 1 , • • •, 

from which we derive 

a a 2a _ nl a 

We thus obtain a unique value for each coefficient, but the series 
which we obtain is divergent except for x — 0. The origin is an essen- 
tially singular point for all the integrals, as is verified by direct 
integration. Similarly, the point x = is an essentially singular 
point for all the integrals of the equation xy' + y 2 = ; and all these 
integrals approach zero with \x\. 
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If we assign only real values to the variables x and y, and wish to construct the 
integral curves of the equation (14) (X and Y being, for example, two polyno- 
mials in x and y with real coefficients), it is very important to know the form of 
these integral curves in the neighborhood of a point common to the two curves 
X = 0, Y = 0. We shall study from this point of view the simple equation 

dy = ax + by ^ 
dx a'x + b'y 

which can be integrated by elementary methods (§ 3) by the substitution y = tx. 
We can integrate it in a more symmetric way by replacing the equation (19) by 
the system 

(20) d * = dV =dt, 

a'x + b'y ax + by 

where t is an auxiliary variable introduced for the sake of symmetry. We have 
seen above (§ 59) that this system can be reduced to a simple canonical form 
by replacing x and y by two linear homogeneous combinations X and Y of these 
variables. In this case the characteristic equation is 

s 2 — (a' + b)s + ba' — al/ = 0. 

This equation cannot have zero for a root, since we suppose that ab' — ba' is 
not zero. Several cases are now to be distinguished according to the nature of 
the roots : 

1) If the characteristic equation has two real and distinct roots S\, s 2 , we can 
reduce the system (20) to the form 

dX _dY 
~HX ~ s 2 Y~ ' 

and the given equation consequently becomes 



YdX=-XdY. 



The general integral is given by the equation 



CX 



If Si and s 2 have the same sign, Y approaches zero with X, and all the integral 
curves pass through the origin, which is a node. If s 2 /si is negative, there exist 
only two integral curves passing through the origin, the straight lines X = 0, 
Y = ; hence the origin is a saddleback. 

2) If the characteristic equation has two conjugate imaginary roots a + 
a — /3£(/3 ^ 0), we can reduce the system (20) to the form 

• d(X+Yi) = d(X- Yi) = df _ 
(a + (3i)(X+Yi) (a-j3i)(X-Yi) 

where X and Y are linear homogeneous combinations of x and y with real 
coefficients. We can then write these equations in the form 

dX dY 

: - = dt 

aX-pY (3X+aY 

from which we derive 

XdX + YdY _ XdY- YdX 
a(X*+ r 2 ) ~ /3(X 2 + T 2 ) " 
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The general integral of the equation (19) is therefore represented by the 
equation a Y 

- arc tan — 

V + r 2 = Ce 3 . 

If a is not zero, all these curves have the form of spirals which approach 
the origin as an asymptotic point. The origin is said to be & focus. 

If a is zero, the general integral is represented by concentric conies. The 
origin is called a center, but this case must be considered as exceptional, since it 
occurs only when a satisfies an equality. 

3) If the characteristic equation has a double root s, that root is real and 
different from zero, and the system (20) reduces to the form 

dX dY 

= = dt. 

sX s(X+Y) 

The equation (19) itself becomes dY/dX — 1 + Y/X, and the general integral is 
Y = CX + X Log X. In order to construct these curves, we can express X and 
Fin terms of an auxiliary variable by putting X= tf, which gives Y= Ce e + Oefi. 
When approaches — oo, X and F, and consequently x and y, approach zero, 
and the origin is again a focus. 

The preceding classification is due to Poincare*, who has extended the dis- 
cussion to equations of the general form (14) whose coefficients are real. 



II. A STUDY OF SOME EQUATIONS OF THE FIRST ORDER 

66. Singular points of integrals. The developments in series by 
which we have established the existence of analytic integrals of a 
system of differential equations enable us to calculate these inte- 
grals only in the interior of the circle of convergence; but the 
knowledge of these developments suffices, as we have noticed in 
general (see II, Part I, § 86), to virtually determine these functions 
in the whole domain of their existence. Let us consider, for defi- 
niteness, an algebraic differential equation of the first order, 

(21) F(x,ij,y') = 0, 

where F is a polynomial in x, y, y\ Let (x Q , y Q ) be a pair of values 
for which the equation F(x Q , y Q , y') = has a simple root y' . When 
x and y approach x and y respectively, the equation (21) has one 
and only one root approaching y' Q , and that root, y' =f(x, y), is a 
regular function in the neighborhood of the point (x Q , y ). The 
equation (21) has therefore an analytic integral which reduces to 
y for x = x Q , and whose derivative takes on the value y' for x — x Q . 
This integral is defined by its power-series development only in the 
interior of a circle C Q about x Q as center, whose radius is in general 
finite. But this function, whose analytic extension may be followed 
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outside of the circle C , satisfies the equation (21) in its whole domain 
of existence. Let us observe that we may make use of the equation 
(21) itself to calculate the coefficients of the different series which 
we use in the method of analytic extension. If at a point x x in the 
circle C\ the integral considered is equal to y v its derivative is equal 
to one of the roots y{ of the equation F(x v y v y') = 0, and we shall 
be able to derive the values of the other derivatives at the point x 1 
by successive differentiations of (21). 

It follows that every differential equation of the first order defines 
an infinite number of analytic functions, depending upon one arbi- 
trary constant. These are in general transcendental functions which 
cannot be expressed in terms of the classic transcendentals, and the 
same thing is true a fortiori of the functions defined by algebraic 
differential equations of the second, or higher, order. The study 
of the properties of these new transcendentals and their classifi- 
cation constitutes the object of the analytic theory of differential 
equations. 

We may be guided in this study by two different motives : we 
may seek the necessary and sufficient conditions that equations of a 
given sort may be integrated by means of functions already known ; 
or, on the other hand, we may propose to ourselves the problem of 
discovering the algebraic differential equations that define transcen- 
dentals not reducible to the classic transcendentals, and possessing 
certain remarkable properties, such as being single-valued and ana- 
lytic, or analytic except for poles, etc. Whatever may be the object 
that we have specially in view, the investigation of the possible 
singularities of the integrals is an essential question. While the 
singular points of the integrals of a linear equation are fixed, the 
singular points of the integrals of non-linear equations vary in gen- 
eral with their initial values. For example, the integral of t he equa - 
tion x + yy' = which takes on the value y Q f or x = is y = ->Jy\ — x 2 . 
This function has the two critical points + y , — y , which depend 
upon the initial value. Similarly, the integral of the equation y 1 = y 2 
which takes on the value y Q for x = is y /(l — xy Q ) ; this solu- 
tion has the pole x = l/y Q . We are therefore led to distinguish two 
classes of singular points for a differential equation : the fixed sin- 
gular points which do not depend upon the chosen initial values 
(not being necessarily singular points for all the integrals), and 
the movable singular points, poles, or critical points which depend 
upon the initial values. A differential equation may have both kinds 
of singular points. 
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67. Functions defined by a differential equation y' = R(x, y). We 

shall study in particular the differential equation 

dy ^ / \ p(%, y) 

where P(as, y) and Q(x, y) are two polynomials in x and y which 
have no common polynomial divisor. The pair of simultaneous 
equations P(x, y) = 0, Q(x, y) = has a certain number of solutions 
(a v bj, • • &„). Let us mark the points a 1? a 2 , • • a n in the 

#-plane. 

the transformation y = l/z reduces the equation (22) to an equa- 
tion of the same form, 

dz , s P\(x* z) 
(23) — = R l (x,z)= *) ? ( , 

and the pair of equations P^x, z) = 0, Q^x, z) = has a certain 
number of systems of solutions (a[, b[), • (a m , b' m ). Let us mark 
the points a[, a' 29 • • • , a m in the x-plane. The points a i} a k are in gen- 
eral singular points for some of the integrals of the equation (22), 
but they are known a priori ; that is, they are the fixed singular 
points. 

Let now (sc , y Q ) be any pair of values such that Q(x Q , y ) is not 
zero. Then by Cauchy's fundamental theorem the equation (22) has 
an analytic integral, in the neighborhood of the point x , which 
takes on the value y for x = x Q . Suppose that we make the variable 
x describe any path L proceeding from the point x Q and not passing 
through any of the points a iy a' k . We can continue the analytic 
extension of this integral along L so long as we do not encounter 
any singular point. But it may happen that we are stopped by the 
presence of such a point; let a be the first singular point which 
we encounter. The integral considered is analytic in the neighbor- 
hood of every point X of the path L included between x Q and a, but 
the circle of convergence of the power series which represents it, 
and whose center is at X, never contains the point a in its interior, 
however small | X — a | may be. The equation Q (a, y) = has a cer- 
tain number of roots fa, fa 2 , • • • , fi N . Let us mark the points fa in 
the y-plane. The equation Q(a, y) = has only a finite number of 
roots, for otherwise the polynomial Q(x, y) would be divisible by 
(x — a) and the point a would be included among the points a { , a' k . 
For the same reason it is seen that the two equations P (a, y) = 0, 
Q(a, y) = have no common root. 
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There are now several possible cases to be examined. Let Y be 
the value of the integral in terms of X ; we cannot suppose that Y 
approaches a finite value /3 different from fa, /3 2 , • • • , fi N as X ap- 
proaches a, for R (x, y) is a regular function f or x = a, y = fa Now, 
by Cauchy's fundamental theorem, there would then exist a single 
integral approaching /3 as x approaches a, and that integral would 
be analytic at the point a, contrary to hypothesis. Let us suppose 
next that Y approaches the value fa when \X — a\ approaches zero. 
The function R (x, y) is infinite f or x = a, y = fa, but its reciprocal 
is a regular function, since we cannot have P (a, fa) = 0. We have 
seen in § 63 that the equation (.22) has one and only one integral 
which approaches fa as | X — a | approaches zero, and which has the 
point a as an algebraic critical point. Similarly, if \Y\ becomes 
infinite as | X — a | approaches zero, the equation (23) has an integral 
which approaches zero with \X — a\. We cannot have simultane- 
ously 0) = 0, Q x (a, 0) = 0, since the point a is not contained 
among the points a' k . If Q x (a, 0) is not zero, z is analytic in the 
neighborhood of the point a, which is a pole for the integral con- 
sidered. If Q x {a, 0) = 0, the point a is an algebraic critical point 
for z and thus also for y. 

We have not yet exhausted all the possibilities. Might it not hap- 
pen, for example, that Y does not approach any limit, although | Y \ 
does not become infinite as | X — a \ approaches zero ? Painleve has 
shown, in the following way, that this is not possible. Previously 
this had been assumed without adequate proof. About the point a 
as a center let us describe a circle C with a very small radius r. The 
roots of the equation Q(X, y) = which approach respectively 
ft v fa, • • •, p N as \X — a\ approaches zero remain respectively con- 
tained in the interior of the circles y v y 2 , • • • , y N about the points 
fa, fa, • • • , p N as centers with radii Pl , p 2 , - — , py. We can take the 
radius r so small that all these radii p { are themselves smaller than 
any given positive number c. Let us consider at the same time a 
circle T with a very large radius R, described in the plane of the 
variable y about the origin as center, and let (E) be the portion of 
the y-plane exterior to the circles y { and interior to the circle T. We 
shall show that when \X — a\ approaches zero, the corresponding 
point Y finally remains constantly in the interior of one of the cir- 
cles y { or exterior to the circle T. If this were not the case, we 
should always find on the path L certain points X such that \X — a\ 
is less than any given number and for which Y would be in the 
region (E). Suppose now that we have \X — a\< r/2, for example, 
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while only values of Y in the region (E) are considered. We shall 
show that there is a positive minimum for the radius of the circle of 
convergence of that integral of the equation (22) which is equal to Y 
for x = X. In fact, there is evidently a maximum for \R (X, Y) | when 
the points X, Y remain respectively in the preceding regions, while 
there is a positive minimum for the numbers a and b (see § 22). Let 
rj be the minimum of the radius of this circle of convergence. We 
could find, by hypothesis, a point X' on the path L whose distance 
from the point a would be less than rj and such that the correspond- 
ing point Y' would be in the region (E). Since the circle of conver- 
gence of the series, which represents the integral which takes on the 
value Y' for x = X', has a radius at least equal to rj, the point a 
would be in the interior of this circle, which is evidently impossible, 
since a is a singular point. 

The point F, therefore, finally remains constantly in the interior 
of one of the circles y t or outside of the circle r as \X — a\ approaches 
zero. Since the radius p { can be taken as small as we please and the 
radius R as large as we please, this means that Y approaches one of 
the values # unless | Y\ becomes infinite. We have just examined 
what happens in these two cases. It follows that the point a is either 
a pole or an algebraic critical point. Hence we can avoid the singular 
point by replacing the portion of the path L near the point a by an 
arc of a circle of infinitesimal radius described about this point 
as center, and we shall be able to continue the analytic extension 
beyond this point until we meet a new singular point. We shall 
show that on a path L of finite length there are never more than 
a finite number of poles or of algebraic critical points. In fact, with 
each of the points a { , a k as centers let us describe a very small circle 
in the plane of the cc's, and let us describe also a circle of very large 
radius about the origin as center, so that all of the path L shall lie 
in the region (E') of the cc-plane bounded by these circumferences. 
Let x x be any point of (E'). Then the integral whose absolute value 
becomes infinite as | x —~ x^ | approaches zero is equal to a polynomial 
in (x — x^)~ l plus a power series in (x — x^) which converges in 
a circle of radius p r Similarly, the different integrals which have 
the point x as an algebraic critical point are represented by series 
arranged according to fractional powers of x — x r Let p 2 be the 
smallest of the radii of convergence of these different series. It is 
clear that these numbers Pl and p 2 vary continuously with the position 
of the point x x ; hence they have a minimum A. > 0, and the distance 
between two neighboring singular points on the path L is of necessity 
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greater than A.* We can therefore encounter on this path only a 
finite number of poles or of algebraic critical points. Consequently, 
the only movable singular points of the integrals of the equation (22) 
are poles or algebraic critical points. These integrals cannot have 
movable essentially singular points, and consequently they can have 
no natural boundaries. 

The preceding arguments can be extended without difficulty to 
equations of the form (22), where P(x y y), Q(x, y) are polynomials 
in y whose coefficients are analytic functions of x. We have only to 
add to the points a { , a%, which are defined as above, the singular 
points of all these coefficients. If the path described by the variable x 
remains in a region not containing any of the points a { , a' k or any 
of the singular points of the coefficients of the various powers of y, 
the only singular points which the integrals can have are poles or 
algebraic critical points. 

As an application, let us consider the question of finding the 
equations of the form (22) which have no movable critical points. 
In order that this may be true, the denominator must not contain y. 
In fact, let a be any value of x, and ft a corresponding value of ?/, 
for which Q (a, /3) = 0, while the numerator P (a, /3) is not zero. The 
integral of the equation (22) which approaches /3 when \x — a\ 
approaches zero has this point as a critical point, and it is clear 
that it is not a critical point for all the integrals. Hence the desired 
equation must be of the form 

where P m , • • • are functions of x. Moreover, the equation 

obtained by putting y = 1/z must be of the same form, so that m 

* It should be noticed that an integral can have an infinite number of critical points, 
and even an infinite number of them in the neighborhood of any valueof x. Consider, 
for example, the equation 

2yy'=R(x), 

where R (x) is a rational function ; the general integral of this equation is 



Jf% X 
R(x)dx. 
Xn 



Let us suppose that the definite integral Jr (x) dx has the four periods 1, a, i, /Si, 
where a and (3 are two real irrational numbers. In the interior of a circle c described 
with any point x x as center and with an arbitrary radius, it is easy to prove (see II, 
Part I, § 53, Note) that we can find an infinite number of roots of y 2 by suitably 
choosing the paths of integration, and each of these roots is a critical point. But 
a path of finite length described by the variable never contains an infinite number 
of them. 
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cannot be greater than 2. It follows that the most general equation 
which satisfies the given conditions is a Riccati equation. It is 
easily verified that the condition is satisfied by any Riccati equa- 
tion. If we take, for example, the expression in (26) (§ 40) which 
represents the general integral, it is clear that that integral can have 
for singular points, besides the singular points of the functions y v 
y 2 , only poles resulting from the roots of the denominator y Y + Cy 2 , 
that is, poles which vary with the constant C. 

Similarly, we may consider the question of determining the equations of the 
form (22) whose integrals have no movable poles. Let m and n be the degrees 
of P (x, y) and of Q (x, y) with respect to y ; the equation obtained by putting 
y = 1/z is of the form 

(2) dx QAx,z) 

where P x and Q x are two new polynomials in z. Let x = a be any value of x 
not contained among the fixed singular points. The equation (24) has an inte- 
gral which approaches zero as |x — a\ approaches zero. It would seem from 
this that the equation (22) always has an integral whose absolute value becomes 
infinite as \ x — a\ approaches zero, but this conclusion is incorrect if the inte- 
gral of the equation (24) reduces to z = 0. It is necessary and sufficient for 
this that m < n + 2 ; hence this is the condition that there shall be no movable 
poles. It follows that the only type of equation which has no movable singular 
point of any kind is the linear equation. 

Application. The preceding result enables us to determine whether the gen- 
eral integral of a differential equation of the first order is a rational function 
of the constant of integration, when that constant is suitably chosen. Let 

( A ) c >=^ 

be a rational function of the parameter C, where the coefficients of the two 
polynomials in C, P(x, C) and Q(x, C), are any functions of x. It is clear that 
the derivative y' is also a rational function of (7, 

2/' = £'(x, C). 

The elimination of the parameter C leads to a relation of the form 

(E) F(v, v' ; z) = 

where F is a polynomial in y, y' whose coefficients may be any functions of x. 
From the manner in which this equation is obtained we see that it is of defi- 
ciency zero in y and y', regarding x as a parameter. 

Conversely, let us consider a differential equation of the first order (E), in 
which the left-hand side is a polynomial in y and y* whose coefficients are any 
analytic functions of x. In order that such an equation have a general integral 
of the form (A), it must first of all be of deficiency zero in y and y'. When 
this is the case, we can express y and y' as rational functions of a parameter w, 

y = r(x, u), y' = r ± (x, u), 
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in such a way that we have, conversely, u = ?/, y') , where the functions r 
and r x are rational in it, and where s is a rational function of y and y'. Hence 
the given differential equation (E) may be replaced by the equation 



dr dr du 

= r,(x, w), 

dx dudx lV ' " 



which is of the form 

(E,) ^ = F(x,u), 

where F is a rational function of u. If the general integral of the equation (E) 
is y = B(x, C), the general integral of the equation (E x ) is, according to the 
above, 

u = s[x, £(x, 0), #'(x, C)]; 

that is, it is a rational function of C. But the only singular points of such an 
expression which vary with C are evidently poles. The only movable singular 
points that the equation (E 1 ) can have are therefore poles ; consequently the 
equation (E 1 ) must be a Riccati equation.* 
Let us consider, for example, the equation 

y' 2 = (Py + Q) 2 (y-a)(y-b), 

where P and Q are functions of x, and where a and b are two constants. This 
relation is of deficiency zero in y and y', and in order to express y and y' as 
rational functions of a parameter, we need only set (y — b)/(y — a) = £ 2 , which 

glV6S 2/'U- t 2 ) 2 = (b-a) [P(bt-at*) + Q(t - ««)], 

and the equation (E x ) is the Riccati equation 

2^ = P(b-at*)+ Q(l-* 2 ). 



68. Single-valued functions deduced from the equation (y r ) m = R(y)* 

Let us now consider the integrals of the differential equation 

(25) (y-)«=iJ(y)=|M, 

where m is a positive integer and where P(y) and Q(y) are two 
mutually prime polynomials in y with constant coefficients. We shall 
now propose to determine all the equations of this kind whose gen- 
eral integrals are single-valued and in general analytic. Let x Q be 
any value of x, and y Q an arbitrary value of y which does not cause 
either of the polynomials P(y), Q(y) to vanish. The equation (25), 
after y has been replaced by y Q , has m distinct roots in y\ Let us 
choose one of these roots, y' Q . The equation (25) has an analytic 



* The converse is immediate. If (Ej) is a Riccati equation, the general integral u 
is a linear function of the arbitrary constant C, and consequently y=r (x y u) is a 
rational function of C. 
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integral in the neighborhood of the point x Q , which takes on the value 
y at this point and whose derivative is equal to y' for x = x Q . We 
can extend this integral analytically along the whole of any path 
starting from the point x , so long as we do not encounter any singu- 
lar points. Let a be the first singular point encountered, let X be a 
point of the path L lying between x Q and a, and let Y be the corre- 
sponding value of the integral at the point X. The arguments of 
the preceding paragraph, which apply here without essential modi- 
fication, show that as \X — a\ approaches zero, Y approaches a root 
of one of the equations 

P(y)=0, Q(y)=0, 

or else \ Y\ becomes infinite; but it can never happen that Y does 
not approach any limit. 

Let us examine the different possible cases. Suppose first that b 
is a 0-fold root of the denominator Q (y) = 0. From the equation (25) 
we have 

(26) dx = (y- bf [c Q + Cl (y - b) + . • .] dy. (c 0) 

If y describes a path from y Q to b in the plane of the y's, the vari- 
able x describes a path starting from x Q and ending at a point which 
we shall call a in the finite portion of the axplane. Conversely, if x 
goes from x Q to a along this path, y goes from y Q to b. Putting 
y — b = t m , we derive from the equation (26) a development of 
x — a in powers of t beginning with a term of degree m + q. 
Conversely, we have for t a development according to fractional 
powers of x — a beginning with a term in (x — a) 1/{m + q \ and there- 
fore a development of y — b of the form 

m 1 

y - b = (x - af+^ [ar + ^(x - a) m + « +•••]• (%^°) 

Since q is positive, m + q is greater than m, and the point x = a is 
an algebraic critical point for the integral considered. In order that 
the general integral of the equation (25) may be a single-valued func- 
tion, it is necessary that the polynomial Q(y) shall reduce to a 
constant, or that the equation shall be of the form 

(27) (y'Y = P(y), 

where P (y) is a polynomial. Since the equation*'™ = (— l) m z 2m P (1/z), 
obtained by the transformation y = l/z, must also be of the same 
form, the degree of the polynomial P (y) cannot be greater than 2 m. 
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Finally, we may suppose that P(y) is of degree 2 m. In fact, if 
P(y) is of degree 2 m — q, putting y = a + 1/z, where a is not a 
root of P(y), we are led to the equation 

z' m = (— l) m \_z 2m P (a) -f z^-ip'fa) H ], 

where the right-hand side is now a polynomial of degree 2 m. 

Conversely, given an equation of the form (27), where P(y) 
is a polynomial of degree 2 m, if b is a root of that polynomial 
the substitution y = b + 1/z leads to an equation in z of the 
same kind, where the right-hand side is a polynomial of degree 
less than 2 m. 

Let us suppose, then, that P (y) is a polynomial of degree 2 m, and 
let a be the first singular point that we find on the path L starting 
from x . If | Y\ becomes infinite when X approaches a, the equation 
in z, obtained by putting y = 1/z, has an analytic integral which is 
zero for X = a. The point a is therefore a pole for y. 

There remains the case where Y approaches a root b of P (y) as X 
approaches a. This can happen only in case the order of multi- 
plicity of that root is less than m. For let us suppose that P (y) 
is divisible by (y — b) g , where q ^ m. From the equation (27) we 
obtain, according to the initial conditions, 




where <£(?/) is regular in the neighborhood of the point b, and we 
see that \X\ becomes infinite as Y approaches b. It follows that 
q <m, and the given equation can again be written in the form 

(28) dx = (y- b)~™[c + c^y - b) + . . ^dy, (c Q * 0) 

whence we may derive a development of x — a in powers of (y — b) Vm 
beginning with a term of degree m — q. Conversely, we may derive 
from (28) a development f or y — b according to fractional powers of 
x — a beginning with a term in (x — a) m/(m - q \ The point a is there- 
fore, in general, an algebraic critical point. In order that it may be 
an ordinary point, m/(m — q) must be an integer i ; that is, we must 
have q = m(l — l/i), where i is an integer greater than unity. This 
condition is also sufficient, for if it is satisfied, we may derive from 
the equation (28) a development of the form 

x - a = k x (y - by+ k 2 (y - b)~ i + 1 + . . (k x * 0) 
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and, conversely, we have for (y — b) 1H a development according to 
integral powers of x — a. 

In order that the integrals of the equation (27) shall have no 
critical points, where P(y) is a polynomial of degree 2 ra it is neces- 
sary and sufficient, by what precedes, that the order of multiplicity 
of each root of P(y) = be equal to or greater than ra, or of the form 
m (1 — 1 /i), where i is an integer greater than unity. If all these 
conditions are satisfied, the general integral of the equation (27) is 
a single-valued function whose singular points in the finite portion 
of the plane can only be poles. 

To complete the discussion, we shall distinguish several cases : 
First case. There is one linear factor in P(y) whose exponent is 
greater than m (evidently there can be only one). If there are also 
p linear factors distinct from this one, the sum of the exponents of 
these factors is less than m : 

m(l — V\+'-- + m(l — V\<m. 

\ V \ V 

Hence we have p — 1 < l/i x + • • • -f l/i p and, since i v i 2 , • • • , i p are 
each greater than unity, p — 1 < p/2, or p < 2. "We have therefore 
p = 1, and, extracting the rath root of the two sides, we may write 
the equation (27) in the form 

1+? 1—7 

(I) y' = A(y-a) 1 (y - b) \ 

The case where i = 1 should not be excluded, for it corresponds to 
an hypothesis which we have not examined — that of a single linear 
factor in P(y). 

Second case. The equation P (y) = has an ra-f old root. If it has 
two, the equation (27) becomes, after extracting the rath root of the 
two sides, 

(II) y ' ==A (y-a)(y-b). 

If the equation P(y) = has only one root of multiplicity ra, it has 
p(p == 2) roots whose order of multiplicity is less than ra, and we 
have a relation of the form 



• + ra ( 1 — ~\ = ra, 



1 1 p 



whence we derive jp ^= 2. 
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Since p is greater than unity, we have necessarily^? = 2, \ = i 2 = 2 ; 
the number m is an even number, and the equation (27) reduces 
to the form 

(III) y 12 = A(y- a) 2 (y -b)(y- c), 

a } b, c being three different numbers. 

Third case. The equation P(y) = has only roots whose order of 
multiplicity is less than m. Let p be the number of these roots ; the 
sum of the orders of multiplicity being equal to 2 m, we have a 
relation of the form 

or 

llv 

\ 1 p 2 

Hence p ^ 4, and since p > 2, we can have only p — 4 or p = 3. If 
j9 = 4, the sum 1/^ -f l/\ + l/i 8 -f V*4 must be e( l ual to 2 ; and 
since each of the denominators is equal to at least 2, we must have 

\ = \ = \ = h = 2 ' 
If p = 3, it is a question of finding three integers, i v i 2 , i s , each 
greater than unity, such that the sum of their reciprocals is equal 
to 1. If none of these numbers is equal to 2, each must be equal to 
3. If one of them, i v is equal to 2, the sum of the reciprocals of the 
other two must be equal to 1/2 ; if the two are equal, each of them 
is equal to 4. If they are unequal, the smaller must be less than 4 ; 
it is therefore equal to 3, and the greater is then equal to 6. We 
have, then, in all only four possible combinations, and the equation 
(27) may be reduced to one of the following forms : 

(IV) y' 2 = A (y - a) (y - h) (y -c)(y- d), 

(V) yV^Aty-afty-Vfty-c)*, 

(VI) y* = A(y-ay(y-b)*(y-c)*, 

(VII) ,f = A(y- a)\y - ft) 4 (y - c)% 

where a, b, c, d are different numbers. If, in the equation (27), the 
polynomial P(y) is of degree 2 m, and if the general integral is a 
single- valued function, the equation (27) has one of the forms which 
we have just obtained. Conversely, every integral of any one of 
these equations is a single-valued function, since on any path 
described by the variable we cannot encounter any other singular 
points than poles. 
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It is convenient to add to the types which we have just enumer- 
ated, in order to have all the equations of the form (25) whose 
general integral is single-valued, the types which are obtained by a 
transformation of the form y — a = 1/z, where a is a root of the 
polynomial P(y)- The new types of equations thus obtained are 

(i)' y' = A(y-a)~ J , 

(I) " y< = A(y-a)^\ 

(II) ' y' = A (y - a), 

(III) ' y " = A(y-a)\y-b), 

(III) " y' 2 = A(y-b) (y-c), 

(IV) ' V' 2 = A(y-a)(y-b)(y- c), 

(V) ' y* = A(y-af(3t-hf, 

(VI) ' y" = A(y-ay(3,-by 9 
(Yiy y" = A(y-a?(y-b)*, 

(VII) ' y n = AQ/-a)'(y-by, 
(VII)" y« = A(y-aY(y-b)\ 
(VII)'" y« = A(y-ay(y-b)*. 

The equations (I), (I)', (I)", which are transformable one into the 
other, have a rational function for their general integral, as we see 
immediately from the equation (I)', for example. It is easy to show 
that the equations (II), (II)', (III), (III)', (III)" have a simply 
periodic function for their general integral. Finally, the general 
integral of the equations (IV) and (IV)' is an elliptic function. 
There remain, then, as new types of differential equations of the 
form (25) whose general integral is single-valued, only the equations 
(V), (VI), (VII), and those which reduce to these forms. These 
equations separate into three groups, and it is sufficient to integrate 
one equation from each of the groups, for example, the equations 
(V)', (VI)", (VII)'". 

If, in the equation (VI)", we put y = a + z 2 and extract the square 
root of the two sides, it becomes 

4z' 2 = A*z(z 2 + a-b), 

and the general integral in z is an elliptic function. Similarly, if in 
the equation (VII)'" we put y = a + z z and extract the cube root 
of the two sides, it becomes 

9z' 2 = A i (z 3 + a-b), 

which is an equation of the form (IV) f . 
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In order to integrate the equation (V)', we observe that that rela- 
tion between y and y' is of deficiency one. We can therefore express 
y and y' rationally in terms of the coordinates of a point of a cubic 
or in terms of a parameter t and the square root of a polynomial of 
the third degree. In fact, if we put y' = A t 2 , we derive from the 

equation (V)' , 7 1 

y = £t±* + |V(«-6)« + 4^, 

and the relation dy = y'dx leads to the new equation 
dt 



The general integral of this equation, t = f(x -f C), is an elliptic 
function. Hence the general integral of the equation (V)' is of the 

It follows that the general integral of every equation of the form 
(25), if it is a single- valued function, is a rational function of x or 
of the exponential function e ax , or is an elliptic function. 

Except in the cases which have just been enumerated, the general 
integral of the equation (25) is never a single-valued function. For 
example, the inverse function of a hyperelliptic integral of the first 
kind cannot be a single-valued function. In fact, let P (y) be a poly- 
nomial prime to its derivative and of degree greater than 4. The 
differential equation y' 2 = P(y) cannot have a single-valued integral. 
Let (x , y ) he the initial values of the two variables x and y. As 
\y \ becomes infinite, x approaches a finite value a\ and, conversely, 
when x goes from x Q to \ y | becomes infinite. The point x = a is 
an algebraic critical point, as we have just seen, for the integral of 
the equation z ,2 = z*P(l/z) which approaches zero when x approaches 
a, since the degree of P(y) is greater than 4. # 

* In one of their papers Briot and Bouquet set for themselves the problem of de- 
termining all the equations F (y, if)-0, where F is a polynomial, whose general inte- 
gral is a single-valued function {Journal cle VEcole Poly technique, Vol. XXI). From 
the conditions found by them Hermite proved that the relation between y and y' is 
of deficiency zero or one (Coitrs lithographic de VEcole Poly technique, 1873) ; hence 
we can apply the method of § 11 in integrating them. If the relation is of deficiency 
zero, we can express y and if as rational functions of a parameter t. In order that 
the integral of the given equation be a single-valued function, the variable x, which 
is obtained by a quadrature, must be a linear function of t, x=(at+ b)/(ct + d), or 
else the logarithm of such a function, x= A Log [(at + b)/(ct+d)]. If the relation is 
of deficiency one, we can express y and y' as elliptic functions of a parameter u, and 
dx/du = (l/y / ) dy/du must reduce to a constant. The problem of Briot and Bouquet 
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69. Existence of elliptic functions deduced from Euler's equation. The reasoning 
of the preceding paragraph proves, in particular, that the general integral of 
the equation y' 2 = R(y), where R (y) is a polynomial of the third or of the fourth 
degree, prime to its derivative, is a single-valued function analytic except for 
poles in the whole plane. On the other hand, the inverse function, which is an 
elliptic integral of the first kind, has two periods whose ratio is imaginary (see 
II, Part I, § 56). This single-valued function is therefore doubly periodic, and 
we thus demonstrate the existence of elliptic functions by means of the integral 
calculus alone. 

The preceding proof of the single-valued property of the inverse function of 
the elliptic integral of the first kind is distinct from the one which has been 
given in § 78 of Vol. II, Part I, in which we make use of the properties of the 
function p(u). We shall also show in brief how we can take as our point of 
departure the theory of the integration of Euler's equation, which will give an 
idea of the method pursued by the originators of the theory. 

Let us first consider the differential equation 

W -^ + ^= = 0, 

Vl — x 2 V 1 — y' 2 



whose general integral is x Vl — y 2 + y Vl — x 2 = C (§ 14). It is also clear that 
the general integral is given by the equation 

arc sin x + arc sin y = C, 

and therefore that we have between the two a relation of the form 



arc sin x + arc sin y = ^(xVl— y 2 + V Vl — x 2 ). 
In order to determine the function F, let us suppose y = ; there results the 
definite relation 



(30) arc sin x + arc sin y — arc sin (x Vl — y 2 + y Vl — x 2 ). 

This relation is equivalent to the addition formula. For let us take two angles 
u and v determined by the conditions 



x = sin Vl — x 2 = cos u, y — sin v, Vl — y 2 = cos v, 

where the radicals have the same values as in the preceding equations. The 

relation (30) gives 

x Vl — y 2 + y Vl — x 2 = sin (it + v), 

or 

sin (u + v) = sin u cos v + sin v cos u. 

However, to see in this work only an ingenious proof of the addition formula 
for the sine function would be to overlook entirely its broad significance. 
Indeed, we shall show that it leads to a very simple proof of the existence of a 
single-valued integral function which satisfies the differential equation 

(31) y /2 = i- y 2 , 

has been generalized by Fuchs, who formulated the necessary and sufficient condi- 
tions that the general integral of an equation of the first order F(x, y, y') = 0, alge- 
braic in y and y\ may have only fixed critical points. Poincare has since shown that 
when these conditions are satisfied, we are led to quadratures or to Riccati equations 
{Acta mathematical Vol. VII). 
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and which reduces to zero for x = 0, while y' is equal to + 1 f or x = 0. Cauchy's 
general theorem shows, indeed, that there exists an analytic function <p (x) satis- 
fying these conditions and analytic in the neighborhood of the origin, but it does 
not give the radius of convergence of the power series which represents 0(x). 
Let R be this radius of convergence. The circle C of radius R about the origin 
as center is the greatest circle described about the origin as center within which 
the function <f> (x) is analytic. The derivative <f>\x) is analytic in the same circle 
and we have ^(x) = 1 - ^{x). Let us now return to the equation (29), and let 
us make the change of variables x = <f>(u), y = 0( v ), where u and v are the two 
n#w variables and the function which has just been denned. If we choose 
the determination of the radicals in a suitable way, we have also 

and the equation (29) becomes du + dv = 0. The general integral of this equa- 
tion can therefore be written in two different ways : 



u + v= C, xVl-2/ 2 + yVl-x 2 = C 



or 



<p(u) </>'(*) + <p'(u)<p(v)= C. 
Hence it follows, as before, that we have a relation between u + v and 
(u) </>'(*) + Putting v = 0, the relation is determined, and we have 

( 32 ) <t> (u + v) = <j> (u) 4>'(v) + 0» ( V ) . 

This relation holds, provided \u\<R, \v\<R, \u + v\ <R, which will surely 
be true if we have \u\<R/2, \v\<R/2. Let us put v = u and \u\<R/2 - then 
the equation (32) becomes 

( 33 ) 0(2u) = 20(u)0». 

Let ^(u) be the function 2 <p (u/2) <p'(u/2). This function ^(u) is analytic in 
the circle of radius 2 R about the origin as center, and, by (33), it is identical 
with the analytic function <p(u) in the circle C of radius R. These two func- 
tions, 0(w), 0,(w), form therefore only a single analytic function, which is ana- 
lytic outside of the circle C. It is therefore impossible that the radius R of this 
circle of convergence has a finite value ; consequently the function <j>(u) is an 
integral function of u. 

Let us now consider the differential equation 

t 34 ) V' 2 = (1 - y 2 ) (1 - k*y*), 

adopting for the right-hand side Legendre's normal form, and let us study the 
integral \(x) of this equation which is zero f or x = and whose derivative is 
equal to + 1 for x = 0. This function X(x) is analytic in the neighborhood of 
the origin. Let C be the greatest circle about the origin as center in the inte- 
rior of which the function \(x) is analytic except for poles, and let R be its 
radius. If the nearest singular point of \(x) to the origin were not a pole we 
should take for C the circle through this singular point, and the function \(x) 
would then be analytic in this circle. 
Let us now consider Euler's equation 

(55) dx i _ + =0 

V(l-*i)(l-A^) V(l-a2)(l-*^) 
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Multiplying the numerator and the denominator of the right-hand side of the 
equation (66) (p. 29) by the conjugate of the denominator, and suppressing 
the common factor x\ — xf , we have for its general integral 



x 2 V(l - gj (1 - Etej) + x t V(l - xj) (1 - k*xj) = _ c 

1 ™~" Jc^ 

On the other hand, choosing the sign of the radicals suitably, the change 
of variables x 1 = X(u), x 2 = \(v) reduces the equation (35) to the equation 
du + dv = 0, whose general integral is u + v = C. If we make the same sub- 
stitution in the formula (36), we have a relation of the form 

\(u)\'(v) + \(v)\'(u) 

— ^— — ^ — ^ = F(u + v). 

We can determine the form of the function F, as before, by supposing v = 0, 
which gives F(u) = \(u) ; and we have the definite relation 

Putting v = u, we find 

(38) M2u) = 2X ^ y } U \ 

a formula which holds true whenever \u\<R/2. 
Let us consider the function 



*(u) = . 



2/ \2 



1-A: 2 X 4 



This function is analytic except for poles in the circle of radius 2 R about the 
origin as center, since it is the quotient of two such functions. Moreover, it 
coincides with \(u) in the interior of the circle C, by the relation (38). Hence 
the two functions X(u) and <£(u) form a single analytic function, and \(u) is 
analytic except for poles in a larger circle than G. It is therefore impossible to 
suppose that the radius R of this circle has a finite value, and consequently the 
function X (u) is analytic except for poles in the entire plane. 

The equation (37) constitutes the formula for the addition of the arguments 
of the function X(u). When k approaches zero, we find again at the limit the 
addition formula for sin u. The function sin u can, in fact, be considered as a 
degenerate case of X(w), obtained by letting k approach zero. 



70. Equations of higher order. The study of the properties of the functions 
defined by differential equations of higher order presents much more serious 
difficulties than those which arise in studying equations of the first order. These 
difficulties result in a great measure from the possible presence of movable 
essential singularities. These singularities may be at the same time essentially 
singular points and transcendental critical points, as in the following example, 
due to Painleve*. The function 



(39) 



y = p[Log(Ax + B); g 2 , g s ], 
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where A and B are two arbitrary constants, is the general integral of the equa- 
tion of the second order, 



2 _ ^2 



(40) 



2 1 



\4r - g 2 y - 9 3 V4r - g 2 y - 

In the neighborhood of every value of x "different from — B/A this function 
(39) is analytic or analytic except for poles. 

When x turns around the point — B/A, the function has an infinite number 
of different values, unless 2 tti is an aliquot part of one of the periods of the 
function p(u; g 2 , g 3 ). On the other hand, when the variable x describes any 
sort of curve such that \Ax + B\ approaches zero, the point which represents 
the quantity u = Log (Ax + B) describes a curve with an infinite branch. This 
curve therefore crosses an infinite number of parallelograms of periods of 
the function p(u), and consequently y does not approach any finite or infinite 
limit. Thus, although the general integral of the equation (40) presents neither 
fixed critical points nor movable algebraic critical points, we cannot conclude 
from this that it is single-valued. This is on account of the presence of the 
movable transcendental critical point, x = — B/A. 

Beginning with equations of the third order, the movable transcendental 
singular points may form lines. It is easy to see how an analytic function hav- 
ing natural boundaries may not have any critical points in its whole domain of 
existence without being on that account single-valued. Consider, for example, 
a function /(x) analytic in the ring included between the two circles C and C 
described about the center a and having C and C as natural boundaries 
(il, Part I, § 87). The function F(x) =f(x) + Log (x - a) has the same circles 
C and C as natural boundaries, and it is analytic at every point between C 
and C. Nevertheless it has an infinite number of. determinations for every 
value of x in this domain. 

Tor a long time these difficulties arrested the progress of this theory, but 
Painleve, in recent investigations, has obtained algebraic differential equations 
of the second order which are integrable by means of essentially new single- 
valued transcendentals. We shall cite only one of the equations given by 

Painleve', „ „ , _ 

y" = ay 2 + jSx, 

where a and p are constants (a/3 ^ 0). The general integral of this equation is 
a transcendental function analytic except for poles.* (Bulletin de la Soctete 
Mathematique, Vol. XXVIII.) 



* Starting with linear equations, it is easy to form systems of differential equa- 
tions which generalize Riccati's equation, and whose integrals have no other movable 
singular points than poles. Consider, for example, a system of three linear equations 
of the first order, 

(a) y'+ay+bz+cu = 0, z' + b^+ c^ = 0, u' + a 2 y + b 2 z+ c 2 u = 0. 

If we put y = uY, z = uZ, Fand Z are integrals of the system of equations 

JY'+aY+bZ + c- Y(a 2 Y+b 2 Z + c 2 ) = 0, 
{P) \Z / +a 1 Y+b 1 Z + c 1 -Z(a 2 Y+b 2 Z+c 2 ) = 0, 

and it is clear that the only movable singular points of the integrals are poles. But 
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III. SINGULAR INTEGRALS 

71. Singular integrals of an equation of the first order. We have 
already remarked on several occasions (§§ 10, 14) that a differential 
equation of the first order may have certain integrals which it would 
be impossible to obtain by assigning a particular value to the arbi- 
trary constant which appears in the general integral. This result 
appears to contradict the theorem of § 26, from which we deduced a 
precise definition of the general integral. This leads us to consider 
again Cauchy's fundamental theorem and to determine by a closer 
examination whether or not the hypotheses of that theorem are 
necessarily fulfilled for all integrals. Let us consider, for definite- 
ness, an equation of the first order, 

(41) F(x, y, y') = 0, 

where F is an irreducible polynomial in x, y, y 1 of the mth degree 
in y\ To every system of values (x , y ) the equation 

(41') f (*„ y» y') = o 

determines in general m corresponding distinct and finite values 
Vit * * *> y'm f° r y f - us suppose first that this is actually true 
at a given point (x Q , y Q ). Then, as x — x Q and y — y approach zero, 
the m roots of the equation (41) approach respectively y[, y' 2 , • • y' m , 
and each of them is an analytic function in the neighborhood of the 
point (x , y ). The root which approaches y' { , for example, is repre- 
sented by a power-series development of the form 

(42) y' = y\ + a { (x - x Q ) + ^(y - y J + .... 

We can apply Cauchy's theorem to the equation (42), and we con- 
clude from it that that equation has one and only one integral which 
approaches y Q as \x — x Q \ approaches zero. This integral is analytic, 
and the development of y — y Q begins with the term y\(x — x Q ). To 
each root of the equation (41') corresponds thus an integral of the 
given equation. 



it is to be noticed that this is not the most general system of differential equations 
of the form 

(7) F= R (x, Y, Z), Z'=R X (x, Y, Z), 

where R and R x are rational functions of Y and Z, which possess this property. 
In fact, let Y=<p(Y ly Z{) y Z = ^(Y lf Z{) be relations denning a Cremona trans- 
formation, such that we can derive from them the inverse relations Y 1 = <p l (Y, Z), 
= (Y, where 0, ^, <p lt \p l are rational functions. If we apply this trans- 
formation to the system (/3), we are led to a system having the same property, which 
is surely of the form (7) but not in general of the form 
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The equation (41) has therefore m and only m integrals which 
take on the value y for x = x Q , and these m integrals are analytic 
in the neighborhood of the point x . In geometric language we may 
say that through the point M Q whose coordinates are (# , y Q ) there 
pass m integral curves with m distinct tangents, and that the point 
M Q is an ordinary point on each of them. Besides, all the integrals 
of the equation (42) which for x = x Q take on values differing only 
slightly from y Q satisfy a relation of the form $>(#, y\ x Q , y Q + C) = 
(§ 26), and the integral considered corresponds to the value C = 
of the arbitrary constant. 

If for x = x Q , y = y a root of the equation (41') is infinite, it 
will suffice to regard y as the independent variable and x as the 
dependent variable. The equation (41) is replaced by an equation 
of the same form, F x (x y y, x' y ) = 0, which for x — x Q , y = y has a 
zero root x' = 0. If this is a simple root, we derive from it a develop- 
ment for x — x Q in powers of y — y beginning with a term of at least 
the second degree. Conversely, the point x Q is an algebraic critical 
point for the integral which approaches y Q when | x — x Q | approaches 
zero (II, Part I, § 100). Through the point (x Q , y ) there passes an 
integral curve whose tangent at that point is the straight line x = x Q . 

The coordinates (x Q , y ) of a point for which the equation (41) 
has a multiple root satisfy the relation 

(43) R(x,y) = 9 

which is obtained by eliminating ?/ from the two relations F = 0, 
dF/dy f = 0. The equation (43) represents a certain curve (y), and 
for all the points of this curve the equation (41) has one or several 
multiple roots. Let (x Q , ?/ ) be the coordinates of an ordinary point 
M taken on this algebraic curve. We shall suppose, in order to 
treat the simplest possible case, that the equation 

has a double root y' Q but no other multiple root finite in value. If 
this double root were infinite, it would suffice to interchange x and 
y in order to pass to the case where it is zero. "When \x — x \ and 
\y — y \ are very small, the equation (41) has two roots which differ very 
little from y' . These roots are not, in general, analytic functions of 
the variables x and y in the neighborhood of the point (x Q , y Q ), but 
their sum and their product are analytic functions,* so that these two 



* The proofs of these properties are analogous to the proofs of the corresponding 
theorems on implicit functions of a single variable (II, Part I, § 98). 
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roots of the equation (41), which approach ?/ 'as \x — x Q \ and | y — y \ 
approach zero, are also roots of an equation of the second degree, 

(44) y ' 2 - 2 P (x, y)y'+Q (x, y) = 0, 

where P(x, y) and Q(x, y) are analytic functions in the neighbor- 
hood of (x Q , y ). From the equation (44) we find 

(45) y' = P (x, y) ± Vp 2 (x, y) - Q(x, y), 

and these two roots are equal for all the points of the curve (y x ) 
whose equation is P 2 — Q = 0. This curve (y x ) is necessarily part of 
the curve (y), and since it passes through the point (x Q , y ), it coin- 
cides with (y) in the neighborhood of (x Q , y Q ). In order to study 
the corresponding integral curve, we shall suppose that the origin 
has been transformed to the point M Q , which amounts to putting 
x Q = y Q = 0. Since the origin is a simple point of the curve (y), if we 
have chosen the axes of coordinates in such a way that the tangent 
at the origin is not the axis Oy itself, the equation P 2 — Q = has an 
analytic root y = y x (x) which approaches zero as x approaches zero. 

In general, the slope of the tangent to the curve (y) at the origin 
is different from the double root y = P (0, 0) of the equation (45) 
for x = y = 0. Let us first assume this point, which is almost self- 
evident, and return to it later. Then, if we put y=zy 1 + z in the 
equation (45), it becomes 

y\ + 2' = P(x, y x + z)± V^(x, z), 

where <&(x y z) is a power series in x and z. It is clear that z must 
be a factor under the radical after the substitution y == y x + z, since 
y x is a root of the equation P 2 — Q = 0. If we arrange <£ (x, z) in 
powers of z, we have a development of the form 

x\, Q (x) + z^(x) + z\(x) + • • . , 

where i^ , ip v are regular functions of x in the neighborhood of 
the origin. The function ip (x) cannot be zero for x = 0, for other- 
wise the development of z® (x, z) would contain no terms of the first 
degree in x, z ; whence the development of P 2 — Q would contain no 
terms of the first degree in x, y, contrary to hypothesis. Similarly, 
if we replace y by its development in the difference P (x, y x + z)— y[, 
we have, after arranging in powers of z, 

p(x, y x + »)- y{ = 4> Q (x) + z<i>Ax) + • • • , 

where the first function <j> (x) does not vanish for x = 0, since by 
supposition the derivative y\ is different from P (0, 0) at the origin. 
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The equation (45) therefore reduces to an equation of the form 

(46) z' = 4> Q (x) + z^(x) + ...± V* V^ (*) + z^(x) + . . . , 

where neither of the functions <£ (#) and ^ (#) vanishes for x = 0. 

In this last equation let us put z = u 2 . Selecting a determination 
of the radical on the right, we find 

(47) 2 U Tx = + + • • • + w 

The right-hand side is analytic in the neighborhood of the point 
x = 0, w = 0, since ^ (0) is not zero. Moreover, this right-hand side 
is not zero for x == 0, u = 0, since <£ (0) is not zero. The derivative 
flfo/efa; is infinite for x = u = 0. Hence the equation (47) has one 
and only one integral which approaches zero as x approaches zero 
(§63), and for which the origin is an algebraic critical point. 

It follows that the given equation (44) has an integral y = y + u 2 
which approaches zero as x approaches zero. The adoption of the 
opposite determination of the radical in the equation (47) would 
amount to changing u to — u in that equation, and we should obtain 
the same function y x + u' 2 . The origin is an algebraic critical point 
for this integral. Let a Q be the term independent of x and of u in 
the development of the right-hand side of the equation (47), and let 
b Q be the coefficient of u in the same development. Developing x in 
powers of u, we find 

x = — — — ~ u 3 -I . 

% 3^ 

Conversely, we derive from this a series for u in powers of x 1/2 , 

u=^a Q x* + ^x-\ , 

and the development of y 1 + u 2 contains a term in x s/2 . The origin 
is therefore a cusp for the integral curve which passes through this 
point, and we can say now that the curve (y), represented by the equa- 
tion (43), is, in general, the locus of the cusps of the integral curves. 

Through a point of the curve (y) there passes,* in general, an inte- 
gral curve that has a cusp of the first kind at this point, and the 
tangent at the cusp has for its slope the double root y' Q . If the equa- 
tion (41) is of higher degree than 2, there pass through the same 
point other integral curves, corresponding to the simple roots of the 
equation F(x Q , y Q , y') = 0, for which this point is an ordinary point. 

The discussion is entirely different when for every point (x Q , y ) 
of the curve (y) the corresponding double root y' Q of the equation (41) 
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is equal to the slope of the tangent to the curve (y) at this point. 
In this case we see first of all that the curve (y) is an integral curve 
of the equation (41). Moreover, it is an integral which is entirely 
unaccounted for in Cauchy's fundamental theorem, whatever may 
be the point chosen on the curve to fix the initial values of x and y. 
For if we take the point (sc , y ), the equation 

F( x > V> v') = 

has two roots which approach y' as \x — x Q \ and \y — y \ approach 
zero ; but these two roots are not in general regular functions of the 
variables x and y in the neighborhood of the values x Q , y , and we 
cannot apply Cauchy's theorem. The integral thus obtained is said 
to be a singular integral. The investigation of singular integrals 
does not offer any theoretical difficulties, since it is evidently suffi- 
cient to determine whether the curve represented by the equation 
(43) satisfies the differential equation (41), and this necessitates only 
an elimination. It may happen that the equation (43) represents two 
distinct curves, one of which is a singular integral curve and the 
other the locus of the cusps of the integral curves. 

If the curve (y) is a singular integral, through each point of that 
curve there passes in general another integral curve tangent to (y). 
Let us take for origin any point of (y). We know in advance an 
integral y of the equation (45), namely, the singular integral for 
which we have simultaneously 

(48) y[ = P (x, y,), P 2 (x, y,) = Q (x, yj. 

Putting y = y x + z, as above, the equation takes the form (46), but 
in this case the function <i> Q (x) is zero, since z = must be an inte- 
gral of this new equation. Retaining the other hypotheses, the func- 
tion if/ Q (x) is not zero for x = 0, and if we next put z = u 2 in the 
equation (46), we are led to an equation all of whose terms are 
divisible by u. Dividing by u, there remains a differential equation 

(49) 2u' = tt^W+M 2 ^) + * * ±V^ (ar) + wVi( a? ) + --- > 
to which we can apply Cauchy's general theorem. Since the func- 
tion $ (x) is not zero for x = 0, the two determinations of the radi- 
cal are analytic for x = 0, u = 0. The equation (49) has therefore 
two analytic integrals in the neighborhood of the origin which van- 
ish for x = 0, and it is easily seen that these two integrals are 
deducible one from the other by changing u to — u It follows that 
the equation in y has another integral curve 

V = y x + u 2 , 
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which is tangent to the curve (y) at the origin. But there is an 
essential difference between these two integrals. In fact, we can 
apply the general theorems of § 26 to the equation (49), and the 
integral of this equation which is zero for x = belongs to a family 
of integrals which depend upon one arbitrary constant. The same 
thing is therefore true of the integral curve which is tangent to the 
singular integral curve at the origin, whereas the singular integral 
itself is in general an isolated solution. This fact is easily explained, 
since we cannot apply to this integral the reasoning which proves 
the existence of a general integral (§ 21) from which we could 
obtain the former by giving a particular value to the constant 
which appears in the latter. 

The singular integral is therefore in general the envelope of the 
other integral curves. Lagrange had already noticed that the enve- 
lope of the curves represented by the general integral of a differen- 
tial equation of the first order is also an integral of the same equation, 
which is almost self-evident, since at any point of the enveloping 
curve the slope of the tangent is the same for the envelope and for 
the particular curve enveloped at that point. We can also find in 
this way the rule which enables us to deduce the singular integral 
from the differential equation itself. In fact, let us first take a point 
M very near the envelope. Through this point M there pass two 
integral curves very close to each other. Moreover, the slopes of 
the tangents to these two curves differ from each other very little. 
When the point M approaches the envelope, these tangents approach 
coincidence, and the equation (41) has a double root in y' (see I, 
§ 208, 2d ed. ; § 202, 1st ed.). 

Summing up, we see that for an equation of the first order two 
entirely distinct cases may present themselves, according as the 
curve (y) is a singular integral curve or the locus of the cusps of the 
integral curves. It is natural to ask which of these two cases ought 
to be considered as the normal case. A little attention will show that 
it is the second. In fact, the curve (y) is also the envelope of the 
curves represented by the equation F(x, y, a) = 0, where a is the 
variable parameter. If the differential equation (41) had a singular 
integral, whatever the polynomial F might be, we should be led to 
assert a consequence which is manifestly absurd — that is, that at 
every point of the envelope of a family of algebraic curves the slope 
of the tangent is equal to the value of the parameter for the corre- 
sponding curve of the family tangent to the envelope at that point. 
If this condition is satisfied by a family of curves, it suffices to 
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change the parameter (putting, for example, a = a' + c) in order 
that this condition shall cease to hold. We see, therefore, that if 
we start from an equation of the first order in which the coeffi- 
cients of F are taken at random, rather than from an equation fur- 
nished by the elimination of an arbitrary constant, the cases where 
there exists a singular integral must be considered as exceptional. 
If this result formerly appeared paradoxical to some mathemati- 
cians, that was no doubt because, up to the time of Cauchy's work, 
the equations studied had been principally those whose general inte- 
gral is represented by algebraic curves. As a family of algebraic 
curves has in general an envelope, it appeared quite natural to 
extend the conclusion to the integral curves of any differential 
equation of the first order. We have just seen that this induction 
was not justified. * Moreover, even in the case where a family of 
plane curves depending upon a variable parameter has an envelope, 
the method which enables us to find that envelope gives also, as 
we have seen (I, §§ 207, 208, 2d ed. ; §§ 201, 202, 1st ed.), the locus 
of singular points. 

72. General comments. Example 1. Let us take the equation 

(50) y' 2 + 2xy'-y = 0. 

The two values of y : are equal for all the points of the parabola 
y + x 2 = 0, and the double root is equal to — x, while the' slope of 
the tangent to the parabola is — 2 x. This curve is therefore not a 
singular integral curve. We shall show that it is the locus of the 
cusps of the integral curves. The equation (50) is a Lagrange 
equation. Applying to it the general method of § 9, we find that the 
coordinates x and y of a point of an integral curve are expressed in 
terms of a parameter p by means of the equations 

C 2p 2C p 2 

(51) * = p~T' ^ = 7"~"3* 



* In the theory of envelopes we suppose tacitly that in the neighborhood of a 
system of solutions (x , 2/o, «o) of the two equations / (a; , y, a) = 0, df/da — the 
functions /and df/da, together with their partial derivatives, are continuous, so that 
we can apply to the functions x and y of a denned by these two equations the reason- 
ing which we apply to implicit functions. Now, given a differential equation of the 
first order, we know certainly that it has an infinite number of integrals depend- 
ing upon an arbitrary constant and represented in a certain region by an equation 
<f> (x, y, C) = 0, but there is nothing to prove a priori that this function </> (x, y, C) 
satisfies the conditions which we have just mentioned. We may even assert that it is 
not true in general. 
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It follows that these integrals are represented by unicursal curves of 
the fourth degree. For the values of the parameter which are roots 
of the equation p/ + 3 C = we have dx/dp = dy/dp — 0. Each of 
these curves has therefore three cusps, and the locus of these points 
can be found by eliminating p and C from the equations (51) and 
the relation p 3 = — 3 C, which gives the parabola y + # 2 = 0. 

Example 2. Let us again consider Euler ? s equation Xy' 2 = Y. The 
two values of y' are equal for all the points of any one of the eight 
straight lines represented by the equation 17= 0. These eight 
lines represent the singular solutions, and form the envelope of the 
curves represented by the general integral. 

Example 3. We can use the following method to determine whether 
singular solutions exist. From what we have seen, such an integral, 
if it exists, satisfies the equations 

dF 

F(x,y,y<)=0, — = 0, 

and consequently also the equation dF/dx + dF/dy y f = obtained by 
differentiating the first. Conversely, suppose that for all the points 
of a curve (y) the three equations 

dF dF dF 

(52) F( W )=0, ^ = 0, fc- + ¥ » = 

have a common solution in m. Along the curve (y), x, y, and m are 
three functions of a single variable satisfying the three relations 
(52). We have therefore the relation between their differentials, 

dF dF dF 

— dx + — dy + — dm = 0, 

ox cy dm 

which, by (52), takes the form 

dF/ _ dy 

dy \ dx 

If dF/dy is not zero at all the points of the curve (y), we have 
therefore y' = m, and this curve is a singular integral curve. * If 
dF/dy = 0, we must also have dF/dx = 0, and a direct verification is 
necessary to determine whether the curve (y) is an integral curve. 
This remark applies in particular to Clairaut's equation 

F ( x > y> v')=f(y', v - xi J) = °- 



* See an article by Darboux in the Bulletin des Sciences mathe'matiques, 
Vol. IV, 1873, pp. 158-176. 
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Putting, for the sake of brevity, u = y — xy\ the three equations 
which are to be compatible are here 

/fo'.y -**•>=<>, g-*f{=o, §£(-y ) + 2/ <g=o, 

and they reduce to only two equations. A singular integral is there- 
fore obtained by eliminating y' from these two relations. 

Example 4. Consider the equation 

x 2 + V 2 - 2x(x + 2/2/O + -L (x + yy') 2 + K = 0, 
m 2 

whose general integral is represented by the circles which have double contact 
with the conic ^ (l-m 2 ) + y 2 + K = 0, 

and which have their centers on the x-axis. This conic represents a singular 
solution. Moreover, the two values of y' become infinite for every point of the 
axis of x. This straight line is not, however, a locus of the cusps. Through any 
point of it there pass two integral curves tangent to each other, the common 
tangent being parallel to the axis of y. 

Example 5. In order that a curve C represent a singular integral, it is not 
enough to require that at all the points of that curve the equation (41) shall 
have a double root. It is also necessary that that double root shall be precisely 
the slope of the tangent to C. Let us consider, for example, the cissoids repre- 
sented by the equation (y — 2 a) 2 (x — a) — x 3 = 0. The straight line x = is the 
locus of the cusps of these curves, and it represents also a particular integral 
obtained by supposing a = 0. At every point of this integral curve the corre- 
sponding differential equation has the double root y' = and an infinite root. 
It is therefore not a singular integral curve. 

Example 6. Let S be a surface having convex regions and also regions 
where its curvature is negative. These regions are separated by a curve r, the 
locus of the parabolic points, at every point of which the differential equation 
of the asymptotic lines (I, § 243, 2d ed. ; § 242, 1st ed.), 

Ddu 2 + 2D'dudv + D"dv 2 = 0, 

has a double root in dv/du. This double root furnishes the direction of the 
single asymptotic tangent. If the tangent to r does not coincide with this 
asymptotic tangent (which is the general case), the curve r is the locus of the 
cusps of the asymptotic lines ; but if the asymptotic tangent at each point M 
of r coincides with the tangent to r, the curve is the envelope of the asymptotic 
lines. This curve r, therefore, is at the same time an asymptotic line and a line 
of curvature, since the tangent is also an axis of the indicatrix. The normals 
to the surface S along r form, therefore, a developable surface, and since the 
normal to S is the binormal to the curve r, it follows that r is a plane curve 
(I, § 235, 2d ed. ; § 231, 1st ed.) and the given surface 8 is tangent to the plane P 
of the curve r along the entire length of that curve. 

Let us consider, for example, a surface of revolution. In order that one of 
the principal radii of curvature at a point M of this surface be infinite, the 
radius of curvature of the meridian must be infinite or the tangent to this 
meridian must be perpendicular to the axis. In the first case the curve r is a 
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parallel each point of which is a point of inflection for the meridian, the asymp- 
totic tangent is perpendicular to the tangent to F, and this parallel is a locus 
of the cusps of the asymptotic lines. On the other hand, in the second case the 
curve r is a parallel in all of whose points the surface is tangent to the plane 
of this parallel, as in an anchor ring. It is also the envelope of the asymptotic 
lines. All these results are easy to verify directly from the differential equation 
of the asymptotic lines in polar coordinates. 

73. Geometric interpretation. The preceding discussion may be presented in a 
somewhat different form, which we shall rapidly indicate. We shall continue 
to employ geometric language, although the reasoning can be extended without 
difficulty to the domain of complex variables. 

We have already pointed out (§ 8) that the integration of a differential 
equation of the first order F(x, y, y') = is equivalent to the determination of 
the curves T which lie on the surface S whose equation is 



and for which dy — zdx = 0. The projection c on the z?/-plane of a curve T of the 
surface S satisfying the preceding conditions is an integral curve of the given 
differential equation, and conversely. We shall suppose in the discussion that 
this surface & has no other singularities than the double curves along which two 
sheets of the surface cross with distinct tangent planes. Instead of studying 
the curves c in the x?/-plane, we shall study the curves r on the surface S. 

Let us consider first a point Jlf (cc , y , z ) of the surface S not on a double 
curve nor where the tangent plane is parallel to the z-axis. The tangent to the 
curve r which passes through M c lies in the tangent plane at this point, 



These two planes are distinct, since (dF/dz) is not zero ; hence they intersect in 
a straight line not parallel to Oz. Through the point M there passes, therefore, 
one and only one curve r whose tangent is not parallel to the z-axis. The 
projection c of this curve on the z?/-plane passes through the point m , the 
projection of M , and m is an ordinary point for c. If the point M belongs 
to a double curve of S, the preceding reasoning applies to each of the two sheets, 
provided that none of the tangent planes at M Q are parallel to Oz. Through the 
point M there pass, therefore, two curves r corresponding to the two sheets 
of the surface S. It remains to find out what happens if the point M lies on 
the curve D of S, the locus of the points for which we have simultaneously 
F = 0, dF/dz = 0. We shall suppose that this curve D is not a double curve. 
It is, then, the locus of the points of S where the tangent plane is parallel to Oz, 
and one at least of the partial derivatives dF/dx, dF/dy is different from zero 
at the point M . Hence the two planes (54) and (55) are parallel to the z-axis, 
and their intersection is parallel to Oz unless these two planes coincide, that 
is, unless we have 



(53) 



F(x, y, z) = 




(56) 
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Let us first discard the case in which this happens. The tangent to the 
curve T which passes through M is parallel to Oz, but this curve itself does 
not present any singularity at the point M . To assure ourselves of this, we 
shall replace the system of the two equations 



with the initial conditions x = x , y — y , z = z . The two systems are equiva- 
lent. In fact, from the equations (58) we derive the integrable combination 
dF = 0. Hence we have F(x, y, z) = F(x , y , z ) = 0. Now, since 



does not vanish by hypothesis, we derive from the equations (58) the develop- 
ments of x — x and of y — y Q in powers of z — z Q beginning with terms of at 
least the second degree, 



The point M is therefore an ordinary point for the curve r which passes 
through this point, but the projection m of M on the plane xOy is a cusp (in 
general of the first kind) for the curve c, the projection of r. This results, more- 
over, from a general property, which is easily verified, that the projection of a 
space curve on a plane, in a direction parallel to the tangent at a point M of 
the curve, has a cusp at the point m, the projection of M (I, Exercise 13, p. 582, 
2d ed.). If d denotes the projection of the curve D on the a^-plane, it follows 
that the curve d is the locus of the cusps of the integral curves c, as we have 
shown before. The preceding method has the advantage of showing us how this 
singularity disappears when we pass from the plane to the surface S. 

The result is quite different when the relation (56) is satisfied at all the 
points of the curve D. The two planes (54) and (55) are then coincident, and 
we have the case in which there exists a singular integral. Through every point 
of D there pass in general two curves r, the curve _D itself and the second curve 
whose projection on the ccy-plane is tangent to the singular integral curve d. 

74. Singular integrals of systems of differential equations. The theory of the 
singular integrals may be extended to systems of differential equations of the 
first order, and therefore also to equations of higher order. We shall study 
only a system of two equations of the first order (which covers also the case of 
a single equation of the second order), and we shall employ a process which is 
the reverse of the preceding — that is, we shall consider first of all a system 
obtained by the elimination of the constants.* Let 



(57) F(x, y, z) = 0, dy = z dx 

by the system of the two simultaneous equations 




dz dz dx dy 




x-x Q = a 2 (z-z ) 2 -'-, 



y-v = P 2 (z- %) 2 •••• 



(59) 



F{x, y,z; a, b) = 0, 



$ (x, y,z; a, b) = 



* See E. Goursat, Sur les solutions singulieres des equations differentielles 
simultanees {American Journal of Mathematics, Vul. XI). 
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be the equations of a family of plane or skew curves which depend upon two 
arbitrary parameters a and b. Such a family is called a congruence of curves. 
Let us suppose, for simplicity, that the functions F and <£ are polynomials. The 
curves of the congruence are then algebraic. We shall first generalize the 
theorems established for the congruences of straight lines (I, §255). If we 
establish a relation between a and 6 of arbitrary form b = <f> (a), we obtajn an 
infinite number of curves r depending upon a single arbitrary parameter a. 
In general these curves do not have an envelope. In order that an envelope 
exist, it is necessary that the four equations (59) and (60) shall have a system 
of common solutions in x, y, z (I, § 215, 2d ed. ; § 223, 1st ed.) : 

( 60 ) 2£ + *™ = , £* + £*« = <>. 

da db da da db da 

The elimination of x, y, z from these four equations leads to a relation 
between a, b, and db/da, 



(6i) n ( a ' 6 '§) = °; 



that is, to a differential equation of the first order. If we have taken for 
b = <f>(a) an integral of this equation, the curves r will generate a surface 2 
and will be tangent to a curve C lying on 2. We shall call this curve C the edge 
of regression of 2, as in the case of line congruences. If the equation (61) is of 
degree m in db/da, every curve r of the congruence belongs, in general, to m 
surfaces similar to 2, and it touches the corresponding edge of regression on 
each of these surfaces in a definite point. Thus there exist m remarkable par- 
ticular points on each curve r of the congruence, which we call the focal points. 
These focal points can be obtained without integrating the differential equa- 
tion (61), for we need only solve the four equations (59) and (60) for x, y, z, 
db/da. We find first the relation (61), which gives db/da, and, eliminating db/da 
from the two equations (60), we have a new relation, 

(62) = dF d * _^ d * = () 

D(a, b) da db db da 

which, together with the two equations (59) of the curve r, enable us to calcu- 
late the coordinates of the focal points. 

The locus of the focal points is the focal surface of the congruence. We 
obtain the equation of this surface by eliminating a and b from the three rela- 
tions (59) and (62). The focal surface is also the locus of the edges of regres- 
sion C of the surfaces 2. In fact, any point of the curve C is a focal point 
for the curve of the congruence which is tangent to C at that point. It follows 
that every curve r of the congruence is tangent to m sheets of the focal surface 
at the m corresponding focal points, since at each of these points it is tangent 
to a curve C lying on the focal surface. All these properties are exactly analo- 
gous to the properties of congruences of straight lines. In general, if F and <£ 
are any polynomials, the m sheets of the focal surface are represented by a 
single equation, but it may also happen that this equation breaks up into sev- 
eral distinct equations. In certain particular cases it may also happen that 
some of the sheets of the focal surface reduce to curves. In such a case the 
corresponding edge of regression C reduces to a point. 
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The conclusion which we can derive from these properties with respect to 
differential equations is as follows : The curves r are the integral curves of a 
system of differential equations which is obtained by eliminating the constants 
a and b from the equations (59) and the equations obtained by differentiating 
them : 

(63) + z' = 0, - — J- — y + — 2 = 0. 
v ' dx dy dz dx dy dz 

Let 

(64) 3 (x, y, z, y', z') = 0, ^ (x, 2/, 2, 2/', = 

be the system of differential equations thus obtained. The equations (59) rep- 
resent the general integral of this system, since by hypothesis we can choose the 
constants a and b in such a way that the curve r passes through any point 
(x , y , z ) of space. If through this point there pass n curves r, the equations (59) 
determine n systems of values for a and b. The equations (63) determine 
y' and z\ and we see that for the point (x , y , z ) the equations (64) determine 
n systems of values for y' and z'. But the edges of regression C are also integral 
curves of the equations (64), since in a point of C the values of x, y, z, y', z' 
are the same for C and for the curve r tangent to C at that point. The equa- 
tions (64) have, therefore, besides the integrals represented by curves T, an 
infinite number of other integrals, not included in the equations (59), which 
are obtained by integrating the equation of the first order (61) ; these are the 
singular integrals of the system. 

On closer examination we see that the existence of the focal surfaces does 
not in reality require that the curves r shall be algebraic. It is sufficient that, 
in the neighborhood of a system of solutions (x , ?/ , z , a , b ) of the three 
equations 

D(F $) 

(65) F(x, y, z, a, b) = 0, $ (x, y, z, a, 6) = 0, ^ ^ = 0, 

the implicit functions x, ?/, z of the parameters a and 6, defined by these three 
equations, which reduce to x , y , z , for a = a , b — 6 , shall be continuous 
and have continuous derivatives in the neighborhood. In fact, let 

(66) x=f 1 (a,b), y=f 2 (a,b), z=f s (a,b) 

be these three functions. The sheet of the focal surface which passes through 
the point (x , y , z ) is represented in the neighborhood of this point by the 
equations (66), where the values of the parameters a and b are near a and b . 
It is easy to derive from this the equation of the plane tangent to the focal sur- 
face. In fact, when the point x, ?/, z describes any curve on this surface, x, 
z, a, b are functions of a single independent variable which satisfy the equa- 
tions (65) ; hence the differentials of these functions satisfy the two relations 

d F * . dF * . dF * . dF * . dF ^ n 
— - 5x -1 8y + — 8z -i da + — 8b — 0, 

dx dy dz da db 

— 8x + — Sy + — 8z + — 8a + — 8b = 0. 

dx dy dz da db 

Making use of the last of the relations (65), we can eliminate 8a and 8b, and 
we find the new relation 

(67) — — — - 8x -\ — — - 8y -\ — — - 8z = 0. 

V ' D(M) 
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We have only to replace 5x, by, 5z by X — x , Y—y ,Z — z , respectively, in 
order to have the equation of the plane tangent to the focal surface. It is easy 
to show that this plane passes through the tangent to the curve T. The prop- 
erties of the focal surface suppose, therefore, only that we can apply the 
theory of implicit functions to the equations (65), and in particular that the 
functions F, <£, together with their partial derivatives, are continuous in 
the neighborhood of a system of solutions x , y , z , a , 6 . This is certainly 
true when F and <£ are polynomials, but it is clear that it is also true for 
many other functions. Let us also observe that if the curves T have singular 
points, the locus of these singular points forms a part of the focal surface. 
This is shown as in the case of the analogous proposition relative to plane 
curves (I, § 207, 2d ed. ; § 201, 1st ed.). 

Let us now examine the question from the opposite point of view. Given a 
system of two differential equations of the first order, such as the system (64), 
let us propose to determine whether this system has singular integrals. We 
shall suppose that & and are polynomials. Let M be any point (x , y , z ) 
of space. If x, y, z are replaced by x , y , z , respectively, in the equations (64), 
these equations have in general a certain number of systems of solutions. Let 
z' be one of these systems. Let us assume first that, for this system of solu- 
tions, the Jacobian D (#, <^ 1 )/D{y\ z') is not zero. From the equations (64), y' 
and z' can be found as regular functions in the neighborhood of the point 

y' = y' + a(x - x ) + • • zT = z' + a 1 (x-x ) + •, 

which reduce to y' and Zq, respectively, forx=x , y=y , z = z . The equations (64) 
have therefore an integral curve passing through the point M Q tangent to the 
straight line whose equations are Y — y = y' (X — x ), Z — z = z' (X — x ). 
Moreover, this curve forms part of a family of integral curves depending upon 
two arbitrary parameters (§ 26) . This conclusion does not hold if we have 
D(c5s Q^^)/I>{y' , Zq) = 0; but this can occur only if the coordinates (x , y , z ) 
satisfy the relation 

(68) R(x,y,z) = 0, 

which is obtained by eliminating y / and z' from the three equations 

(69) <£=<>, <£i = o, y;^ =o. 

D{y',z') 

The equation (68) represents a surface S, and, from what we have just seen, 
an integral curve which does not lie on the surface S cannot be a singular 
integral curve. 

If the point M is on the surface S, the three equations (69) have for this point a 
system of common solutions, y' = y' , z' — z' Q . If the straight line D represented 
by the equations 

X-x _ Y- y _Z- z 



(70) 



1 



is not tangent to S (which is the general case), there is an integral curve pass- 
ing through the point M and tangent to the straight line D. It has been shown 
that the point M is in general a cusp for that curve. What is essential for us 
is that this integral curve cannot be on the surface, since its tangent is not in 
the tangent plane. In order that singular integrals may exist, in each point of 
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S the corresponding straight line D must therefore be situated in the plane 
tangent to the surface. This condition is sufficient, for then through each point 
of S there passes a curve lying on the surface and tangent to the line D. These 
curves are determined by a differential equation of the first order, and they are 
indeed singular integral curves, for at each of their points the values of y' and 
of z' form a multiple system of solutions of the equations (64). 
Example 1. Consider the simultaneous system of equations 

(71) y-xy' = 0, x 2 z' 2 = x 2 + y 2 -l. 

The two values of z' are equal for all the points of the cylinder x 2 + y 2 — 1 = 0, 
and the direction corresponding to that double root is the perpendicular dropped 
from the point (x, y) on the z-axis. Since this perpendicular is not in the tangent 
plane to the cylinder, there cannot be any singular integrals. In this example it 
is easy to verify that the cylinder is the locus of the cusps of the integral curves, 
for the general integral of the system (71) is represented by the equations 

y = C x x, z=Vx 2 + 2/ 2 — 1— arc tan^V x 2 + y 2 — 1 + C 2 . 
Example 2. Every system of differential equations of the form 

(72) F(y — xy', z — xz', y', z') = 0, $ (y — xy', z — xz', y', z') = 0, 

which may be considered as a generalization of Clairaut's equation, is easily 
integrated by observing that the preceding relations lead to the equations 



where u = y — xy', v = z — xz' . These last equations are satisfied by assuming 
that y" — 0, z" = 0, or by supposing that we have 

(7S) F. x ^/ e ?. x ??U(--x^V--^Uo 

v ; \dy' du/\dz' dvj W dv/Xdy' duj 

Under the first supposition, y' and z' are constants a and b ; whence we see 
that the curves which correspond to the general integral are the straight lines 
of the congruence represented by the two equations 

F(y — ax, z — bx, a, b) = 0, $ (y — ax, z — bx, a, b) = 0. 

There are also singular integrals, since the straight lines of the congruence 
are tangent to the two sheets of a focal surface. These singular integrals are 
the edges of regression of the developables of the congruence, and are obtained 
by the integration of a differential equation of the first order. The equation of 
the focal surface is obtained by eliminating y' and z' from the relations (72) 
and (73). 



1. Examine the following differential equations for singular solutions : 




EXERCISES 




[Serret.] 



xy 2 y' 2 — y s y' + a 2 x = 0. 
y' 2 — 2 x ^Jyy' + 4 y Vy = 0. 
(xy' - y) 2 - 2x2/(1 + y' 2 ) = 0. 
2xy(l+y' 2 )-(xy' + y) 2 = Q. 



[SCHLOMILCH.] 



[Boole.] 
[Houel.] 

[MOIGNO.] 
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2*. The equation £T(x, y) = 0, obtained by eliminating y / between the two 
relations F(x, y, y') = 0, dF/dx + dF/dy y' — 0, represents the locus of the 
points of inflection of the integral curves. 

Deduce from this the theorem of § 72, in regard to the locus of the cusps of 
the integral curves, by means of a transformation of reciprocal polars. 

[Darboux, Bulletin des Sciences mathematiques, Vol. IV, 1873.] 

3. Determine the singular integrals of the system of differential equations 

y = xy / + y' 2 + z', z = z'x + y'z'. [Serret.] 

4. Determine whether the differential equation of the second order, 

(1 + x 2 ) y"* - (2 xy' + ^ y" + y' 2 + xy* - y = 0, 

has singular integrals, and find any that exist. [Lagrange.] 
[Replace this equation by a system of two equations of the first order.] 

5*. Given a differential equation of the second order, 

v, y\ y") = o, 

by eliminating y" between this equation and the relation dF/dy" = we obtain 
a differential equation of the first order P (x, y, y') — 0, whose integrals have 
in general the following property : Through each point M of one of these inte- 
gral curves C there passes an integral curve of the equation F = 0, which has a 
cusp of the second kind at If, and whose cuspidal tangent is the tangent to the 
curve C at this point. [American Journal of Mathematics, Vol. XI, p. 364.] 

6. Establish the properties of by starting with the general integral of the 
differential equation dx/x + dy/y = 0, written in the algebraic form xy = C. 

Consider the same question for the function tan x, finding first the general 
integral in algebraic form of the differential equation 

dx + dy ^ Q 



1 + x 2 1+y 2 

7*. Let y' = E(x, 2/), where B(x, y) is a rational function of y whose coeffi- 
cients are analytic functions of x, be a differential equation of the first order 
having a general integral of the form 

m 0o(g)y w + 0i(s)y w - 1 + - -+0n(g) = F(x y)=c 

} ^ (x) y" + ^(x) y— 1 + • • • + VnW 

Prove that this equation can be reduced to a Riccati equation by a substitution 
of the form u = E x (x, ?/), where R x is a rational function of y. [Painleve.] 

Note. It will be noticed that the equation (1) can be written in the form 
y» + [A x (x) + B x {x) u] y n ~ 1 + • • • + [A n -!(x) + J3„_ x (x) u] y + u = 0, 
where u = (<p n — C^„)/(0 O — C\p ), and that u satisfies a Riccati equation, while 
the functions Ai, B{ are known. 

8. If we seek to determine the function f(a) so that the envelope of the 
straight lines x cos a + y sin a = / (a) shall be a given curve O, we are led to 
a differential equation whose general integral is represented by the straight 
lines which pass through a fixed point of C. The true solution is furnished by 
the singular integral. 



CHAPTER V 



PARTIAL DIFFERENTIAL EQUATIONS OF THE FIRST ORDER 

This chapter is devoted to the theory of partial differential equa- 
tions of the first order. We shall consider for the most part the 
reduction of the integration of an equation of this type to that of a 
system of ordinary differential equations. Although this reduction is 
not, in many cases, of any practical utility, it nevertheless possesses 
great theoretical interest, for it enables us to determine just how 
difficult the problem is. Although not all the arguments require 
that the integrals considered shall be analytic, we shall restrict our- 
selves to that case unless the contrary is particularly stated. 

I. LINEAR EQUATIONS OF THE FIRST ORDER 

75. General method. We have already seen that the integration 
of the homogeneous equation 

where X p X 2 , • • • , A' n are functions of x v x 2 , • • •, x n , and the integra- 
tion of the system of differential equations 

&3C-1 dxn * dx n 

(2) ^ = ^ = --" 

are equivalent problems (§ 31), If f v f 2 , • • f n _ 1 are (n — 1) inde- 
pendent first integrals of the system (2), the general integral of the 
equation (1) is an arbitrary function, 

*(/l>/ 2 > ' ' '>fn-l)> 

of these (n — 1) integrals. 

We can obtain the integral satisfying the Cauchy condition as 
follows : Suppose that the coefficients X { are analytic in the neighbor- 
hood of a particular system of values x° ly x° n , and that the first 
coefficient (A^) does not vanish at that point. Solving equation (1) 
with respect to df/dx v we can apply to it the general theorem of 
§ 25. Hence there exists an analytic integral in the neighborhood 
mentioned, which reduces, for x 1 = scf, to a given analytic function 
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<£(sc 2 , x s , • • x n ) of the (n - 1) variables x 2 , a 8 , • • x n . In order 
to obtain this integral, let us write the system (2) in the form 

/Q> . dx^_X 1 dx n = X n 

W dx x " X x ' dx 1 V 

where the right-hand sides are analytic in the neighborhood of the 
point (a}, ag, • • x° n ). There exists a system of analytic integrals 
reducing to given values C 2 , C 8 , • • C n for ^ = provided that 
each of the absolute values \C { — x° { \ is less than a certain limit, and 
these integrals are analytic functions of x 1 and of the parameters C 2 , 
C 8 , • • C n (§ 26), which are represented by developments of the form 

(4) Xi = C, + (*! - a°) P, (x 19 C 2 , C„ . . . , C n ). (i = 2, 3, . . . , n) 
Solving these (n — 1) equations for the C/s, we obtain a system of 
(n — 1) first integrals of the equations (2), represented by the 
developments 

(5) C i = x i + (x 1 -x° 1 )Q i (x 1J x 2 ,"',x n ), (t = 2, 3, . • ., n) 
where the Q/s are analytic functions. It is clear that the function 
<£(C 2 , C 3 , • • •, C n ) of these (71 — 1) first integrals is analytic in the 
neighborhood of the point (x\, • • •, x° n ) and reduces to (x 2 , a 8 , • . x n ) 
for cc x = sc°. 

Let us now consider any linear equation 

where P v P 2 , • • •, P n , R may depend both upon the independent 
variables x v x 2 , >•-, x n and upon the dependent variable z. We 
shall reduce this equation to the form (1) by means of a device 
very often used in the study of partial differential equations. 
Instead of trying to find the unknown function z directly, we shall 
try to define it by means of an equation not solved for 3, 

(7) V(z, x v x 2 , • • •, z- n )= 0, 

where the function V of the (n + 1) variables z, 
now the unknown function. From this relation we derive, by 
differentiation, 

dv %vdz___„ ^ . = o 

dx~+dzdx~ % '"' dxj dzdx n 
and, replacing d.z/dx v . . dz/dx n by the values derived from the 
preceding relations, the equation (6) becomes 

dV dV , A 
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The new equation is of the form (1), and its integration is equiva- 
lent to that of the system 



(9) 



doc n 



dz 
IP 



hence we may state the following proposition : 

If u v u 2 , • • •, u n are n independent first integrals of the system (9), 
every function z of the n variables x v x 2 , • • • , x n , defined by a relation 
of the form 

(10) &(u v u 2 ,-..,u n ) = 0, 

where <J> indicates an -arbitrary function of u v u 2 , • • u n , is an 
integral of the equation (6). 

We cannot conclude from this that we obtain all the integrals of 
the equation (6) in this way.- In fact, in order that the implicit 
function defined by the relation (7) be an integral, it is not neces- 
sary that we have identically F( V) = ; it is sufficient that the 
equation F(V) = be a consequence of the equation V = 0. If, for 
example, we take for V an integral of an equation of the form 
F(V) = KV, where K indicates a constant different from zero, the re- 
lation V = still defines an integral of the equation (6). It is quite 
in order, therefore, to determine whether or not the relation (10) 
gives all the integrals of the given equation. In order to prove 
that this is really the case, with certain exceptions which we shall 
state, let us suppose that in the n functions u lX u 2 , • • u n we replace 
z by an integral of the equation (6). The resulting expressions are 
n functions 27 , U 2 , • • •, U n of the n variables x v x 2 , • • •, x n% If we 
prove that the Jacobian of these n functions is identically zero, it 
will follow that we have a relation of the form 

and consequently that the integral considered satisfies a relation of 
the form (10) in which the function <J> is replaced by \p. This Jaco- 
bian is of the form 



A = 



du, , du, 

+ P X — 



dx. 



dz 



du n du, 



dz 



du, du x 
— — -f- p — ■ 

dx 2 2 dz 



du x du x 

dxZ +Pn ~dz~ 



du n du n 
dxZ +Pn ~3z~ 



dz\ 
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Noting that certain determinants in the development of A have two 
columns identical and therefore vanish, we may write 

^ A = u 29 ' ' u n ) + y^. D ( U 1> U 2, ' • O 

D(x iy x 2 , • • -, x n ) D(x v • • •, X i _ lJ £, X i + ly ' ' # n ) 

But, since u v u 2 , • • •, u n are n first integrals of the system (9), we 
have 

hence, by the theory of linear homogeneous equations, we have 

R — P- 
(12) — = ^ = M, 

Dju^ u 2 , ■ • u n ) D(u 19 u 2 , • • ?/ M ) 

D(x v x 2 , - • •, # n ) D(x iy ' • •, X i + D ' ' ') x n) 

(i = 1, 2, • • ., n) 

where iif is a function of x 2 , • • # n , £ which we can always cal- 
culate when we know the first integrals u v u 2 , • • •, u n . Substituting 
in (11) the values of the determinants deduced from (12), we find 

(12') MA = R - P lPl - P A - . : • - P nPn . 

If z is an integral of the equation (6), the right-hand side is zero ; 
hence this integral satisfies either the condition A = or else M = 0. 
In the first case, as we have just shown, this integral is defined by 
a relation of the form (10). As for the relation M = 0, it can define 
only one or more completely determined implicit functions. Hence, 
except for certain exceptional integrals which do not depend upon 
any arbitrary constant, all the integrals of the equation (6) satisfy a 
relation of the form (10). We shall hereafter say that the relation (10) 
represents the general integral of the equation (6). 

To see if an integral can satisfy the relation M = 0, let us consider any point 
of that integral, (xj, x° 2 , • • x°, z ), and let'us suppose that all the coefficients 
P 1? P 2 , • • P n , R are analytic in the neighborhood of this system of values 
without being all zero simultaneously for X{ = x°, z = z . Let us assume, for 
example, that P x is not zero for this system of values. We can then solve the 
equation (8) for dV/dx 1 , and, by Cauchy's theorems (§ 25), we can take for 
w 2 , • • u n functions analytic in the neighborhood of this system of values. Now 
one of the equations (12) can be written in the form 

_ M -Pfou «2r"i"«) 



P x = M 



D X 2 , • • • , X n } 



Since the determinant on the right is analytic, and since P x is not zero for 
Xi = x i j, z = z , it follows that this system of values cannot make M zero. Since 
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the point (xj, • • •, x®, z ) is any point of the integral, we see that there cannot 
exist integrals satisfying the relation M = except in the two following cases : 

1) There exists a function V(x 11 # 2 , • x n , z) such that every system of 
values of the variables z that makes the function V vanish, also causes P 1? 
P 2 , - • P n , and R to vanish. All these coefficients are therefore divisible by 
the same factor, and it is clear that by equating this factor to zero we obtain 
an integral. This trivial case is of slight interest. 

2) The reasoning would again be faulty if the integral denned by the rela- 
tion V = were such that, in the neighborhood of every system of values 
satisfying that relation, some of the coefficients P^, R ceased to be analytic. 
This case can actually occur, as we shall show presently. 

76. Geometric interpretation. The preceding general method is 
susceptible of a simple geometric interpretation in the case of an 
equation in three variables, which we shall write in the customary 
notation, 

(13) Pp+Qq = R, p = ~, q = ~, 

where P, Q, R are functions of the three variables x, y, z. Let S be 
any integral surface. Since the equation of the plane tangent to this 
surface is 

Z -s=p(X-x) + q{Y-y), 

the relation (13) expresses the fact that this tangent plane passes 
through the straight line D represented by the equations 

(U\ X-x = Y-y = Z-* m 

K } P Q R 

Hence the problem of the integration of the equation (13) may be 
stated in geometric language as follows : 

To each point M of space, whose coordinates are (x, y, z), there 
corresponds a straight line B through that point, represented by the 
equations (14). A surface S .is to be determined so that the tangent 
plane at each of its points passes through the straight line associated 
with that point. 

The surfaces possessing this property constitute the general inte- 
gral of the linear equation (13). The three functions P, Q,, R deter- 
mine the law according to which the straight line D moves when the 
point M changes its position. These three functions are usually 
analytic functions of x, y, z, but it is sufficient for the argument 
that they satisfy the conditions stated in our previous study of 
differential equations (§§ 27 fL). 
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The preceding statement leads us to seek the curves T which are 
in each of their points tangent to the corresponding straight line D. 
We shall call these the characteristic curves. We shall first show 
that every integral surface is generated by characteristic curves. 
Consider, in fact, such a surface S. In each point M of that surface 
the corresponding straight line D lies in the tangent plane. We can 
therefore propose to determine the curves on that surface which are 
tangent at each of their points to the corresponding straight line D. 
These curves may be obtained by the integration of a differential 
equation of the first order (§ 17). Through each point of S there 
passes in general one and only one curve, possessing this property, 
which lies entirely on the surface. It is clear that these curves are 
characteristic curves, which proves the proposition. 

The converse is almost self-evident. If a surface is a locus of 
characteristic curves, the tangent plane at any one of its points con- 
tains the tangent to the characteristic curve lying upon the surface 
and passing through that point — that is, the straight line Z>. The 
given problem is therefore reduced to the determination of the 
characteristic curves. 

The differential equations of these curves, by their very definition, 
are of the form 



Through each point of space there passes, therefore, in general one and 
only one characteristic curve tangent to the corresponding straight 
line D. Suppose that we have integrated these equations (15). 
Let u and v be two independent first integrals of this system. 
The general integral is represented by the equations 



where a and b are two arbitrary constants. The characteristic curves, 
which depend upon two parameters, therefore form a congruence. In 
order to obtain a surface generated by the curves of this congruence, 
we must establish between the, two parameters a and b an arbitrary 
relation, say cj> (a, b) = 0, and the corresponding integral surface will 
have for its equation <j> (u, v) = 0. This is exactly the result to which 
the general method of the preceding paragraph would lead us, for u 
and v are here two independent integrals of the equation 



(15) 



dx _ dy _ dz 
I 7 ~~Q ~Jl 



(16) 



u (x, y, z) = a, 



v (x, y, z) = b, 
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Example 1. Consider the equation px + qy — mz. The differential equations 
of the characteristic curves, 

dx _ dy _ dz 
x ~ y ~ mz' 

have the two first integrals y/x = a, z/x m = 6, and the general equation of the 
integral surfaces is z = x m f(y/x). If m = 1, the characteristic curves are straight 
lines passing through the origin, and the integral surfaces are cones having their 
vertices at the origin. If m = 0, the characteristic curves are straight lines par- 
allel to the xy-plane and meeting the z-axis. The integral surfaces are conoids. 

Example 2. Consider the equation py — qx + a = 0, The differential equa- 
tions of the characteristic curves, 

dx _ dy _ dz 
give the two integrable combinations 

xdy — ydx _ 
xdx + ydy = 0, dz — a — ^— — — = 0, 
x 2 + y 2 

and the characteristic curves are represented by the equations 

y 

x 2 + y 2 = C v z — a arc tan - = C 2 . 

These are helices with the pitch 2 ira lying upon cylinders of revolution hav- 
ing Oz for axis, and the general integral is represented by helicoids (the axes of 
coordinates being supposed rectangular). In the particular case where a = 0, 
the characteristic curves are circles having their centers on the z-axis and their 
planes parallel to the xy-plane. The integral surfaces are surfaces of revolution 
about the 2-axis. 

Example 3. Orthogonal trajectories. Let 

(17) F(x, y,z) = C 

be the equation of a family of surfaces 2 which depend upon an arbitrary 
parameter C in such a way that, through every point of space (or at least of a 
portion of space) there passes one and only one of these surfaces. Let us con- 
sider the problem of finding another surface S, represented by the equation 

z = <f>(x,y), 

which cuts orthogonally at each of its points the surface S through that point. 
Since the direction cosines of the normals to the two surfaces are respectively 
proportional to dF/dx, dF/dy, dF/dz for 2, and to p, q, — 1 for £, the condition 
of orthogonality leads to the linear equation 

(18) p — + q = 0. 

x ' dx dy dz 

The characteristic curves, whose differential equations are 

tt9\ dx^dy = dz_ 

K ' dF dF dF' 

dx dy dz 

are the curves tangent at each of their points to the normal to the surface S 
through that point. 
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Suppose, for example, that we have F(x, y, z) = zf(x, ?/), where /(x, y) is a 
homogeneous function of the rath degree. The differential equations of the char- 
acteristic curves are here 

dx _ dy _ z dz 

fx f y f 

By Euler's relation, we have the integrable combination 

xdx + ydy — mzdz = 0, 

from which we derive the first integral x 2 + y 2 — mz 2 = a. On the other hand, 
dy/dx is a homogeneous function of degree zero in the variables x, y. Hence 
we can obtain a new first integral by a quadrature (§ 3). 

Example 4. It is sometimes possible to determine the characteristic curves 
without any calculation, merely from their geometric definition. Let it be re- 
quired, for example, to determine the surfaces S such that the tangent plane at 
any point M of one of these surfaces meets a fixed straight line A in a point T, 
equally distant from the point M and from a fixed point O on the straight line A. 

Let if be a point in space ; there exists on the straight line A one and only 
one point T such that TO = TM, and this point is the intersection of A with 
the plane perpendicular to the segment OM at its middle point. Let D be the 
straight line through the two points M and T. The tangent plane to every sur- 
face satisfying the given condition and passing through the point M therefore 
contains this straight line D. Consequently these surfaces are obtained by the 
integration of a linear equation. Since the tangents to the characteristic curves 
all meet the straight line A, these curves are plane curves, lying in planes pass- 
ing through A. The characteristic curves lying in one of these planes are the 
integral curves of a differential equation of the first order, and it is easy to see, 
from their definition, that they are circles tangent to the straight line A at 0. 
The required surfaces are therefore generated by the circles tangent at to the 
straight line A. 

We can dispose of the arbitrary function <j>(n, v) in such a way 
that the integral surface passes through a given curve T; we shall 
obtain that surface by taking the locus of the characteristic curves 
passing through the different points of the given curve. If T is 
represented by the system of two equations 

(20) 3> (x, y, z) = 0, ^(s, y, z) = 0, 

the whole question reduces to finding the relation which must hold 
between the parameters a and b in order that a characteristic curve 
shall meet the curve T. It is clear that that relation may be found 
by eliminating x, y, z between the equations (20) and the equations 
u = a, v = b of the characteristic curve. The problem has only one 
solution, unless the curve T is itself a characteristic curve. In this 
singular case it suffices, in order to obtain an integral surface pass- 
ing through T, to consider the surface generated by a family of 
characteristic curves which depend upon an arbitrary parameter, and 
of which the curve T is a member. 



222 



PARTIAL DIFFERENTIAL EQUATIONS 



[V, § 77 



77. Congruences of characteristic curves. To every linear equation 
of the form (13) there corresponds a congruence of characteristic curves 
formed by the characteristic curves of that equation. Conversely, 
every congruence of curves, that is, every family of curves depending 
upon two arbitrary parameters a and b, is the congruence of charac- 
teristic curves for an equation of the form (13). # Suppose, in fact, 
that the equations which define that congruence are solved for the 
two parameters a and b : 

u (x, y, z)= a, v (x, y, z) = b. 

Every surface S generated by the curves of this congruence, associated 
according to an arbitrary law, is represented by an equation of the 
form v = ir (it). Taking the partial derivatives with respect to x 
and to y, we find 

dv dv ./du , du \ dv dv ./du , du \ 

_ + _ J , = w . (M) ^_ + _ i ,j, _ + _ sr = m . (M) ^_ + _ y j. 

The elimination of 7r'(u) leads to a linear equation 
D(u,v) ■ V(u,v) D(u,v) _ 

for which the given congruence is evidently the congruence of 
characteristic curves. 

Let us now consider the general case of a congruence defined by 
two equations of any form whatever, 

(21) U (x, y, £, a, b) = 0, V(x, y, z, a, b) = 0. 

If we set up an arbitrary relation (a, b) = between the two 
parameters a and b, we shall have the equation of a surface S gener- 
ated by the curves T of the congruence by eliminating a and b from 
the equations (21) and the relation = 0. All these surfaces again 
satisfy, whatever may be the function <f>, the same partial differen- 
tial equation of the first order. To obtain this equation we may 
proceed as follows : The three equations 

(22) U=0, V=0, cj>(a,b) = 

define three implicit functions z, a, b of the independent variables 
x and y, and the last contains only a and b. Hence we have 

< 2s > §^-»- 



* We suppose, in addition, that through any point of space (or of a portion of space) 
there passes one of these curves, which would not happen if they were all situated 
upon the same surface. 
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On the other hand, if we differentiate the first two of the equa- 
tions (22) with respect to x and to y, we can derive from the result- 
ing relations expressions for da/dx, db/dx, da/dy, db/dy in terms of 
x, y, z, p, q, a, b, and, by replacing these derivatives in the determi- 
nant (23) by their values, we obtain a new relation, 

$(x, y, z,p } q, a, b) = 0. 

We need only eliminate a and b from this relation and the two rela- 
tions (21) in order to obtain an equation containing only x, y, z, p, q, 

(24) F(x } y, z } p, q) = 0, 

which applies to all the surfaces generated by the curves of the 
congruence. It is easy to show, from the very way in which this 
equation has been obtained, that it breaks up into a system of linear 
equations in p and q. The same fact results from its meaning. Let 
us suppose, for definiteness, that through a point M of space there 
pass m curves of the congruence, and let D v Z> 2 , • • •, D m be the m 
tangents to these curves at the point M. Every surface through the 
point M generated by the curves of the congruence must contain 
one of the m curves of this congruence which pass through M\ 
hence the tangent plane at the point M must pass through one of 
the straight lines D v £> 2 , • • •, D m . Let P i} Q iy P H be proportional 
to the direction cosines of the straight line D { . Every surface gen- 
erated by the curves of the congruence must therefore satisfy one 
of the m equations, 

(25) E { = P iP + da - R t = 0, (i = 1, 2, • • ., m) 

and the left-hand side of the equation (24) is identical, except for a 
factor independent of p and of q, with the product of the m linear 
factors E , E 9 • • E m . It should be noticed also that it would be 
impossible, in general, to separate these m factors analytically. 

Similarly, certain problems of geometry may lead to partial differ- 
ential equations of the first order which decompose into a product of 
linear factors. Let us consider again, for example, the problem of 
the orthogonal trajectories to a family of surfaces whose equation 
F(x, y, z, C) = is of degree m in the arbitrary parameter C. To 
obtain the partial differential equation of orthogonal surfaces, we 
must again eliminate C between the relation F= and the condition 

dF_ + dF cF = 
^ dx ^ dy Cz 
Through a point M of space there pass, by hypothesis, m surfaces 
of the given family. Let D v D 2 , • • D m be the normals to these m 
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surfaces. The tangent plane to an orthogonal surface through M 
must contain one of these straight lines. Hence the partial differen- 
tial equation decomposes into a system of m equations which are 
linear in p and q. 

Conversely, given any equation of this type, to each point of 
space there correspond ra straight lines b v Z> 2 , • • •, D m , and the 
plane tangent to any integral surface contains one of these straight 
lines. If we give the name characteristic curve to every curve which, 
at each of its points, is tangent to one of the corresponding m straight 
lines, the reasoning employed above shows again that every integral 
surface is a locus of characteristic curves. To obtain the differential 
equations of these curves, we are not compelled to carry out the 
decomposition of the left-hand side of the equation into linear 
factors. Indeed, expressing the fact that the left-hand side is divisi- 
ble by the factor Pp -f- Qq — R, we obtain equations of condition 
homogeneous in P, Q, it, which furnish m systems of values for the 
ratios of these coefficients for each point (x, y, z). Replacing P, Q, 
R in these conditions by the proportional quantities dx, dy, dz, we 
obtain the differential equations of the characteristic curves, and 
the integration of the partial differential equation is reduced to the 
integration of a system of ordinary differential equations. 

The preceding theory explains very simply how a linear equation may have 
integrals which are not included in the general integral. Consider a partial 
differential equation of the form 

(26) F(x,y,z,p,q) = 0, 

whose left-hand side is the product of a certain number of linear factors in p 
and q that are not analytically distinct, and let 

/ dy dz\ - _ ( dy dz\ 

be the differential equations of the characteristic curves of this system. The 
curves which represent the general integral of this system form a congruence, 
which is the congruence of the characteristic curves of the equation (26), and 
the general integral is represented by the surfaces generated by the curves of 
this congruence associated according to an arbitrary law. But it may happen 
that the equations (27) have singular integrals. This will happen if the con- 
gruence of the characteristic curves has a focal surface (2). Then through each 
point of this surface there passes a curve of the congruence of characteristics 
tangent to this surface. The plane tangent to (2) contains, therefore, one of 
the straight lines 2); relative to the point of contact, and consequently (2) is 
an integral surface of the equation (26). Moreover, it is not a member, at least 
in general, of the surfaces which represent the general integral ; that is, it is a 
singular integral surface. 
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Consider, for example, the equation 



(28) p (x 2 -z 2 ) + q (xy ± z Vx 2 + y 2 -z 2 ) = 0, 

which in reality is equivalent to two linear equations. We can write the 
differential equations of the characteristic curves in the form 

dz i ^7?/\2 r /77?/\2i 

dx 



The integration is immediate, and the congruence of characteristic curves is 
formed by the straight lines 



z - 



■C, y = C 1 x±z->/l+Cl 



which are parallel to the ic?/-plane and tangent to the cone x 2 + y 2 = z 2 . The 
general integral is represented by the conoid surfaces generated by these straight 
lines, and there is a singular integral, the cone itself. 

The coefficient of q in the equation (28) is not analytic in the neighborhood 
of any point (sc , y 01 z ) of this cone, which confirms a previous remark (§ 75). 

II. TOTAL DIFFERENTIAL EQUATIONS 

78. The equation dz = Adx + Bdy. The existence of integrals of a 
completely integrable system of total differential equations was estab- 
lished in § 24. The integration of such a system reduces to the 
integration of several systems of ordinary differential equations 
with a single independent variable. The method, which we shall 
develop only in the simplest case, is extensible to the general case. 

Let the equation be 

(29) dz = A (x, y, z)dx -f B (x, y, z) dy, 

where z is an unknown function of the two independent variables x 
and y. This equation is equivalent to two distinct relations 

3 z 3 z 

Every integral common to these two equations satisfies also the two 
new equations 

d 2 z _ d ±^_ d A B d * z - dB | dB A 



dxdy dy dz 9 dydx dx dz 
and consequently the relation 

(31) tt- + — B = - 5r + ir A. 

v / dy Oz dx dz 

If this relation does not reduce to an identity, there can be no in- 
tegrals of the given equation (29), except possibly one or more of the 
implicit functions defined by the equation (31). Hence in this case 
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we can always determine by substitution whether the equations (30) 
have a common integral. On the other hand, in order that these 
equations may have an infinite number of integrals depending upon 
an arbitrary constant, the relation (31) must be satisfied identically. 
If it is, the equation (29) is said to be completely integrable. 

In order to obtain all its integrals, let us first disregard the second 
of the equations (30), and consider only the first. If we regard y 
as a parameter, this equation is a differential equation of the first 
order between the independent variable x and the dependent vari- 
able z ; hence it has an infinite number of integrals z = <j>(x, y y C) 
that depend upon an arbitrary constant C. We may replace this 
constant C by any function u(y) of the variable y, since the expres- 
sion for dz/dx remains the same when we replace C by a function 
of y. The solution of the problem therefore depends upon the deter- 
mination of this function u (y) in such a way that the derivative of 
the function z = <£[as, y, u(y)~\ with respect to y shall be equal to 
B(x, y, <£). This leads to the equation 



or 



(32) 



d cb 

du *fcy>*(*>y>")]-fy 

dy d$_ 

du 



We shall show that the right-hand side of this equation depends 
only upon the variables y and u. It is sufficient to show that the 
derivative with respect to x is identically zero, that is, that we have 

From the very manner in which the function <j>(x, y, u) has been 
obtained, we have the relation 

(34) d -± = A(x,y,4>), 

which is satisfied for all values of x, y, and u. It follows that we 
may write 

d 2 <fr _ d_A [ 3 A dcj> 



dx dy dy d<f> dy 
d 2 <f> _d_A_d$_ 
dx du c<f> du 
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Eeplacing dcj>/dx, d 2 cj>/dxdy, d 2 <j>/dudx by the preceding values, the 
relation to be verified reduces to the form 

du (^dx d<f> ^ dy d<f> ^) 

The second factor is identically zero by the condition of integra- 
bility (31). The equation (32) is therefore of the form 

du 

(35) — = P(y,«). 

Let u = \j/(y, C) be the general integral of this equation, where C is 
a constant independent both of x and of y. Then if we replace u by 
ij/(y, C) in the function <f>(x, y, u), we obtain the general integral of 
the completely integrable equation (29), and we see that the integra- 
tion of this equation reduces to the successive integrations of two 
ordinary differential equations (34) and (35). 

Example. Consider the total differential equation 

1 + yz , x (z — x) , 

(36) dz = dx + -± f - dy, 

1 + xy 1 + xy 

which is equivalent to the system 

dz 1 + yz dz_x(z — x) 



(36') 



dx 1 + xy dy 1 + xy 



The condition of integrability is verified, and the first of the equations (36"), 
which is linear in z and dz/dx, has for its general integral 

z = -^ + u(y) (1 + xy), 

where u(y) is an arbitrary function of y. Substituting this value of z in the 
second of the equations (360, it becomes du/dy + 1/y 2 = 0, whence we derive 
u(y) = 1/y + C. Hence the general integral of the equation (36) is 

(37) z = x+ C(l + xy), 

where C indicates an arbitrary constant. 

The preceding problem can also be interpreted geometrically. 
In order to simplify the statement, we shall again call an integral 
surface any surface represented by an equation z =f(x, y), where 
the function f(x, y) is an integral of the equation (29). The two 
conditions (30), or 

p = A ( x , y, *), $ = B ( x > Vi z )y 
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express the fact that the tangent plane to the integral surface S at 
a point (x, y, z) of that surface coincides with the plane P whose 
equation is 

(38) Z - z = A (X - x) + B ( Y - y), 

so that the problem of the integration of the equation (29) is 
equivalent to the following geometric problem : 

To each point of space (x, y, z) there corresponds a plane P through 
that point, which is represented by the equation (38). It is required 
to find the surfaces S whose tangent plane at each point (x, y, z) is the 
plane P associated with that point. 

The proposition is analogous to that of § 76. But in the present 
case the problem does not always have a solution. If the condition 
of integrability (31) is satisfied, there exists, in general, one and 
only one integral of the equation (29) which takes on a given value 
z Q when x and y take on given values x Q and y Q . Through every 
point in space there passes, therefore, in general, one and only one 
integral surface. 

Let us consider, for example, a family of skew curves T which 
depend upon two arbitrary parameters a and b, and which are rep- 
resented by a system of two equations 

(39) u (x, y, z)= a, v (x, y, z) = b 

such that through every point of space (or of a region of space) 
there passes one and only one curve of this family. There does not 
always exist a family of surfaces S which has these curves T for 
orthogonal trajectories. In fact, the tangent plane to the surface S 
passing through a point would have to coincide with the normal 
plane to the curve T passing through the same point. We are there- 
fore led to a particular case of the preceding problem, which proves 
that the curves of an arbitrarily assigned congruence of curves are 
not, in general, the orthogonal trajectories of any family of surfaces. 
The plane tangent to the surface S through the point (x, y, z) must 
be perpendicular to the planes tangent to the two surfaces (39) 
which pass through the tangent to the curve T. Hence we have, in 
rectangular coordinates, the two conditions 

dx^ dy^ dz 7 dx^ dy^ dz 
From these equations the values of p and q are found to be 
p =A (x, y, z), q = B(x, y, s), 
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and the condition (31) must be satisfied identically in order that the 
problem have a solution. 

Let us take, for example, the family of curves 

X=aZ, Y=bZ, 

where X is a function of x alone, and Y and Z are respectively functions of y 
alone and of z alone. The preceding method gives the following values for p 
and q, 

XZ' YZ' 

p =-jrz> q =-lrz> 

and the total differential equation can be written in the form 

Zdz Xdx Ydy _ 
Z' "X 7 " Y' ~ ' 

It is clear that this equation is completely integrable, and the general integral 
is obtained by quadratures 



79. Mayer's method. The preceding method requires two successive integra- 
tions. We can replace these two integrations by a single integration, as follows : 
Let us suppose, for definiteness, that the coefficients A (x, ?/, z) and B(x, y, z) 
are analytic in the neighborhood of the point (x , ?/ , z ). Then there exists one 
and only one integral surface S through the point (x , ?/ , z ) if the condition (31) 
is satisfied. Mayer's method for obtaining this surface reduces to determin- 
ing first the sections cut from that surface by the planes parallel to the z-axis 
through the point (x , y , z Q ). Let r be the intersection of S with the plane 

(40) y - y = m (x - x ), 

where m has any given value. Along this curve r we have dy = mdx, and, replac- 
ing y and dy in the equation (29) by the preceding values, we obtain the relation 

(41) dz = {A [x, y + m (x - x ), z] + mB [x, y + m(x- x ), z] } dx, 

which is also satisfied along the whole length of the curve r. Now this is a 
relation containing only the two variables x and z ; that is, it is a differential 
equation of the first order, the integration of which determines the curve r. Let 

(42) z = 4>(x; x ,y ,z ,m) 

be the integral of this equation which reduces to z for x = x . The curve r is 
represented by the two equations (40) and (42). Since the required surface S 
is the locus of the curves r as the parameter m varies, the equation of this sur- 
face is obtained by eliminating m from the equations (40) and (42). To accom- 
plish this it is sufficient to replace m in the equation (42) by (y — y )/(x — x ). 
This method presents an evident analogy with the one which has been indicated 
for the integration of the total differentials P(x, y)dx + Q(a% y)dy (I, § 152). 
We might generalize it still further by replacing the planes parallel to the 
z-axis by cylinders passing through a given point (x , ?/ , z ) and having their 
generators parallel to Oz. 
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For example, let us again take the equation (36), and let us suppose x — y = 0. 
Substituting y = mx, dy = mdx, that equation becomes 

dz _ 2 mxz ^ 1 — mx 2 
dx 1 + rax" 2 1 + mx 2 

This is a linear equation which is readily integrated, and the integral which re- 
duces to z for x = has the form 

z = x + 2 (1 + rax 2 ). 

Hence the surface S has the equation z = x + z (l -f x?/), which is the result 
obtained by the first method. 

80. The equation Pdx + Qdy + i?^2r = 0. The problem of the inte- 
gration of a total differential equation can be put in a more general 
and more symmetrical form. Let P(x, y, z), Q(x, y, z), R(x, y, z) be 
three functions of the variables x, y, z. To integrate the equation 

(43) P (x, y, z)dx + Q (x, y, z)dy -\- R (x, y, z) dz — 

is to find a relation F(x, y, z) = between x, y, z such that these 
three variables and their differentials dx, dy, dz satisfy the given rela- 
tion. If the function F contains the variable z, we may regard x and 
y in it as two independent variables and z as a function of these two 
variables, and we see that that function must satisfy the equation 

which is of the form (29). Replacing A by — P/R and B by — Q/R, 
and carrying out the differentiations, the condition of integrability (31) 
becomes 




This condition remains the same when we permute x, y, z and P, Q, R 
circularly. Hence we should have obtained the same relation if, in- 
stead of regarding z as the dependent variable, we had taken one of 
the variables x or y for the unknown dependent variable. The prob- 
lem of the integration of the equation (43), therefore, does not differ 
essentially from the problem already treated; but when we write 
a total differential equation in this way, it is not necessary to 
specify which of the variables have been chosen as the independent 
variables. 

The condition (44) arises in a question which is closely connected 
with the preceding. Given an expression 

P(x, y)dx + Q(x, y)dy, 
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we have seen (§§ 12, 26) that there always exist an infinite number 
of factors fi(x, y) such that the product fi(Pdx + Qdy) is the total 
differential of a function of the two variables x and y. When we 
pass from two to three variables, this does not remain true in general. 
Let us consider, in fact, three functions, P, Q, R, of the variables 
x, y, z. In order that the product fi(Pdx -J- Qdy + Rdz) be an exact 
differential, the factor /jl(x, y, z) must satisfy the three conditions 

dz dy ' dx dz dy dx 

If we add these three equations, after having multiplied them by 
P, Q, R respectively, and then divide by /jl, we find again the con- 
dition of integrability (44). This condition is therefore necessary 
in order that the trinomial Pdx + Qdy -f- Rdz have an integrating 
factor. It is also sufficient. For if it is satisfied, the equation (43) 
is completely integrable. Let 

(45) F(x,y,z)=C 

be the general integral of this equation. The values of dz /dx and of 
dz/dy derived from the equation (45) must be identical with the 
values —P/R and — Q/R obtained from the equation (43), since we 
can choose the arbitrary constant C so that the integral surface 
passes through any point of space. For this we must have 

F' F' F' 

P Q R ^ 

or 

dF = fi (P dx -f Q dy + R dz) . 

The factor /jl, which is equal to the common value of the preceding 
ratios, is therefore an integrating factor. Repeating the reasoning 
of § 12, we see, in a similar manner, that there are in this case an 
infinite number of integrating factors, which are of the form fnr(F) 9 
where ir is an arbitrary function. 

The condition of integrability (44) is invariant with respect to every change 
of variables. Consider, in fact, a transformation denned by the equations 

(46) x =f(u, v, w), V — <P (**, w), z = \p (it, w), 

where the Jacobian of the functions /, 0, \J/ with respect to it, v, w is not identi- 
cally zero. This transformation carries the trinomial Pdx + Qdy -f Rdz into an 
expression of the same form, P x du + Q^dv + R x dw, where P v Q x , R x are func- 
tions of it, t), w. If now the relation (44) is satisfied, the analogous relation 

' 1 \ dw dv / Vl \ du cw I ■ 1 \ dv du/ 
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is also satisfied identically. We might verify this by a direct calculation 
(I, Chap. Ill, Ex. 19, 2d ed. ; I, 'Chap. II, Ex. 19, 1st ed.), but it also results 
from the meaning of the condition. In fact, if the relation (44) is satisfied, 
there exist two functions /x(x, ?/, z) and F(x, y, z) such that 

fx(Pdx + Qdy + Bdz) = dF. 

If we carry out the change of variables defined by the equations (46), the 
functions ix and F change into two functions /x x (w, v, w), F x {u, v, w) of the new 
variables, and we have identically dF = dF v Hence the preceding identity 
becomes 

^ {P x du + Q x dv + R x dw) = dF x , 

and the trinomial P x du + Q 1 dv + R x dw has an integrating factor. This shows 
that P v Q v R 1 satisfy also the relation (47). 

This remark enables us to present the method of integration of § 78 under a 
more general form. For let us suppose that the trinomial Pdx + Qdy + Bdz has 
been converted by a transformation into a binomial of the form P x du + Qi dv, 
containing now only two differentials du and dv. In the relation (47) we must 
suppose R 1 = 0, and that relation reduces to 

1 1 — — — Vi — » 

cw dw 

which shows that the ratio of the two coefficients P x and Q x is independent of 
w?. The integration of the given total differential equation- is therefore reduced 
to the integration of an equation of the form dv + tt (u, v) du = 0, that is, to an 
ordinary differential equation. 

Every trinomial Pdx + Qdy +Rdz can be reduced to a binomial P x du+ Q x dv 
in an infinite number of ways. For example, we can proceed as follows : We 
determine first two functions, /x(x, y, z) and P(x, y, z), such that, whatever dx 
and dy may be, 

dF dF 

— dx + — dy = fi [P (x, y, z)dx + Q (x, y, z) dy] . 
dx dy 

This amounts in reality to integrating the differential equation Pdx + Qdy = 0, 
regarding z as a parameter. Again, we may write the preceding equation in 
the form 

dF+(pR - ^j dz = ^ Pdx + ® dy + Rdz )' 

Then if we select a new system of independent variables, of which P(x, y, z) 
and z are two, we see that Pdx + Qdy + Rdz is actually replaced by an expres- 
sion in which there appear only the two differentials dF and dz. This procedure 
can be varied in many ways. It is clear, for example, that we can begin by 
integrating either of the two equations 

Qdy + Rdz = 0, Pdx + Rdz = ; 

this last method is in reality identical with the method of § 78. 

We can also connect with the preceding remark an elegant method due to 
Joseph Bertrand. Assuming that the equation (43) is completely integrable, 
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let us begin by integrating the linear partial differential equation 

v ' v / \dz dyjdx \dx dz/dy \dy dx) dz 

Let u and v be two independent integrals of this equation. If between the two 
relations 

X{u) = 0, X (v) = 
and the condition of integrability (44) we eliminate the three differences 

aQ _ cR az? _ a p ap _ aQ 

dz dy ' dx dz' dy dx 1 
we obtain the equality 



dR 


dP 


dP 


dx 


dz ' 


dy 


du du 


du 




dx dy 


dz 




dv dv 


dv 


= 0. 


dx dy 


dz 




P Q 


R 





There exist, therefore, two functions X and n for which we have 
(49) 



du dv 
P = A — + n — , 
ox dx 



^du dv 
■ X — + A* — ' 

a?/ ay 



au dv 

It = \ 1- fM , 

dz dz 



and we can write the given equation in the form 

\du + fxdv = 0. 

Now we have seen that the ratio \//x can depend only upon the variables u and 
v ; hence this equation is a differential equation in u and v. 

This method appears to be more complicated than the preceding, since the 
integration of the equation (48) requires first the integration of a system of two 
differential equations of the first order. But it is more symmetric, and it may 
be preferable if the given equation is itself symmetric in x, ?/, and z. 

Consider, for example, the equation 

(y 2 + yz + z 2 )dx + (z 2 + zx + x*)dy + (x 2 + xy + y 2 )dz = 0. 
The condition (44) is satisfied, and the linear equation (48) is here 

dx dy dz 

The corresponding system of differential equations, 

dx _ dy _ dz 
z — y x — z y — x 

gives easily the two integrable combinations 

d (x + y + z) = 0, xdx + ydy + zdz = 0. 

Hence we may take 

u = x + y + z, v = x 2 + y 2 + z 2 , 
and the values of the factors X and fx. derived from the equations (49) are 



: x 2 + V 2 + z 2 + xy + yz + zx-. 



u 2 + v 



x + y + z 
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The transformed equation in u and v is therefore 
(u 2 + v) du — udv = 0, 

or 

udv — vdu Jv\ 

du = = d( • 

u z \u/ 

It follows that the general integral is u — v/u = (7, or, returning to the vari- 
ables x, y, z, xy + yz + zx_ c 

x + y + z 

81. The parenthesis (z/, v) and the bracket [i/, v]. Any total differ- 
ential equation is really equivalent to two simultaneous equations 

p = A ( x > v> *), q = y> 

Let us now consider any two equations, 

(50) F (aj, y, s, i?, = 0, $ (a, y, «, ^, ?) = 0, 

in the two independent variables x and y, the unknown dependent 
function z, and its two partial derivatives p and ^. 

If we can solve these two equations for p and q, we obtain two 
equations, p =/(#, «), = y, z), of a form which has already 
been studied, and it will be possible to determine whether these two 
relations are compatible. But we can determine whether the condi- 
tion of integrability is satisfied without first solving the equations 
(50) for p and q. We have only to apply the rules for the calcula- 
tion of the derivatives of implicit functions. Let us consider, in fact, 
the relations (50) as defining two implicit functions,^ = f(x, y, z), 
q = cj>(x, y f z), of the three independent variables x, y, z. Differen- 
tiating with respect to x, we find 

dx dp dx dj dx ' dx dp dx dq dx ° 9 
and consequently 

D(F,*) dg [ D(F,^) ==a 

Similarly, we have 

D(F,*) dp D(F,9) = D(F,9) dp D(F,*) _ 

d(jp, q) %y »(y, q) ' d(jp, q) ** H*, i) ' 

D(F,3>) dq + = Q 

D(p, q) dz D(p,z) 

Substituting the values of dp/dy, dp/dz, dq/dx, dq/dz in the con- 
dition of integrability 

dp dp dq dq 
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that condition becomes, after development, 

d^F/d® d3>\. ^ d£ /dj? 

dp \dx +P dz) + dq \dy + q dz) 

dp \dx ^ dz) dq \dy ^ dz) ~ 

In general, if u and v are any functions of x, y, z, p, q, we shall set 

d__d_ d_ 1 

dx dx ^ dz* dy dy ^ dz' 
r _du dv dv du du dv dv du 
dp dx dp dx dq dy dq dy ' 

and we shall call the expression [w, v~\ a bracket. The preceding 
condition can then be written in an abridged form, 

(51) [F, *] = 0. 

In order that the two equations (50) shall form a completely inte- 
grate system, it must first be possible to solve them for p and q ; 
that is, it must not be possible to derive from them a relation 
between x, y, z independent of p and of q ; and, further, the con- 
dition [F, <£] = must be a consequence of the two relations (50). 
If the bracket [F, <I>] is identically zero, the two equations F = a, 
<|> = b form a completely integrable system for any values of the 
constants a and b. If the relation [F, 3>] = is a consequence of the 
single equation F = 0, independently of the second equation <£ = 0, 
the two equations F = 0, <£ = b form a completely integrable system 
for any value of the constant b. 

If the two functions F and <I> do not contain z, the expression for 
the bracket [F, 3>] is simplified. The following expression, where u 
and v are any functions of x, y, p, q, 

9 dp dx dp dx dq dy dq dy 
is called the parenthesis (u, v). The condition that the two equations 

F(x, y, p, q) = 0, ® (x, y, p, q) = 
be compatible is, by what precedes, that the equation 

(F, *) = 

shall be satisfied, either identically or as a consequence of the 
relations F = and <$> = themselves. 
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III. EQUATIONS OF THE FIRST ORDER IN THREE 
VARIABLES 

82. Complete integrals. We shall now consider the integration of 
a partial differential equation of the first order, of any form what- 
ever but with only two independent variables, and we shall first 
present some very important results obtained by Lagrange. Let 

(52) F(x,y,*,P,q) = 

be the given equation. The fundamental result obtained by Lagrange 
is the following: If we know a family of integrals which depend 
upon two arbitrary parameters, we can derive all the other integrals 
from them by differentiations and eliminations. Let 

(53) V(x, y, z, a,b) = 

be a relation which contains two arbitrary constants a and b, and 
which defines an integral of the equation (52) for any values of 
those constants. The values of the partial derivatives p and q of 
that integral are given by the equations 

By hypothesis, the function z always satisfies the equation (52) for 
any values of a and b ; hence the elimination of the two parame- 
ters a and b from the three relations (53) and (54) will lead to the 
equation (52) and to that one only* 

We shall now show that this equation (52) expresses the neces- 
sary and sufficient condition that the three equations (53) and (54) 
be satisfied by a system of three functions z, a, b of the two varia- 
bles x and y, where p and q denote the partial derivatives of z with 
respect to x and y respectively. When this has been proved, it will 
be evident that the problem of integrating the single equation (52) 
is equivalent to the following problem : To find three functions z, a, 
b of the two independent variables x and y which satisfy the three 
equations (53) and (54). 

If z = f(x, y), a =f 2 (x, y), b =f 2 (x, y) form a system of solutions 
of these three equations, the function f(x, y) also satisfies the 
equation (52), which is a consequence of these three relations. 



* In fact, if the elimination of a and b led to another relation <£ (z, y, z, p, q)=0 
different from F = 0, the two simultaneous equations F=0, ^ = would have a com- 
mon integral V=0 depending upon two arbitrary parameters a and b, which is 
impossible (§ 78) . The given integral would therefore depend in reality upon only a 
jingle parameter. 
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Conversely, if f^x, y) is an integral of the equation (52), the 
three equations (53) and (54) are consistent when we replace z 
by f^x, y), and p and q by the partial derivatives off^x, y). Hence 
we can derive from them as values for a and b two other functions 
a=f 2 (x, y), b=f 3 (Xj y), which form with f x (x, y) a system of 
solutions of the equations (53) and (54). 

The new problem, although apparently more complicated than the 
original, is easily solved. In fact, if we differentiate the relation 
(53) with respect to x and to y, regarding now z, a, b as unknown 
functions of x and y, the relations obtained reduce, by (54), to the 
two equations 

^r^ + ^z^ = ^JL _|_ — — o 

^ ' da dx db dx ? da dy db dy ' 

and the system formed by the equations (53) and (55) is equivalent 
to the system formed by the equations (53) and (54). 

We see at once that this system is satisfied by taking for the un- 
known functions a and b any two constants. This gives as the value 
of z the integral already known, which Lagrange called the complete 
integral. In order to treat the problem in a general way, let us 
observe that the equations (55) are linear and homogeneous in 
dV/da, dV /db. Hence the three equations (53) and (55) are satisfied 
if we set 

d V d V 

(56) r=0, ^ = 0, ^ = 0. 

If these three equations are consistent, they define three functions 
z, a, b of the two variables x and y. This gives an integral z = f^x, y) 
of the equation (52) which does not depend upon any arbitrary 
parameter, and which is commonly called the singular integral. 
If dV/da and dV/db are not zero simultaneously, the equations 

(55)give iKM) = 

D(x, y) ' 

which proves that there exists between the functions a and b at least 
one relation independent of x and of y. If there exist two relations 
of that kind, a and b reduce to constants, which gives again the com- 
plete integral. If there exists only one relation between a and b, at 
least one of the functions a and b does not reduce to a constant. 
Assuming that a is not constant, we can write the relation between 
a and b in the form 

(57) * = 
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and the two equations (55) become 




dy [_ da db 



= 0. 



Since a is not a constant by hypothesis, these two relations reduce 
to a single relation, and the three equations 



(58) V(x,y,z,a,b)=0, b = cj>(a), — + — <£'(a)=0 



define a new system of solutions of the equations (53) and (54). In 
particular, the function z = f 1 (x, y) defined by (58) is an integral of 
the given equation (52). It is evident that this integral depends upon 
the arbitrary function (a). We shall call it the general integral. 

In order to obtain the relation between x, y, z, the arbitrary 
parameter a must be eliminated from the two equations 



This elimination can be made only after the function <£(<z) has been 
chosen, but the equations (58') always enable us to express two of 
the coordinates of a point of an integral surface as functions of a 
third coordinate and of a parameter a. 

The preceding method is related in a very simple way to the 
theory of the surface envelopes. Consider, in fact, the family of sur- 
faces S which represent the complete integral (53) and which depend 
upon two constants a and b. If we choose an arbitrary relation of 
the form b = <j>(a) between the two parameters a and b, we obtain a 
family of surfaces which depend upon only one parameter a, and the 
envelope of this family of surfaces is obtained precisely by eliminat- 
ing a from the two equations (58'). The process by which we deduce 
the general integral from the complete integral consists, therefore, in 
taking the envelope of a one-parameter family of complete integrals 
obtained by choosing an arbitrary relation between the two param- 
eters a and b. Similarly, the singular integral is obtained by taking 
the envelope of all the complete integrals, as the two parameters a 
and b vary independently * (I, § 212, 2d ed.; § 220, 1st ed.). 



* We have seen above (§ 71) that all considerations founded on the theory of 
envelopes in the study of differential equations are quite troublesome. All the diffi- 
culties pointed out in the study of the singular solutions of an ordinary differential 
equation of the first order arise again for partial differential equations of the first 
order. The final conclusion is just as before : a partial differential equation of the 
first order, given a priori, does not normally have any singular integrals. This 



(58') V[_x,y,z, a, = 0, 



dV , dV 



da dcf>(a) 
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It would seem from what precedes that we ought to distinguish 
three categories of integrals : the complete integral, the general inte- 
gral, and the singular integral. But Lagrange's theory itself shows 
that there exist an infinite number of complete integrals. Indeed, 
if we establish between the two parameters a and b a relation of a 
definite form b = 7r(a, a', b'), containing two constants a 1 and b\ the 
corresponding general integral will depend upon these two constants 
a\ b', and may be considered as a new complete integral. The 
original complete integral will now be included in the general inte- 
gral, and will correspond to the relation b = 7r(<z, a\ b') established 
between the two parameters a' and b'. There is, therefore, no essential 
distinction between the general integral and the complete integral. On 
the contrary, the singular integral, as can be seen from its geometric 
meaning, does not depend upon the choice of the complete integral. 

Example 1. Consider the generalized Clairaut's equation 

z=px + qy+f(p,q). 

It is easily seen that it has a complete integral of the form 

z = ax + by -\-f(a, b). 

This complete integral is represented by a family of planes which de- 
pend upon two arbitrary parameters a and b. These planes envelop 
a non-developable surface 2, which is the singular integral surface of 
the given equation. In order to obtain the general integral, we must 
choose an arbitrary relation between a and b, say b = and we 

must find the envelope of the planes thus obtained. This envelope, 
which is represented by the two equations 

z = ax + y<$> (a) + /|>, (a)], * + y4>'(a) + ^ + ^f^) = 0, 

is a developable surface tangent to the surface 2 all along a curve Y. 
It is evident that we can choose the arbitrary function (a) in such 
a way that the curve of contact T shall be any preassigned curve on 2. 
Example 2. Consider the equation 

9. =f(j>)> 
of which a complete integral is 

z = ax + f(a)y + b. 



conclusion does not contradict the reasoning of the text, for we have assumed that 
we can apply the theory of implicit functions to the system of three equations (56) , 
and the conclusions are correct only when that condition is satisfied. (See the paper 
by Darboux, Sur les solutions singulieres des equations aux derivees partielles du 
premier ordre (Memoires des Savants Strangers, Vol. XXVII).) 
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This equation represents a plane, and the general integral, which is 
given by the system of two equations 

(59) z = ax + yf{a) + (a), = x + yf(a) + <j>'(a), 

is represented by developable surfaces, which can be defined geomet- 
rically in a very simple way. Draw through a fixed point of space 
(for example, the origin) the planes parallel to the planes which form 
the complete integral ; these planes depend only upon the parameter 
<z, and consequently envelop a cone (T) whose vertex is at the origin. 
It follows that the edge of regression of the developable surface (59) 
has its osculating plane constantly parallel to a tangent plane of the 
cone (T). Hence the generators of this surface are parallel to the gen- 
erators of the cone just mentioned (I, § 227, 2d ed.; § 224, 1st ed.). 

The equations (56), which determine the singular integral, are in 
this case inconsistent, for the last reduces to 1 = 0. There is there- 
fore no singular integral. 

Example 3. Consider a family of spheres with a given radius R, 
whose centers remain in a fixed plane. These spheres depend upon 
two arbitrary parameters, and if we take a system of rectangular 
axes with the fixed plane for the asy-plane, they are represented by 
the equation (x _ a y + (if _ b y + * _ # = . 

The corresponding partial differential equation is obtained by elimi- 
nating a and b from this equation and the following two, 

x — a pz = 0, y — b + %z = 0, 

which gives the equation 

Geometrically this equation expresses the fact that the portion of 
the normal included between any point of the surface and the xy- 
plane is constant and equal to R. The general integral is a tubular 
surface, the envelope of a sphere of radius R whose center describes 
an arbitrary curve in the ccy-plane. There is a singular integral 
surface formed by the two planes z = ± R. It is evident that these 
two planes are tangent to all the other integral surfaces. 

83. Lagrange and Charpit's method. To sum up the preceding, in 
order to determine all the integrals of an equation of the first order, 

(60) F(x,V,*,P,q) = 0, 

it is sufficient to know a complete integral, that is, an integral depend- 
ing upon two arbitrary constants. In order to determine a complete 
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integral, let us suppose that, by any means whatever, we have 
obtained another function ®(x, y, z,p, q) such that the two equations 

(61) F=0,' <t> = a 

can be solved for p and q, and form a completely integrable system, 
for any value of the constant a. If this is the case, then by solving 
the two preceding equations for p and q, and substituting these 
values of p and q in the equation dz =pdx + q dy, we obtain a com- 
pletely integrable total differential equation 

(62) dz =f(x 9 y, z, a) dx + (x, y, z, a) dy. 

The integration of this equation introduces a new arbitrary constant 
b, and in this way we obtain an integral of the given equation which 
depends upon the two arbitrary constants a and b. 

Lagrange and Charpit's method of integration consists precisely 
in adjoining to the equation F= another equation 3> = a such that 
the system (61) formed by these two equations is completely inte- 
grable. For this it is necessary and sufficient (§ 81) that [F, 3>] = 0, 
that is, that 

where, for brevity, we have set 

X = — , Y=— , Z = — , P = — , Q = d -F. 

dx dy dz' dp' dq' 

The auxiliary function y, z, p, q) must therefore satisfy a linear 
partial differential equation in five independent variables. The inte- 
gration of this linear equation reduces in turn to that of the system 
of ordinary differential equations 

/fU\ dx _dy _ dz _ — dp _ — dq 

^ } P~ Q ~ Pq + Qq~ X + pZ ~ Y + qZ' 

But, for the purpose which we have in view, it is not necessary to 
find %e general integral of this system (64) ; it is sufficient to know 
one first integral 3> = a of this system, such that we can solve the 
two equations F = 0, $ = a f or p and q. 

We can therefore state the following general rule : 

To obtain a complete integral of the equation (60), we first find one 
first integral ® = a of the auxiliary system (64) for which the Jaco- 
bian D(F, $)/D(p, q) is not zero; then we solve the two equations 
F = 0, 3> = a for p and q. Substituting the expressions obtained for 
p and q in the equation dz =pdx + qdy, we obtain a completely 
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integrable total differential equation. The general integral of this 
equation contains a second arbitrary constant b, and is a complete inte- 
gral of the equation (60). 

We know in advance one integral of the equation (63) ; that is, the 
function F itself. This integral cannot be used directly, but the 
knowledge of it reduces the integration of the system (64) to the inte- 
gration of a system of three differential equations of the first order. 
The precise nature of the problem to be solved is thus made clear. 

When the function F does not depend upon the unknown function 
z, we may also suppose that the function <£ does not depend upon z, 
and the condition that the system (61) be completely integrable 
is then 

(F, *) = 0, 

or 

(63 .) p|£ + Q |£_ x ^_ y |? = o. 

ox oy Op oq 

Hence the auxiliary system (64) takes the form 

dx = dy = ~ dp = - dg 
K } P Q X Y 

If we know a first integral <£ = a of this system for which 

D(p, q) 

is not zero, we are led to a total differential equation of the form 

dz = f(x 9 y, &) dx + (x, y, a) dy, 

which is integrable by a quadrature. The difficulty of the second 
part of the problem is therefore diminished in this case. This is also 
true of the first part, for we know a first integral F = C of the sys- 
tem (64') ; we can therefore replace this system by a system of two 
differential equations of the first order. 

Example 1. Let us consider an equation containing only one of the three 
variables x, y, z (for example, the variable y) : 

F{y, P, Q) = o. 

In this case X — Z = 0, and the equations (64) give the integrable combination 
dp = 0. Hence the two equations F(y, p, q) = 0, p — a form a completely inte- 
grable system, as is easily verified. For if we solve the given equation for 
the total differential equation to be integrated takes the form 

dz — adx +/(?/, a)dy. 

Hence we obtain a complete integral by a quadrature : 



: ax + f a ) d y + b ' 
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Example 2. An equation of the form F(z,p, q) = can be reduced to the 
preceding form by taking y and z for the independent variables, but we can dis- 
pense with this change of variables. For in this case we have X = Y = 0, and 
the equations (64) give 

dp _ dq 
p q ' 

whence a first integral is q = ap. From the two equations 
q = ap, F(z,p,q) = 

we then derive 

p = /(z, a), g = a/(z, a), 
and the total differential equation 

dz = /(z, a) (dx + ac??/) 
can be integrated by a quadrature : 

<2z 
/(*, «) 

Consider, for example, the equation pq — z = 0. Adjoining to it the equation 
q = ap, we derive from them 

P = q = a yjl' dz=^(dx + ady); 

hence a complete integral is given by the equation 

4az = (x + ay + 6) 2 , 

which represents a family of parabolic cylinders tangent to the x?/-plane along 
the entire length of a generator. The x?/-plane represents a singular integral. 

The equations (64), in the case where F = pq — z, have also the first integral 
p — y — a. Starting with this integral, we are led to the total differential 
equation , 
dz — (y + a) dx + % 



f = x + ay + b. 

J f(z. a) 



y + a 

which can also be written in the form 



dx = 



=*(— Y 



This furnishes a new complete integral z — (y + a) (x + 6), which represents a 
family of hyperbolic paraboloids tangent to the xy-plane. 

Example 3. Let the equation be of the form/(x, p) —f x (y, q) = 0. The dif- 
ferential equations (64') 

dx _ dy _ — dp _ dq 

dp dq dx dy 

have the first integral /(x, p) — a. If we adjoin this equation to the given equa- 
tion, we derive from the two relations 

f(x,p) = a, f^y, q) = a, 

the values for p and q, p = 0(x, a), q = <t> x {y, a), and the total differential 
equation 

dz = <j> (x, a) dx + X (?/, a) dy 
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can be integrated by two quadratures as follows : 

z=f<f>(x, a)dx + f <t> x (y, a)dy + 

When an equation of the first order is of the preceding form, we say that 
the variables are separated. For example, let us consider the equation 

pq — xy- 0, 

which can be written in the form 

P = V m 
x q ' 

Equating these two quotients to a constant a, we obtain the total differential 
equation 



dz = axdx + ^dy, 



whence a complete integral is 

z = ^ + m + b . 

2 2a 

Example 4. Let us propose to find the functions F(x, y, p, q) for which the 
equations (64) have the first integral py — qx = a. For this it is necessary and 
sufficient that the relation p dy + y dp — qdx — xdq = shall be a consequence 
of the relations (64') ; that is, that the function F shall itself be an integral of 
the linear equation 

dF dF dF dF n 
p y \- x q — = 0. 

dq dx dy dp 

The corresponding system of differential equations 

dx _ dy _ dp _ dq 
~y x — q p 

has the three first integrals 

x 2 + y 2 = C, p 2 + q 2 = C, py - qx = C", 

and the function F is therefore of the form F(py — qx, x 2 + y 2 , p 2 + q 2 ). The 
investigation of the equation F = for a complete integral is therefore reduced 
to the integration of two simultaneous equations of the form 

p 2 + q 2 = f(x 2 + 2/ 2 , py - qx), py — qx - a. 

Making use of the identity 

(p 2 + q 2 ) (x 2 + y 2 ) = (py - qx) 2 + (px + qy) 2 , 

we derive from the two preceding equations 



px + qy = V(x 2 + y 2 ) f(x 2 + y 2 , a) - a 2 = (x 2 + y 2 , a). 

Solving for p and q, we obtain the values 

ay + x<p (x 2 + y 2 , a) - ax + y<t> (x 2 + y 2 , a) 

x 2 + y 2 ' q x 2 + y 2 

whence we obtain a complete integral by a quadrature, 

z = — a arc tan ( - ) + C - ^ a ^ + &, 

where u = x 2 + y 2 . 
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It is sometimes possible to find a priori, by geometric considerations, certain 
integrable combinations of the differential equations (64). Suppose, for exam- 
ple, that we wish to find the surfaces S whose tangent plane at any point M 
meets at a constant angle V the plane passing through M and Oz. It is clear 
that if a surface S satisfies this condition, all the surfaces obtained from it by 
a helicoidal movement around the z-axis, for which the pitch of the helix is 
equal to ft, will also satisfy the condition. Hence the surface envelope 2 will 
also be an integral of the same equation. This envelope S is evidently a 
helicoidal surface of pitch ft. Since we may translate it any distance what- 
ever parallel to the z-axis, it follows that the partial differential equation of 
the problem and the partial differential equation of the helicoidal surfaces 
py — qx = a (§ 72) have, for any value of a, an infinite number of common 
integrals which depend upon an arbitrary constant. Consequently the differ- 
ential equations (64) corresponding to the partial differential equation of the 
surfaces S have a first integral py — qx = a, and the complete integral can be 
obtained by a quadrature. 

Note. It should be noticed that it is not necessary that the relation (63) 
shall be identically satisfied in order that the system (61) be completely inte- 
grable ; it is sufficient that it be satisfied by virtue of the relation F = itself. 
We can sometimes make use of this fact in the\ search for the function <i>. In 
fact, the problem of finding an integrable combination of the equations (64) 
reduces essentially to that of finding five functions A*, \y, \ z , Ap, \ q of the 
variables x, y, z, p, q such that 

\ x dx + \ y dy + Kdz + \ p dp + \dq 

shall be an exact differential d$ and such that we have also 

PA* + Qfo, + (Pp + Qq) K-(X + pZ)\ p -(Y+ qZ) \ q = 0. 

If this last equation is not satisfied except by virtue of the equation F = 0, the 
function $ is not, properly speaking, a first integral of the system (64). How- 
ever, since the multipliers A x , \ y , • • • are equal to the partial derivatives of <£, 
the two equations F = 0, * = a still form a completely integrable system, for 
the equation (63) is then a consequence of F =-0.* A similar remark applies to 
the sytem (64"). 



* When the equation F=0 can be solved for one of the variables x, y, z, p, q, we 
may suppose that the function <i> does not contain that variable, and it will also not 
appear in any of the coefficients X, Y, Z, P, Q. For definiteness, let us take an equa- 
tion of the form p+f(x,y,z,q) = 0. 

To find a complete integral, we need only adjoin another equation <f> (x, y, z, q) = a, 
which forms with the first a completely integrable system. In this case the condition 
[p +/» 0] = takes the form 

dx dq dy \ q dq J J dz \cy * dzj dq 

in which the letter p does not appear. 

More generally, let us suppose that we can satisfy the relation F= by putting 

P=/(*, y, z, X), q = <P(x, v, z, 
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84. Cauchy's problem. Given an equation 

(65) p=f(x,y,*,q) 

in which the right-hand side is analytic in the neighborhood of a 
system of values (x Q) y , z Q , q ), and a function <$>(y) analytic in 
the neighborhood of the point y Q , such that we have cj>(y Q )=z , 
<j>'(y ) = q , we proved in § 25 that this equation has an analytic 
integral in the neighborhood of the point (x , y Q ) which reduces to 
the given function <j>(y) for x = x Q . Let C be the plane curve rep- 
resented by the two equations x = x , z = <j>(y). Geometrically this 
result may be stated as follows : There exists one and only one ana- 
lytic integral surface of the equation (65) passing through the curve C. 

This proposition is capable of generalization. Let us first consider 
an equation of any form, 

(66) F(x,y,z,p,q) = 0, 

and let us propose to determine an integral surface passing through 
a plane curve, such as C, which lies in a plane x = x parallel to the 
y^-plane. Let z = cj> (y) be the equation of the cylinder which pro- 
jects C upon the ?/£-plane. Since the function is analytic in the 
neighborhood of the point y Q , the equation 

(67) F(x ,y ,z ,p,q ) = 0, 

where z = <£(y ), q = ^'(l/o) an( ^ wnere we regard p as the unknown, 
has a certain number of roots. Let p Q be one of them. If the func- 
tion F is analytic in the neighborhood of the system of values (x , 
y , z Q , p oJ q Q ), and if also the partial derivative (dF/dp) Q is not zero 
for this system of values, the equation (66) has a root p =f(x, y, z y q) 
which is analytic in the neighborhood of the system of values (x Q , y , 
z , q Q ) (I, § 193, 2d ed. ; § 187, 1st ed.). Hence we are led back to 
an equation of the form (65), which shows that the equation (66) 
possesses an integral surface through C. As a matter of fact, the 
reasoning proves that this equation has m integral surfaces which 
satisfy the conditions if the equation (67) is of degree m with 
respect to p. There is no possible exception unless one of the roots 



where X denotes an auxiliary parameter. We need only replace X by a function of 
x, y, z such that the equation dz= f dx + cf>dy is completely integrable, which again 
leads to a linear equation for X (x, y, z) : 

dy dz* d\\dy cz*) dx dz J c\\dx dz J J 
(Antomari, Bulletin de la Societe Mathematique, Vol. XIX, p. 154.) 
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of the equation (67) satisfies also the relation dF/dp = at all the 
points of C, since x , y , z are the coordinates of any point of 
this curve. 

Let us consider finally any curve T, represented by a system of 
two equations 

(68) x =\(y), z = fi(y), 

and let it be required to determine an integral surface of the equa- 
tion (66) which passes through r. This problem, in turn, can be 
reduced to the preceding by means of a change of variables ; for if 

we P ut x = X + X(Y), y=Y, 

the relation dz = pdx + g dy becomes 

dz = pdX + p\'(Y)dY + qdY, 

and from this we derive 

dz . dz 

The equation (66) is then replaced by the equation 

(66') F [x + X(Y), Y, z, |§ , fj - X'(Y) = 0, 

and it remains to find an integral of this new equation which 
reduces to /jl ( F) for X = 0. Hence we see that in general an inte- 
gral surface of an equation of the first order is determined if we 
assign a curve lying on that surface. There may be several integral 
surfaces satisfying this condition if the equation similar to (67) has 
several distinct roots, just as an ordinary differential equation of the 
first order and of degree m in y' has in general m integral curves 
passing through a given point. We shall return later to the excep- 
tional case in which this reasoning fails. 

The problem of determining an integral surface of a partial differ- 
ential equation of the first order through a given curve has been 
called Cauchy's problem. This name is used to remind us of the 
close relation just explained existing between this problem and 
Cauchy's general theory. We shall now show how Cauchy's problem 
can be solved by an elimination if we know a complete integral, and 
this will furnish also a verification of the preceding results. 

Let V(x, y, *, a,b) = 

be a complete integral, and let r be a given curve not situated upon 
the singular integral surface nor upon one of the integral surfaces 
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obtained by giving to a and to b constant values. Cauchy's problem 
reduces to determining the function <f> (a) in such a way that the given 
curve T shall lie upon the surface S denned by the two equations 

(69) V [x, y, », a, <f> (a)] = 0, g + # (a) = 0. 

Let us suppose that the coordinates x, y, z of a point of V are 
expressed as functions of an auxiliary parameter X, 

(70) x=f 1 (k), y =/,(*), *=/,(*), 

and let £7 (A, a, 6) be the result obtained by replacing x, y, z in 
V(x, y, z, a, b) by the preceding expressions. The two simultaneous 
equations 

(71) *(«)] = (), g + ^L w = 

determine the values of X and a which correspond to the points of 
intersection of the curve T with the surface S. If the surface S 
passes through the curve T, these two equations form an indeter- 
minate system. Hence, eliminating X from these two equations, we 
obtain an identity. This elimination leads to a relation between a, 
cf>(a), 4>'(a) 9 

(72) H [a, = 0, 

that is, to a differential equation of the first order for the determina- 
tion of <f>(ci). It would seem, therefore, that the problem has an 
infinite number of solutions, contrary to Cauchy's result. But it is 
easy to deduce from the equations (71) another relation not contain- 
ing <£'(a). In fact, let us suppose that the curve V lies entirely on 
the surface S. When a point moves on r, a is a function of X which 
satisfies the two equations (71) simultaneously. Hence, if we differ- 
entiate the first of these two equations with respect to X, it follows 
from this result and the second that 

This equation contains only X, a, cf>(a). Eliminating X from the two 
equations U = 0, dU/dX = 0, we obtain an equation which determines 
the function <£(a). The method to which we are led has an evident 
geometric meaning. In fact, the equation U(X, a,b)=0 determines 
the values of X which correspond to the points of intersection of the 
curve T with the complete integral. If we also have dU/dX = 0, this 
equation has a double root, and the complete integral is tangent to T. 
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Eliminating A. from the two equations Z7(A, a, b)=0, dU/dX = 0, 
the condition obtained, <$ (a, b) = 0, therefore expresses the fact that 
the complete integral is tangent to r, and the desired integral surface 
through T may be defined as the envelope of the complete integral 
surfaces tangent to the curve V. This result is geometrically almost 
intuitive. # 

85. Characteristic curves. Cauchy's method. Cauchy's method is 
independent of the theory of the complete integral. We shall now- 
present it in a geometric form. For this purpose, let us first consider 
the meaning of a non-linear partial differential equation 

(74) F(?,y,*,P,q)=o. 

This equation may be regarded as a relation between the direc- 
tion cosines of the tangent plane to an integral surface S through a 
given point (x, y, z) of space. Hence this tangent plane cannot be 
any plane passing through the point (x, y, z). Since the possible 
tangent planes form only a one-parameter family, they envelop in 
general a cone (T) whose vertex is the point (x, y, z). It follows 
that the tangent plane at any point M of space to each integral surface 
S passing through this point is also tangent to a certain cone (7 1 ) 
whose vertex is at M. 

The cone (T) depends, of course, upon the function F, and also 
upon the position of its vertex. In order to obtain the equation of 
the cone (7') whose vertex is (x, y, z), we must, by its definition, 
find the envelope of the planes 

(75) Z - z =p(X - x) + q(Y- y), 

where the parameters p and q are connected by the relation (74). We 
must therefore eliminate p and q from these two equations and the 
new relation (I, note, § 208, 2d ed.; § 202, 1st ed.) 

dF d F 

(76) (Y - v) -- ( X- x) - = 0. 

* It is easy to obtain the general integral of the differential equation (72). In fact, 
if we replace X by an arbitrary constant X , the function <p (a) denned by the equation 

(e) U[\ , a, 0(a)] = 0, 

also satisfies the equation 

(el |2 + ^^ (a) _ . 

da d<p (a) 

Hence (a) satisfies also the equation obtained by eliminating X from (e) and (e0 , 
but the resulting equation is exactly the equation (72). The relation (e) therefore 
represents the general integral of the equation (72) . There is also a singular inte- 
gral, which is indeed precisely the desired solution of the given problem. 
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The two equations (75) and (76) represent the characteristic direc- 
tion, that is, the generator of the cone (T) which is the line of con- 
tact of the tangent plane. If we suppose that the axes of coordinates 
are rectangular, we can obtain immediately the equation of the 
normal cone (N), which is generated by the normals to the different 
integral surfaces passing through the point M. For, since the equa- 
tions of the normals are 

X - x + p(Z - ») = 0, Y- y + q(Z - z) = 0, 

the elimination of p and q gives the equation of the cone (N) in 
the form 

(77) ^^-f^-J^o. 

If the given equation (74) is linear in p and q, the cone (N) is a 
plane and the cone (T) reduces to a straight line A. We have seen 
(§ 76) that the integration reduces in this case to the search for the 
curves which are tangent in each of their points to the correspond- 
ing straight line A. We are led to Cauchy's method by extending 
this process to non-linear equations. 

Let S be an integral surface represented by the equation 

y)- 

At each point M of this surface the tangent plane is also tangent 
to the cone (T) along a generator (G). We shall give the name char- 
acteristic curve to every curve C of the surface S which is tangent 
in each of its points to the corresponding generator G. Through 
each point of S (excepting the singular points, if there are any) 
there passes one and only one curve of this kind. The name charac- 
teristic curves will be justified later (§ 86). 

The key to Cauchy's method is that we can determine these curves 
by a system of ordinary differential equations without knowing the 
function f(x, y). In the first place, the tangent to the curve C coin- 
cides with the straight line G represented by the two equations (75) 
and (76), which may be written in the form 

X — x _ Y — y _ Z — z 
P ~ Q ~ Pp+ Qq 
in the notation of § 83. Along a characteristic curve x, y, z, p, q 
are functions of a single independent variable, and we may write the 
relations between the differentials dx, dy, dz in the form 

/rrox dx dy < dz 
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where u is a conventional auxiliary variable which is introduced 
merely for symmetry. Along this curve C we have also 

dp = rdx + sdy, dq = sdx + tdy, 

where r, s, t are the usual second derivatives of the function f(x, y). 
On the other hand, since z = f(x, y) is an integral of the given 
equation (74), the partial derivatives r, s, t also satisfy the two 
relations 

X+pZ + Pr+ Qs = 0, Y+qZ + Ps+ Qt = 0, 

which are obtained by differentiating (74) with respect to x and 
with respect to y. Replacing the differentials dx and dy by Pdu and 
Qdu respectively, the expressions for dp and dq become 

dp = (Pr + Qs) du, dq = (Ps + Qt) du, 

or, using the preceding relations, 

dp = — (X + pZ)du, dq = — (Y + qZ)du. 

Adjoining these equations to the equations (78), we arrive at a 
system of ordinary differential equations 

(te = dy = dz = —dp = -dg = 
K } P Q Pp + Qq X+pZ Y+qZ ' 

which is identical with the system (64) to which we are led by 
Lagrange's method. 

This system of differential equations is absolutely independent of 
the integral considered. We derive from it the following conclusions : 
Let (x Q , y , z ) be the coordinates of a point M of S, and let p and 
q be the values of p and q for the tangent plane at this point. If 
the function F is analytic in the neighborhood of this system of 
values, and if not all the denominators of the quotients (79) vanish 
simultaneously for x , y , z Q , p , q Q , the equations (79) have one and 
only one system of integrals which take on the values x Q , y , z Q ,p Q , q Q 
for u = 0. It follows that if two integral surfaces are tangent at a 
point (x Q) y , # ), they are tangent along the entire length of a common 
characteristic curve through that point. 

For convenience we shall call every system of values assigned to 
the five variables x, y, z, p, q an element. Thus, an element may be 
thought of as consisting of the set of a point whose coordinates are 
(x, y, z) and a plane through that point whose position is denned 
by the values of p, q. Along an entire characteristic curve, x, y, z,p, 
and q are functions of an independent variable u. To each point of 
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a characteristic curve there corresponds, therefore, an element com- 
posed of this point together with the plane through this point denned 
by the values of p and q. But from the equations (79) we have 

dz __ dx ^ dy 
du ^ du ^ du' 

so that this plane contains the tangent to the curve at the point 
(x, y, z). When the point (x, y, z) describes the characteristic curve, 
the corresponding plane envelops a developable surface passing 
through this curve, which is called the characteristic developable 
surface. Thus, to each characteristic curve there corresponds a char- 
acteristic developable surface through that curve. We shall hereafter 
use the words characteristic strip to denote the combination of the 
curve and the developable surface, and we shall refer to the curve 
as the characteristic curve, to avoid any possibility of ambiguity. 
With this understanding, a characteristic strip is composed of an 
infinite number of elements which depend upon an independent 
variable, and the infinitesimal variations of x f y, z, p, q are con- 
nected by the relations (79). A characteristic strip is therefore 
completely defined if we are given one of its elements, and the 
theorem stated a moment ago can again be expressed in the follow- 
ing exactly equivalent form : 

If two integral surfaces have a common element, they have in com- 
mon all the elements of the characteristic strip to which the given 
common element belongs. 

The totality of all characteristic strips depends upon three arbi- 
trary parameters. In fact, a characteristic strip is determined if one 
of its elements (x Q , y Q , z Q , p Qj q ) is given. One of the coordinates, 
x for example, may be assigned a given numerical value, and, more- 
over, by definition the relation F(x , y , z , p , q ) = is satisfied. 
Hence only three parameters remain arbitrary. 

In order to determine the characteristic strips, let us observe first 
that F = const, is a first integral of the equations (79). Hence, if 
F(x } y> z, p, q) vanishes for the initial element (cc , y , z Q , p , q Q ), F 
vanishes throughout the entire length of the characteristic strip 
through that element, as we see also from the derivation of the 
equations (79). In order to find the characteristic strips of the given 
equation, we can therefore adjoin to the system (79) the relation 
F = itself, which reduces that system to one of three differential 
equations of the first order. 
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Let us suppose that we have obtained the equations of the charac- 
teristic strip in finite terms ; and, for definiteness, let 



(80) 



[y=A( x , x o> Vv z o> Po> %)> 



z=f 2 (x, x , y Q , z Q ,p Q , q Q ), 
q =f i (x, x , y Q , Z Q ,p Q , q Q ) 



be the equations of the characteristic strip through the element 

0*o> Wo> 2a) • 

The two first equations of (80) represent the characteristic curve 
itself, and every integral surface, being a locus of the characteristic 
curves, will be obtained by supposing that x Qj y Q , z Q , p , q are func- 
tions of an auxiliary parameter v. We are therefore led to investi- 
gate how these five functions of v may be chosen in order that the 
surface generated by these characteristic curves shall be an integral 
surface. We shall introduce with Darboux an auxiliary variable u, 
and write the equations in a symmetric form. Let 



(81) 



(82) 



{ 



x = ^ 1 (u ) x Q ,y Q , z Q ,p , q ), 
y = <l> 2 (u, x ,y , z Q ,p , q ), 
z = <l> 8 (u, x Q , y Q , z Q ,p , q Q ), 

m p = <l> A (u, x Q ,y Q , z Q ,p , q ), 



q = 4> 6 (u, x ,y , z Q ,p , q Q ) 



be the equations which represent the integral of the system (79) 
which takes on the values x Q , y Q , z Q , p , q respectively for u = 0. 
If we replace x Q , y Q , z , p Qf q in these expressions by functions of a 
second auxiliary variable v, the equations (81) represent in general 
a surface S, u and v being regarded as two independent variables. 
In order that the surface S be an integral surface, and that the 
curves v = const, be the characteristic curves, the equations (82) 
must give precisely the values of p and q which determine the 
tangent plane to that surface .; and, moreover, the relation F = 
must be satisfied at every point of S. Hence the five functions 
x, y, z, p, q of the two variables u and v must satisfy the three 
conditions 



(83) 
(84) 

(85) 



F(x, y, z,p, q)=0, 



dm dx dy _ 
du ^ du ^ du 



0, 



dz dx dy _ ^ 
dv ^ dv ^ dv 
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Since the five functions are integrals of the system (79), we have, 
as remarked above, F(x, y, z, p, q) = F(x Q , y , z Q , p , q ). Hence the 
relation (83) will be satisfied if 

( 86 ) ^ >%> Wo>?o)=°- 

The relation (84) is identically satisfied, for it is a consequence of 
the differential equations (79). Cauchy transforms the condition (85) 
as follows : Indicating by H the left-hand side of (85), and differen- 
tiating with respect to u, we find 

dH _ d 2 z d 2 x d 2 y dx dp dy dq 

du dudv ^ dudv ^ dudv dv du dv die 

On the other hand, differentiating the relation (84) with respect to v, 
we have also 

_ d 2 z d 2 x d 2 y dp dx dq dy 

dado ^ dudv ^ dudv dv du dv du* 

whence, subtracting, 

dH dp dx j^dq dy dx dp dy dq 

du dv du dv du dv du dv du 

or, replacing the derivatives with respect to u by their values 
obtained from the relations (79), 



dH dx dy dp dq 

CU CV CV CV CV 



I dx dy\ 



Finally, observing that the five functions x, y, z, p, q of v satisfy 
the relation 

F(x y y, z,p y q)= 0, 
and that we therefore have also 

cv dv dv cv dv 
we may write the preceding value of dH/du in the form 
/or7N dH / dx , dy dz\ 

We derive from this relation the following value for H, 

(88) H = H Q e-X Zdu , 

where H denotes the value of H for u = 0, that is, when x, y, z, p, q 
reduce respectively to x Q , y Q , z Q , p , q Q . Since the function F, and 
consequently also the partial derivative Z, is supposed analytic 
in the neighborhood of the system of values x Q , y Q , z Q , p Q , q , the 



V, § 85] 



EQUATIONS OF THE FIRST ORDER 



255 



necessary and sufficient condition that H be zero is that H Q be zero, 
that is, that (3z/3v) = p (3x/3v) + %( d y/ dv )v 

Summing up, to obtain an integral surface * it is sufficient to replace 
x , y , z Qi p , q in the equations (80) or (81) by functions of an 
auxiliary variable v which satisfy the two conditions 

3 ? 3 x 3 2/ 
(89) F(x , y , z , p , q ) = 0, -^=p -^ + q . 

This method leads very easily to the solution of Cauchy's problem. 
In fact, if we wish to determine an integral surface through a given 
curve T, we may take for x Q , y Q , z the coordinates of any point of 
that curve expressed as functions of a variable parameter v, and the 
equations (89) then determine p Q and q Q . The solution may also be 
stated in geometric language as follows : The first of the equations 
(89) expresses the fact that the plane through the point (x , y Q , z Q ) 

* The argument presumes, however, that the denominators P, Q, X+pZ, Y+ qZ 
are not all zero for the initial values x 0f y , z , p , q . In case they are, the equa- 
tions (81) and (82) reduce to x = x , y = y 0l z=z ,p=p ,q = q 0l whereas if we suppress 
the auxiliary variable u, the equations (79) may have integrals which take on the 
given initial values (§ 31, Note). Hence the integrals of the given equation which 
satisfy also the four equations 

P = 0, Q=0, X+pZ=0, Y+qZ = 

are not given by the general method. Such integrals, if there are any, are singular 
integrals. There exist normally no such integrals for an equation given a priori and 
not formed by eliminating constants. 

The reasoning can be arranged so as to put in evidence the hypotheses necessary 
for the validity of the conclusions. Let us suppose first of all that the function 
F(x, y f z, p, q) is an analytic function of x, y, z, p, q. In order to show that every 
integral z=f(x, y) represents a locus of characteristic curves, it is not necessary to 
suppose that that integral is analytic ; it is sufficient to assume that it has continuous 
partial derivatives of the second order r, s, t, since only these derivatives appear in 
the proof. The characteristic curves, being defined by a system of analytic differen- 
tial equations, ai»e necessarily analytic curves, and, consequently, on every integral 
surface, whether it is analytic or not, there exists a family of analytic curves, namely, 
the characteristic curves. The functions <p lf <f> 2 , • • 0s » which represent the general 
integral of the equations (79), are analytic functions of u and of the initial values 
*o> Vo* z 0iPq> Qo (§ 26 )- In order that the calculations which follow, and their con- 
clusion, be rigorous, it i3 sufficient that these initial values be continuous functions 
of a parameter v, and that they have continuous derivatives, but it is not necessary 
that they shall be analytic functions of v. 

This is quite in accord with the method of the variation of constants. If the com- 
plete integral V(x, y, z, a, b) is an analytic function of its arguments, the same 
will be true of F(x, y, z,p, q), but nothing in the argument requires that the arbi- 
trary function b = <f>(a) shall be an analytic function of a. A similar remark applies 
to the general integral of a linear equation. For more details on this subject see 
E. R. Hedrick, Ueber den analytischen Character der Losungen von Differential- 
gleichungen (Inaugural-Dissertation, Gottingen, 1901). 
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determined by the values p and q is tangent to the cone (T) whose 
vertex is that point ; and the second of the equations (89) expresses 
the fact that this plane passes through the tangent to the curve V. 
Hence the whole process may be formulated as follows : Through 
the tangent at the point M to the curve Y pass a plane tangent to the 
cone (T) whose vertex is M ; let C be the characteristic curve through 
the element thus determined ; the surface generated by this charac- 
teristic curve, as the point M describes the curve r, is an integral 
surface through the curve V. 

There will be as many surfaces fulfilling these conditions as there 
are tangent planes to the cone (T 7 ) through a tangent to the curve r. 
It is also clear that we should associate tangent planes which form 
a continuous sequence. 

Let us consider first the general case where the tangent to the 
curve T is not a generator of the cone (T). Since p and q fix the 
position of the tangent plane to the cone (r), the direction cosines 
of the element of contact of (T) with that plane are proportional to 
P , Q , P p + Q q , by the formulae (75) and (76). Since the differ- 
ence P (dy /dv)— Q (dx Q /dv) is not zero, the values of p and of q Q 
derived from the equations (89) are analytic functions of v in the 
neighborhood of the given point of T. On the other hand, we can 
solve the first two equations of (81) for u and v, for the functional 
determinant dx/dudy jdv — dy /dudx/dv reduces for u = to 



that is, to P Q (dy /dv) — Q (dx Q /dv). Substituting these values of u and 
v in the third of the equations (81), we see that z is an analytic 
function of x and y in the neighborhood of the given point (see § 84). 

If the tangent at a particular point of the curve r coincides with the element 
of contact of (T) with the plane determined by the values jp , g at that point, 
this point is in general a singular point for the corresponding integral. If the 
same thing happens at every point of r, we must distinguish two cases, according 
as the curve r is a characteristic curve or not. 

If the curve r is a characteristic curve, it is tangent at each of its points to an 
element G of the cone (T) whose vertex is at that point, and the characteristic 
developable surface is the envelope of the tangent plane to the cone (T) along 
the generator G when the vertex M describes the curve r. The characteristic 
curve through each of the elements thus determined coincides with the curve 
r itself, and the equations (81) do not define a surface. But it is clear that in 
this case the problem is indeterminate. For let M be a point of T, let P be the 
plane tangent to the cone (T) whose vertex is M along the tangent G to r, and 
let r' be another curve through M whose tangent at M is a straight line of the 
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plane P different from G. From what we have just proved, the integral surface 
through r / contains the curve r. 

If the given equation (74) is not linear in p and g, as we shall suppose, the 
curve T can be tangent at each of its points to a generator G of the correspond- 
ing cone (T) without being a characteristic curve. The family of curves 
having this property depends, in fact, upon an arbitrary function. Let 



be the equation of the cone ( T) whose vertex is (x, ?/, z) . In order that a curve 
r be tangent at each of its points to an element of (T), the coordinates x, ?/, z 
of a point of that curve must be functions of a variable v satisfying the condition 



If we take x, for example, as the independent variable, we may choose arbi- 
trarily y = /(x), and then, substituting f(x) for y in the preceding relation, we 
have a differential equation of the first order for the determination of z as a 
function of x. Every curve not a characteristic satisfying the condition (90) 
will be called an integral curve. 

Now let us suppose that the curve r, for which we wish to solve Cauchy's 
problem, is an integral curve. From each point M of r there issues a character- 
istic curve tangent to T, and it follows from the preceding arguments that the 
surface S generated by these characteristic curves is an integral surface. Indeed, 
it is sufficient to take for x , ?/ , z the coordinates of a point of r, and forp 0l 
q the coefficients p and q of the plane tangent to (T) along the tangent to r. 
But this curve T is a singular line on the surface £ ; for if it were not, the 
derivatives r, s, t would have finite values in a point of r, and, since we have 
Q dx Q = P dy , the arguments of page 251 to establish the equations (79) would 
apply without modification, and we should conclude that the curve r is a 
characteristic curve, which is contrary to the hypothesis. This curve r, which 
is the envelope of the characteristic curves of the surface is the analogue of 
the edge of regression of a developable surface. 

Note. Cauchy's method also leads readily to a complete integral ; 
for we can satisfy the conditions (89) by putting x Q = a, y Q ■= b y 
z Q = c, where a, b } c are any three constants and where p Q and q Q 
satisfy the relation F(a, b, c, p , q )= 0. The integral surface thus 
obtained is the locus of the characteristic curves starting from the 
point (a, b, c), which is evidently a conical point for that surface. 
If we regard one of the coordinates a, b, c as a numerical constant, 
we have a complete integral. 

Example 1. Let us consider the equation treated by Cauchy, pq — xy = 0. 
Making use of the equation itself, we see that the differential equations of the 
characteristic curves can be written in the form 




(90) 




pdx = qdy = — = xdp = ydq. 
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We derive from them successively the integrable combinations 

* = & * = * dz= p 2xdx= i 2ydyt 

p x q y x y 

and the characteristic strip through the element (x , y , z , p , q ) is represented 
by the equations 

* = ,-_, o = ^o (x2 _^ ) = ?o (2/2 _^ 

where x , t/ , p , tf are connected by the relation p q = x y . In order to 
obtain the integral which, for x = x , reduces to 4>(y), we shall put, as in the 
general method, y = v, z = <t> (v). In this case the equations (89) give 

?0 = «-(«), fo = |g- 

The required integral is therefore represented by the simultaneous system of 
two equations 

which define u and z as functions of x and These two equations may be 
replaced by the equations 

[z-<p (v)] 2 = (x 2 - x 2 ) (y 2 - V 2 ), [z - (0)] = v (X 2 - X 2 ), 

of which the second may be obtained from the first by differentiating with 
respect to the parameter v. The desired integral can be obtained by eliminating 
u, and it follows that this result is quite in accord with Lagrange's theory. 
Example 2. Let us consider again the equation of page 240, 

(l + p 2 + q*)z 2 -R 2 = 0, 

which states that the length of the segment of the normal cut off by the 
xy-plane is equal to R. Hence, in order to obtain the normal cone (N) at the 
point M of space, we need only describe about the point M as center a sphere 
of radius and then take the cone of revolution whose vertex is M through 
the circle in which the xy-plane cuts this sphere. The corresponding tangent 
cone (T) is the cone of revolution whose vertex is M. We know here a com- 
plete integral, the spheres of radius B having their centers in the xy-plane. 
The characteristic curves, which are the limiting positions of the intersections 
of two spheres that are an infinitesimal distance apart (see § 86), are there- 
fore circles of radius E, whose planes are parallel to the z-axis and whose 
centers are in the xy-plane. Every integral curve, as we have seen, may be 
regarded as the envelope of the characteristic curves on an integral surface. 
These curves are therefore represented by the system of three equations, 

(x - a) 2 + [y - 0(a)] 2 + z 2 - £ 2 = 0, 
x - a + [y - (a)] 0'(a) = 0, 
1 + 0' 2 (a) + (a) 0"(a) - y<t>"(a) = 0, 

where (a) is an arbitrary function. 
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86. The characteristic curves derived from a complete integral. The concept of 
characteristic curves can be derived in a very natural manner from Lagrange's 
theory. We have seen, in fact, that if V = is a complete integral of a given 
equation of the first order, we obtain an integral surface by eliminating a from 
the two equations 

(91) V [x, y, z, a, <p (a)] =0, *f + -^Z_ *'(a) = 0, 

da d(p (a) 

where (a) is an arbitrary function. If we give to the parameter a a constant 
value, these two equations represent a curve whose locus is the integral surface. 
The equations of this curve are of the form 

dV dV 

(92) V(x,y,z,a,b) = 0, ^- + ^_ c = 0, 

da db 

where a, 6, c are arbitrary parameters. These curves form a complex, and we 
see that the integral surfaces are generated by the curves of this complex 
associated according to a suitable law. The name characteristic curves is self- 
explanatory, since they are the curves of contact of the complete integral with 
its envelope. 

The characteristic developable surfaces also appear in a natural manner. 
Let us consider a characteristic curve corresponding to the values a , 6 , c of 
the parameters a, 6, c. All the integral surfaces obtained by means of func- 
tions 0, such that we have b = <p(a ), c = 0'(a o ), pass through this curve and 
are tangent to each other along this entire curve, for the values of p and q, which 
for any point of an integral surface are given by the relations 

(93) r + *r=* ? + «?= ' 

dx dz dy dz 

are the same for all these surfaces. It is therefore natural to associate with 
each characteristic curve a characteristic developable surface passing through 
this curve. The four equations (92) and (93) enable us to express four of the 
variables x, y, z, p, q in terms of one of them and of the three arbitrary con- 
stants a, 6, c. In order to prove the identity of the forms thus defined with 
those of the characteristic strips deduced from Cauchy's method, let us suppose 
that the complete integral is represented by an equation of the form 

z = <f>(x, y, a, b). 

The equations (92) and (93) then become 

d$ 

(94) s = #(s,y,a,&), _+— c = 0, 

da do 

(95) 2> = ~> ( 1 = 7 • 

cx dy 

The relations (94) and (95) enable us to express the five variables (x, y, z, p, q) 
in terms of one of them (#, for example) and of the three arbitrary constants 
a, 6, c. The proof reduces to showing that these functions satisfy the differen- 
tial equations (64). Since the function <i>(#, y, a, b) is a complete integral of 
the equation F = 0, we have already between these functions the two relations 

(96) F(x, y, z, p, q) = 0, dz = pdx + qdy. 
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On the other hand, we deduce from the second equation of (94) 

/ a 2 $ d 2 $\ I a 2 <£ d 2 $\ 
(97) ( - + c — ) dx + ( — + f -VH dy = 0. 

v ' \dadx dbdx] \dady dbdyj 

Now if we differentiate with respect to the constants a and b the identity 

t a$ a$\ _ 

we find 

a* a 2 $ a 2 $ 
aa aaax aaay 
z a* i!± 

a& a&ax a&ay 

and consequently, by eliminating Z, we have 



/a 2 $ a 2 $\ /a 2 * 
(98) p ( + c — ) + ^-=- + c 

v 7 \aaax a&ax/ \dady 



dbdyj 



A comparison of the two relations (97) and (98) shows that we have dx/P=dy/Q. 
The remaining equations of (64) are established as in § 85, by comparing the 
relations ^ ^ a2$ ^ 

dp = — dx + dy, do = dx -1 dy. 

F ax 2 ax a?/ * dxdy dy 2 y ' 

which are deduced from the equations (95), with the relations 

a$ a 2 $ a 2 $ 

ax ax 2 dxdy 

a$ a 2 $ a 2 $ 
r+ z — + p— + q =o, 

ay ax ay * ay 2 

which in turn are obtained by differentiating the identity 

_/ a$ a$\ A 

\ dx dy) 

with respect to the variables x and y. 

Note. The theory of the complete integral applies to linear equations as well 
as to the non-linear equations. It seems at first sight, on the contrary, that 
Cauchy's method is altogether different for linear equations and for non-linear 
equations. In fact, the characteristic curves of a linear equation, or of an 
equation which separates into several linear equations, form a congruence and 
not a complex. But if we associate with each characteristic curve a charac- 
teristic developable surface, the paradox disappears. Each characteristic curve 
belongs, in fact, to an infinite number of characteristic developable surfaces 
which depend upon an arbitrary constant, so that this family of characteristic 
strips does depend upon three arbitrary constants. Let us consider, for example, 
the equation of the cones px + qy— z = 0. The equation z = ax + by represents 
a complete integral formed by all planes P through the origin. The character- 
istic curves are the straight lines passing through the origin, and the character- 
istic developable surfaces are the planes P themselves. We shall therefore 
obtain a characteristic strip by associating with a straight line through the 
origin a plane through that straight line ; this set actually depends upon three 
arbitrary constants. 
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87. Extension of Cauchy's method. Cauchy's method can be extended 
without difficulty to an equation in any number of independent 
variables, 

(99) F(x v x 2 ,..-, x n ; z, p v p 2 , • • • , p n ) = 0. ^p, = 

Let z = &(x v x 2 , • • x n ) be any integral of the equation (99); we 
shall designate as an element of this integral the set which consists 
of a system of particular values x\ y x\, • • •, x° n of the independent 
variables, together with the corresponding values z°, p°, • • •, p° n of 
the function <£ and its partial derivatives. Let us suppose that an 
element of the integral, starting with certain initial values x° iy z°, 
varies so as always to satisfy the differential equations 

/i (\/\\ dx i dx 2 dx n 

(100) T T T' 

1 2 » 

where, as in § 83, 

x - dF P _ 8F 7 - dF 

Xi -Y x ; Pk ~dF*' 

It is clear that these equations determine completely a family of 
curves (or one-dimensional manifolds) on each integral. For if z is 
known as a function of x v x 2 , • • •, x n , the same thing is true of the 
partial derivatives p-, and consequently of the functions P { . These 
relations (100) form, therefore, a system of (n — 1) differential equa- 
tions of the first order between the n variables (x , x 2 , • • ., x n ). By 
the theory of differential equations, through each point of the inte- 
gral surface there passes in general one and only one of these mani- 
folds. If to each point (x v x 2 , • • •, x n , z) of one of these manifolds 
we associate the corresponding values of p v p 2 , • • •, p n , we have a 
simply infinite sequence of elements, which we may again call a char- 
acteristic strip. We shall show that, without knowing the expression 
for the function z, we can adjoin to the relations (100) other differ- 
ential equations enabling us to define completely the variation of 
the variables x iy z, p k along a characteristic curve. 

Let us start from an element of the integral (x° iy z°,p%), and let us 
consider the characteristic strip through this element. Along this 
characteristic strip the variables x i9 z, p k are functions of a single 
independent variable satisfying the relation F = 0, whose differen- 
tials satisfy the equations (100) and also the relations 

dz =p 1 dx 1 H + p H dx n > d Pi = Pn dx i H + Vin^m 
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which result from the definition. Differentiating the relation F = 
with respect to the variable x if we find 

X { + Pi Z + P lPil + • • • + P nPin = 0. 

Indicating by du the common value of the quotients (100), and 
replacing P i in the preceding relation by dxjdu, we find 

( x i +t>iZ)du + p il dx 1 + • • " + p in dx n = 0, 

that is, . s , 

(X i +p i Z)du + dp i = 0. 

This shows us that the elements of an integral satisfy, along the 
entire length of a characteristic strip, the system of differential 
equations, 

_ . . dx; dz — - dpi. 

w t = i^ + --. + p nP r ^r du - ft*" 1 ' 2 .-.-) 

These equations do not depend upon the function <£; hence we 
can determine the successive elements of a characteristic strip, pro- 
vided that we know a single element z°, p° k ). We conclude from 
this, just as before (§ 85), that if two integrals have a common ele- 
ment, they have in common all the elements of the characteristic 
strip through that element. 

If, as we shall assume, the denominators of the equations (101) 
remain finite and are not all zero for the initial values, we derive 
from these equations 

(102) \pt = +t(u> Pi), 

[ z = il,(u,x iy z°,pl), 

where x° t , z°, p° k denote the initial values corresponding to the initial 
value u = of the auxiliary variable u, and where the functions f, 
<j> k , are continuous differentiate functions of u and of the initial 
values, at least within certain limits. 

Since each integral is a locus of characteristic curves, it is clear 
that every integral will be represented by the equations (102), where 
x h z°, Pi limst be functions of n — 1 independent variables, so that 
these equations represent, in fact, a manifold of n dimensions. But 
in addition these 2n + l functions x { , z, p k of n independent vari- 
ables must satisfy the relations 

1 dz —p x dx x -p 2 dx 2 p n dx n = 0. 
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Since the differential equations (101) have the integrable combina- 
tion dF = 0, the first of the relations of (103) will surely be satisfied 
if F(x^, z ,p° k ) = 0. On the other hand, we also have from the equa- 
tions (101) 

dz dx 1 ^ dx n 
du du ^ n du 

Since the initial values &°, p\ are functions of n — 1 independ- 
ent variables v v v 2 , • • • , v n _ l9 we must also have 

U = $z —p 1 8x 1 — • • • — p n &x n = 0, 

where the letter 8 denotes the differentials corresponding to arbitrary 
increments Bv v • • • , Bv n _ 1 of these variables. By proceeding as in 
the case for n = 2, we have necessarily 

dU = dhz — p x dhx x — • • . — p n dSx n — dp §x x — ... — dp n $x n , 

dz =p 1 dx 1 + h p n dx n , 

Mz = p 1 8dx 1 H \-p n &dx n + Sp 1 dx 1 H 1- &p n dx n , 

and, since we may interchange the order of the operations d and S, 
dU = ^ \8pidx { — dpi&x^ 

n 

= ^P { 8 Pi +(X { +p i Z)hx i \ du. 
Since z, x ( , p k satisfy the equation F = 0, we have 

i 

and, consequently, 

dU = - ZUdu. 
From this we find the following expression for U : 

-Czdu 

U = U e Jo 

In order that U shall be zero, it is necessary and sufficient that U be 
zero, that is, that we have 

hz«-p\%X { l P° n K = 0. 

To sum up, in order that the equations (102) represent an integral, 
it is necessary and sufficient that the initial values (a?°, z°, pi) be 
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functions of n — 1 independent variables satisfying identically the 
conditions 

(104) F(x%z«,pl)=0, 

(105) Sz° - p\ $xl -p° 2 Sx° 2 pi Sx° n = 0. 

Every system of 2n + l functions (x° { , z°, p° k ) of n — 1 variables 
satisfying these conditions defines an (n — l)-dimensional manifold 
of elements. Again, we may say that every integral of the equation 
F = is generated by the characteristic curves through the different 
elements of a manifold of this kind. 

In particular, to obtain Cauchy's integral, which for x 1 = x\ reduces 
to a given function &(x 2 , • • •, # n ), if we take x%, • • •, x° n for inde- 
pendent variables (x\ being supposed constant), the relation (105) 
gives the values of z°,p>l> • * '>P°n> 

o o o d$ 

z =z®(xl, • • •, #°), ^ 2 ~foJo' ' ' * ? ^ w = &c°* 

The value of p[ can be obtained from the relation (104). If Pj is not 
zero (as we must assume in order to apply the general existence 
theorem of I, § 194, 2d ed. ; § 188, 1st ed.), pi will be an analytic 
function of x%, • • •, x° n in a certain region, and the equations (102) 
will give, for z, x { ,p k) analytic functions of u, x° n . Moreover, 

the Jacobian 

JJ^Xd X 2y • ' •? % n ) 

D(u,x° 2 ,...,x° n ) 

is not zero, for it reduces to PJ for u = 0. Hence we can solve the. 
first n equations (102) for °, and, putting these expres- 

sions in the last of the equations (102), we obtain for z an analytic 
function of the variables x v x 2 , • • •, x n . 

Note. It may happen that the application of the preceding general rule does 
not lead to an integral. For example, it might turn out that the manifold of 
elements denned by the equations (102) does not really depend upon n arbitrary 
parameters. This is what would happen if the manifold formed by the elements 
(x?, z°, pi) were composed of characteristic strips ; in this case, in fact, the 
manifold denned by the equations (102) would coincide with the manifold of 
the elements (x°, z°, pi). 

Disregarding this case, it may also happen that the elimination of the param- 
eters w, Vj, •..,«„_! from the equations (102) leads to several distinct relations 
between the variables x 1? • • •, x n , z. In order not to reject such solutions, we 
agree with Sophus Lie to enlarge the definition of the integral and to designate 
as an integral of the equation F = every system of co n elements (x;, z, pjc) sat- 
isfying the relations 

(106) P(xf, z, p k ) = 0, dz = p 1 dx 1 + • • • + p n dx n . 



V, §88] SIMULTANEOUS EQUATIONS 265 

IV. SIMULTANEOUS EQUATIONS* 

88. Linear homogeneous systems. Let us consider a system of 
q linear homogeneous equations in one unknown, /, 

( df df df 



(107) 



1 



where the coefficients a ik are functions of the n independent variables 
x v as , - • •, x n and do not contain the unknown function /. The q 
equations (107) are said to be independent if there does not exist 
any identical relation of the form 

where X v A 2 , • • X q are functions of x v x 2 , • • • , x n not all zero. It is 
clear that every system of q equations that are not independent can 
be replaced by a system of q' independent equations (q* <q) equiva- 
lent to the first, and that no system can contain more than n inde- 
pendent equations. 

We can therefore always suppose the q equations (107) inde- 
pendent and q ^§ n. 

If q = n, and if the equations (107) are independent, the deter- 
minant of the coefficients a ik is not zero, and these equations have 
no other common integral than the trivial solution / = C, which we 
shall hereafter discard. If q is less than n, we can always find the 
integrals common to the equations (107) by successive integrations. 
In fact, let us suppose that we have integrated one of these equa- 
tions (the first, for example), and let y v y 2 , • • •, y n _^ be a system of 
Ti — l independent integrals. Again, let y n be another function such 
that the Jacobian JD(y v y 2 , • • y n )/D(x , x , • • •, x n ) is not zero. 
Then we may take y v y 2 , • • •, y n for new independent variables, and 
the equation X (f) = becomes df/dy n = by this change of vari- 
ables, while the equation X { (f) = (i > 1) is replaced by an equation 



* We shall limit ourselves to an indication of the principal methods in their essen- 
tial features. For further details the reader is referred to E. Goursat, Sur V inte- 
gration des equations aux derivees partielles du premier ordre (Paris, Hermann 
et fils, 1892). 
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of the same form \ in which the term in df/dy n may be suppressed. 
This new equation may be written in the form 

r i (/) = ^ + ..- + ^, i ^ = o, 

where the coefficients b ki are functions of y v y 2 , - - y n . If we sup- 
pose the coefficients b ki arranged according to powers of y n , this 
equation can be written in the form 

where the coefficients c 1{ , c lif • • . are independent of y n . Since the 
unknown function / must be independent of y n9 this function must 
satisfy all the linear equations which are obtained by equating to 
zero all the coefficients of the different powers of y n . Suppose that 
we proceed in this way with all the equations X { (f)= (i > 1). If 
the system formed by all the independent equations which we thus 
obtain contains n — 1 equations, the only solution is f= C. If not, 
the system will be composed of r linear independent equations 
(r < n — 1). We may operate in the same way on an equation of the 
new system, and so on in the same manner. Since at each operation 
the number of independent variables is diminished by unity, it is 
easy to see that the given system has no other integral than f=C, 
or else it reduces to a system composed of a single linear equation. 

This method, which may be easily applied in certain cases, is 
evidently very imperfect from a theoretical point of view, since it 
does not enable us to determine a priori whether the equations 
(107) have common integrals other than/= C. We shall now show 
that this question can be settled without any integrations. 

Let /be an integral common to the equations (107). This func- 
tion satisfies the two relations X { (f) = 0, X k (f) = 0, where i and k 
are any two of the indices 1, 2, • • •, q. We also have 

*«[**(/)] = *<(0) = o, x i [x i (/)] = A- i (0) = o, 

and, consequently, 

W(/)]=o. 

We have already observed that this new equation contains only deriva- 
tives of the first order (§ 36), and that it may be written in the form 

*<[**(/)] - = 2 {X,(a u ) - X* = o. 
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Suppose that we form all the equations, similar to the preceding, 
obtained by combining any two of the given equations. These equa- 
tions have all the integrals of the system (107). Let us indicate by 

*,+i(/) = o, x ?+2 (/)=o, x 3+s (/) = o 

all those of these new equations which are independent of each 
other and which form with the equations (107) a system 

o, 

-W/) = °> •■•> *,+.(/) = <> 

of independent equations. If q -f- s = the system (108), and con- 
sequently the system (107), has only the solution f=C. If q-\-s < n, 
we repeat on the system (108) the operations performed on the first 
system, and so on in the same manner. Continuing in this fashion, 
we finally obtain either a system of n independent equations, in 
which case the system (107) will have only the solution /= C, or 
else a system of r independent equations (r < n) such that all the 
combinations X i [_X k (f)'] — X k \_X i (f)~\ are linear combinations of 
X (f), • • •, X r (f). Such a system has been called by Clebsch a 
complete system. 

It follows, then, that the search for the integrals of a system of 
the form (107) leads to the integration of a complete system. 

Since it is clear that every system of n linear independent equa- 
tions is a complete system, we may say that every linear system 
reduces to a complete system. 

89. Complete systems. The theory of complete systems rests upon 
the following properties : 

1) Every complete system is transformed into a complete system 
by any change of variables. 

Let x, = ^{y v y 2 , • • y n ) (i = 1, 2, . . n) 

be the formulae that define a change of variables such that we can 
express also the variables y v y 2 , • • ♦, y n in terms of the variables 
x v x 2 , • • •, x n . By means of such a transformation every symbol of 
the type df df 

where a v a 2 , • • •, a n are functions of x v x 2 , • • •, x n , changes into an 
expression of the same form, Y(f)= b 1 cf/dy 1 -\- • • • + b n df/dy ny 
where b v b 2 , • • •, b n are functions of y v • • •, y n . We have identically 
X(f)= Y(f), where the letter / on the left-hand side denotes any 
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function of x v x 2 , • • x nf and on the right-hand side the same func- 
tion expressed in terms of the variables y v y 2 , • • y n . 
Now let 

(109) W)=0 ? X r (f)=0 

be a complete system. By means of such a transformation this 
system goes over into the system 

(no) r 1 (f)=o, r r (/)=o, 

where X { (f) = Y t (f) identically, with the understanding just men- 
tioned concerning the interpretation of f on the two sides. This new 
system is also a complete system. For, since we have identically 

X,.(/)=F,.(/), X k (f)=Y k (f) 

for any function /, we also have 

and, consequently, 

- = r,[r t (/)] - r t [r 4 (/)]. 

Since by hypothesis the system (109) is complete, we have for any 
two indices i and & 

Hence, after the transformation, we have 

YlY k {f)-] - Y^Y.if)-] = X\Y 1 (f) + ... + KY r {f), 

where \[, • • • , \' r indicate the results obtained by replacing x v x 2 , • • •, 
x n in X 9 • • X r by their expressions in terms of y 1? • • •, y n . The new 
system is therefore a complete system. 

2) Every system equivalent to a complete system is also a complete 
system. 

A system of r linear homogeneous equations in df/dx iy 

(109') Z 1 (f)=0, Z r (f)=0, 

is said to be equivalent to the system (109) if we have r identities 
of the form 

Z k (f) = A lh X x {f) + A 2k X 2 (f) + • • • + A rk X r (f), (k = 1, 2, • • ., r) 

where the coefficients A ik are functions of x v x 2 , • • • # n whose deter- 
minant is not zero. In that case we can express X^f), • • •, X r (f) 
linearly in terms of Z^f), • • Z r (f)> an d the name equivalent 
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systems is self-explanatory. The difference Z t \_Z k (f)~] — Z 1c \_Z i (f)~\ 
can now be written in the form 

X AhiX " \X A ^'(f)] - X A >" X ' \ X A *x*(f)\ ; 

h = l Ll=l J z=l U=i J 

hence it is equal to a sum of terms of the form 

A^X^f)-] - XlX h (f)2 \ +A hi X h (A lk )X l (f)-A lk X l (A hl )X h {f). 

If the system (109) is complete, this difference will therefore be a 
linear function of X 1 (f), • • X r (f), since all the differences 

are, by hypothesis, linear functions of X^f), • . ., X r (f). Since the 
two systems (109) and (109') are equivalent, all the differences 

can be expressed linearly in terms of Z x (f), Z 2 (f), • • ., Z r (f). 

It is clear that every complete system can be replaced by an 
equivalent system in an infinite number of ways. We say that the 
complete system (109) is a Jacobian system if all the expressions 
X i {X k (fy\ — X k [X i (f)'] are identically zero. We shall now show 
that every complete system is equivalent to a Jacobian system. 

Since the r equations (109) are independent by hypothesis, we 
can solve them for r of the derivatives of /, for example, for the 
derivatives df/dx v • • •, df/dx r . Since the system thus obtained, 

= 4£x* Jf^.. ^, d f. 



(in) 



y 



is equivalent to the system (109), it also is a complete system. Now 
if we form the expressions Z i [_Z k (f)'] — Z k \_Z { (f)\ it is clear that 
only the derivatives df/dx r+1 , . . ., df/dx n will appear, and conse- 
quently the new equations Z i \_Z k (f)'] — Z k [Z i (f)'] = can be 
linear combinations of the equations (111) only if the left-hand sides 
of these new equations are identically zero. The system (111) is 
therefore a Jacobian system. 

The reasoning proves that every complete system of the special 
form (111) is a Jacobian system, but it is clear that a Jacobian sys- 
tem is not necessarily of that form. 
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3) Every complete system of r equations in n independent variables 
can be reduced by the integration of one of the equations of the system 
to a complete system of r — 1 equations inn — 1 independent variables. 

Suppose that we have integrated one of the equations of the sys- 
tem, for example, the equation X x (f) = 0, and that we choose a new 
system of independent variables (y v y 2 , • • y n ), as in the preceding 
paragraph, in such a way that y 2 , y 3 , • • •, y n are n — 1 integrals of 
X x (f) — 0. The system (109) is replaced by a new complete system 
in which the first equation reduces to df/dy 1 = 0. Solving the r — 1 
remaining equations for the r — 1 derivatives df/dy 2 , • • •, df/dy r , for 
example, we obtain a complete system, 



(112) 



which is of the special form (111) and which is therefore a Jacobian 
system. Now we have 

iL .L iV/J dy 1 dt Jr + 1 dy x dy n 

and since this expression must be identically zero, we see that the 
coefficients c ik of the new system are independent of the variable y r 
Moreover, for i > 1, h > 1 we have identically 

^[W)]- W(/)] = <>; 

consequently the r — 1 equations 

(113) r 2 (/)=o, ¥,(/)= o, r r (/)=o 

form a Jacobian system of r — 1 equations in — 1 independent 
variables y 2 , y 3 , • • •, which establishes the proposition. 

The system (113) can in turn be reduced to a complete system of 
r — 2 equations in n — 2 independent variables, and so on in this 
way. Continuing in this manner, we finally reduce the given com- 
plete system to one linear equation in n — r + 1 independent vari- 
ables. We conclude from this that every complete system of r equations 
in n independent variables has n — r independent integrals, and the 
general integral of the system is an arbitrary function of these n — r 
particular integrals. 
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The preceding reasoning shows also what are the integrations to 
be carried out in order to obtain these integrals. Moreover, it is clear 
that this method can be applied in a variety of ways. We may, in fact, 
replace the given complete system by any other equivalent system, 
and begin by integrating any one of the equations of this new sys- 
tem. For example, if we replace the complete system by a Jacobian 
system of the form (111), we know at once r — 1 particular integrals 
x 2 , • • • , x r of the equation Z x (/) = 0, and it is sufficient to integrate 
a system of n — r ordinary differential equations in order to have 
the general integral. For complete details of other methods of inte- 
gration of complete systems, the reader is referred to special treatises. 



Example. Let it be required to integrate the system 
(114) 



vX-^ (%Cg (7X 4 



X 2(/) =jf + ( X 3^4 - X 2) ^~ + ( X l X Z X * + X 2 ~ X 1 X 2) ~~ = - 

vX 2 C/Xg vX^ 

Forming the combination X l [X 2 (f)] — X 2 [X 1 (/)], we are led to add to the 
given equations a new equation d f/dx s + x 1 d f/dx 4 — 0, and the system of three 
equations thus obtained is equivalent to the system 

(115) V + / +8x? N_?/ =0 *f + x Jf = W_ + X JL = 

dx x v 3 v 3x 4 dx 2 2 dx 4 dx 3 1 dxi 

which is a Jacobian system. The system (114) has therefore only one independ- 
ent integral. The general integral of the last equation of this system is an arbi- 
trary function of x 1? x 2 , and If we take for independent variables 
x 1? x 2 , x 3 , and u = x 4 — x 1 x 3 , every function /(x x , x 2 , x 3 , x 4 ) changes into a 
corresponding function 0(x 1 , x 2 , x 3 , w), and the system (115) is replaced by the 
system 

(116) ^ + 3s?^ = 0, ^ + x 2 ^ = 0, ** = 0. 

, dx x du dx 2 du dx 3 

The first two equations of (116) form a new Jacobian system of two equations in 
three independent variables x 1? x 2 , u. The general integral of the second is an 
arbitrary function of Xi and of u — x 2 /2. 

Let us now take for independent variables x x , x 2 , and u — x\/2 — v. Every 
function 0(xi, x 2 , u) changes into a corresponding function ^ (x^ x 2 , v), and 
the first two equations of (116) become 

*± + Sa »*± = a* = a 

dx ± dv dx 2 

The general integral of the first is an arbitrary function of v — xf, and, conse- 
quently, returning to the original variables, we see that the general integral of 
the system (114) is an arbitrary function of 
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90. Generalization of the theory of the complete integrals. Let us 

consider an equation 

(117) V(x v x 2 , ...,x H9 »', a v a 2 , • • a n _ r+1 ) = 

defining a function z of the n independent variables x v x 2 , • • • , x ny 
which depends also upon (n — r + 1) arbitrary parameters a v a 2 , 
• • #„_ r + i- If we suppose that definite values have been assigned 
to these parameters, and if we eliminate them from the relation 
(117) and the relations obtained by successive differentiations, 

< 118 > S + ^ = °> A = f? <* = 1.V..,») 

we obtain general only r independent relations between 2, sc , • • •, 

(119) ^(^,...,^, ^ 1 ,-.-,iO = 0, ^ 2 =0, F r = 0. 

Limiting ourselves to this case, which is the general case, we shall 
say, as above (§ 82), that the function z defined by the relation (117) 
is a complete integral of the system of partial differential equations 

(119) . We shall show that, in this case also, the knowledge of a 
complete integral of the system (119) enables us to find all other 
integrals. In fact, since the equations (119) arise from the elimina- 
tion of a v a 2 , • • •, a n _ r+1 between the equations (117) and (118), 
finding an integral common to these r equations (119) reduces to 
finding a system of functions z y a v • • •, a n _ r+1 of the variables x v 
x 2 , • • •, x n satisfying the equations (117) and (118). It is obvious 
that we can replace the system of equations (117) and (118) by the 
system consisting of the equation (117) and the equation 

dV dV dV 

(120) — d a l + — da i +... + ^— da n _ r+1 = 0, 

which is obtained by differentiating the equation (117) and making 
use of the equations (118). We can satisfy the equations (117) and 

(120) in a variety of ways : 

1) By supposing that a v o 2 , • • a n _ r + 1 are constants, which gives 
precisely the complete integral. 

2) By putting 

The elimination of a v a 2 , • • ., a n _ r+1 from these equations, if it is 
possible, furnishes an integral which does not contain any arbitrary 
constant, and which we shall call, as before, a singular integral. 
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3) If all the coefficients d V/da t are not zero simultaneously, there 
exists at least one relation between the unknown functions a v a 2 , 
• • •, a n - r +i of the variables x { (I, § 55, 2d ed. ; § 28, 1st ed.). 
Suppose that there exist k and only k independent relations between 
these functions, 

(121) f x (a v • • a n _ r+1 )= 0, • • f k (a v a 2 , • • •, a n _ r + 1 )= 0. 

Since the relation (120) must be a consequence of the relations 
dfi = 0(i = 1, 2, • • k), there exist k coefficients \ v X 2 , • • •, X k such 
that we have identically 

dV dV 

— da.-i + -r da n _ r + 1 = Xdf H + X k df k . 

This relation is equivalent to n — r + 1 distinct relations, 



(122) 



The elimination of a 1? a 2 , • • •, «-„_ r + i, A. 1? A 2 , • • •, A.^ from the equations 
(117), (121), and (122) will lead, in general, to a single relation 
between x v x 2 , • • •, cc n , and s, that is, to an integral common to the 
equations (119), which depends upon the arbitrary functions chosen. 
The set of integrals thus obtained, by making the number k vary 
from 1 to n — r, and by taking the functions f v f 2 , • • •, f k arbitra- 
rily, constitutes the general integral of the system (119). It will 
be observed that the complete integral will be obtained by supposing 
k = n — r +1. 

If r = 1, the system (119) reduces to a single equation. Con- 
versely, given any equation of the first order F(x i9 z \ p k )= 0, it 
follows from the general existence theorems that it always has an 
infinite number of integrals which depend upon as many arbitrary 
parameters as we wish, and consequently an infinite number of com- 
plete integrals. The preceding method, which is a direct generaliza- 
tion of that of § 82, enables us to find all the other integrals of the 
equation F = when we know one complete integral. 

If r > 1, the system (119) is not the most general of its kind, for 
a system of r equations of the first order with a single dependent 
variable does not necessarily have any integrals. We shall show in 
the following paragraphs how to determine whether such a system 
is consistent, and how to find the integrals when they exist. 
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91. Involutory systems. Let 

(123) F x (x v aj a , • • x n ; p v p 2 , • • p n ) = 0, F 2 = 0, • • F r = 

be a system of r independent partial differential equations of the 
first order, not containing the dependent variable z. The general 
case can always be reduced to this particular case by the device 
used in § 75. The problem of finding an integral common to the r 
equations (123) is equivalent to the following problem : To find n 
functions p t = <£,-(# 1? • • •, x n ) satisfying the relations (123) and the 
conditions dp i /dx k — dp k /dx i . 

If we know a system of n functions <t> t (x v • • • , x n ) satisfying these 
conditions, we can derive from them, by quadratures, an integral of 
the equations (123) which depends upon an arbitrary constant. 

Let F and II be any two functions of the 2 n variables x { , p k . 
Using the notation (see § 81) 



_ V (— — - — — ^ 



we shall call the expression (F, H) a Foisson parenthesis. We now 
have the following theorem : If the two equations F = 0, H = have 
a common integral, that integral also satisfies the equation (F, H) = 0. 

For let us suppose that p v p 2 , • • •, p n are functions of the n vari- 
ables x v • • • , x n satisfying the two equations F = 0, H = and the 
conditions dp i /dx k = dp k /dx t . Differentiating the relation F = with 
respect to x iy we find 

dx i S d Pk d *i 

Multiplying this equation by dH/dp, and adding all the similar 
resulting equations, we find 



dF dH 

+ 



^ ^ dn.- dvi. dx; 



Tii dx i d Pi fTi S d Pi d Pk 

Permuting the letters F and II and observing that we may permute 
the indices i and k in the double sum, we have also 

dxi dp, ^ dp k dp, dx k 

Subtracting the two results term by term, it follows that 

(124 > «"> + l£,gS(is-SH 
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If p v • • p n are the partial derivatives of the same function, we 
have, for any two indices i and k, Cp i /dx k = dp k /dx { and, consequently, 
(F,H)=0. 

This theorem contains as a particular case the one which was 
proved above (§ 88) for linear homogeneous equations in p v • . -,p n , 
and its logical consequences are also analogous to those of § 88. For 
every integral of the equations (123) is also an integral of all the 
equations (F a , Fp) = which can be formed from pairs of the equa- 
tions (123). Hence we can adjoin to the given system all of these new 
equations which form with the original equations a system of inde- 
pendent equations. Continuing in this way, we must finally obtain 
either a system of independent equations whose number exceeds n, 
in which case the system has no integral in general, or else a system 
of m equations (m ^ n) such that all the equations (F a , Fp) = are 
satisfied identically or are algebraic consequences of the preceding. 

Such systems are similar to complete systems. It is always possi- 
ble either to show that the given equations are inconsistent or to 
reduce them to a system for which all the parentheses (F a , Fp) are 
identically zero. In fact, let us suppose that we have solved the r 
equations (123) for r of the variables p v • . p n , which must always 
be possible, for otherwise the elimination of p, • • ., p n from these r 
equations would lead to a relation between the variables x v • • •, x n , 
and the given system would evidently be inconsistent. Let 

(125) p 1 -f 1 (p r+l9 • • -,p n \ x v • • ., x n )= 0, . p r -/ r (. . •)= 
be the equivalent system thus obtained. The parenthesis 

(Pa-fa, P & -fp) 
does not contain any of the variables p v • • •, p r \ hence the equations 
obtained by equating these parentheses to zero cannot be conse- 
quences of the first, and they furnish new equations if the paren- 
theses are not identically zero. Solving these new equations for 
certain of the quantities p r + 1 , • • - ,p n , and continuing in the same 
way, we finally either demonstrate the impossibility of the problem 
or else obtain a system of m equations of the first order (m ^§ n), 

(126) F 1 = 0, F m = 0, 

such that all the parentheses (F a , F p ) are identically zero. 

Such systems, which are similar to the linear Jacobian systems, 
are called involutory systems. It follows from what precedes that 
the search for the common integrals of a system of equations of the 
first order reduces to the integration of an involutory system. 
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This integration is immediate if m = n, as the following proposi- 
tion shows : Let F v F 2 , • • •, F n be functions of the 2n variables x { , 
p k , such that all the parentheses (F a , F$) are identically zero, and 
such that the Jacobian A = D(F V • • •, F n )/D(p v . . ',p n ) is not zero. 
If we solve the n equations 

(127) F 1= =a v F 2 = a 2 , . . ., F n = a n , 

where a v a> 2 , • • • , a n are any constants, for p v p>^ ' ' ' ? Pm the expres- 
sion p 1 dx 1 -\- • • • +p n dx n is an exact differential for the resulting 
values of the p's. 

For we have . , „ ^ N „ 

(F a - a M F^ - a fi ) = (F a , F $ ) = 0, 

and, by what precedes, these n functions p v p 2 , • • • , p n of the n varia- 
bles x v x 2 , • • • , x n defined by the n equations (127) must satisfy all the 
relations . „ „ ^ /n v 

Let us take all the ft relations of this kind in which the index p 
retains the same value. These relations can be written in the form 

~( cv; r-t. ovi. \ dx; oxiJ 



d Pi £i d Pk V^i d *k 
If we take for unknowns the n expressions 



^dj^idp, dp\ 



the determinant of the coefficients of these unknowns is precisely 
the determinant A, which, by hypothesis, does not vanish identically. 
It follows that we have, for any two indices i and /3, 

£i x d Pk dx k. 

Similarly, taking the n equations of this kind in which the index i 
has a definite value, we evidently have dp i /dx k = dp k /dx i , which 
proves the proposition. 
The function 

fz = &(x v a v • • a n+1 ) 



(128) 



~\ + Pn dx n) + 



where a n + 1 is a new arbitrary constant, represents the complete 
integral of the involutory system (127). If we regard the r con- 
stants a v a 2 , • • • , a r as having definite values, while the constants 
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a r+i, a n + i remain arbitrary, the formula (128) represents a 
complete integral of the involutory system formed from the first r 
equations of (127). This is a true complete integral, for, from the 
way in which we have obtained the function <£, the equations 

form a system equivalent to the system (127), and the only inde- 
pendent relations not containing a r + 1 , • • • , a n which can be deduced 
from them are evidently the first r equations of this system. 

92. Jacobi's method. Let us consider an involutory system of r 
equations (r < n), 

(129) F x (x v • • x n ; p v • • = a v • • F r (x v • • ;j? n ) = a r , 

where the constants a v • • •, a r have definite values. To obtain a 
complete integral of this system, it is sufficient to adjoin to it n — r 
new functions F r + li • • •, F n , such that the Jacobian 

D(F V ...,F U ) 

is not zero, and such that the new system 

(130) F 1 = a 1 ,...,F r = a r , F r + 1 = a r + 1 , • . F n = a n 

is itself involutory. Indeed, the complete integral of this system (130) 
will furnish, as we have just seen, a complete integral of the system 
(129). If r = 1, this method is merely the extension of the method 
of Lagrange and Charpit to an equation in n variables. 

Jacobi's method for solving this problem depends upon a noted 
identity due to Poisson. Let /, <£, ^ be any three functions of the 
2 n variables x iy jp k ; then we have identically the relation 

(131) ((/, <A) + ((*, /) + /), *) = o. 

In fact, each term on the left-hand side is the product of a partial 
derivative of the second order and two partial derivatives of the 
first order. Hence, to show that it vanishes, it is sufficient to show 
that it does not contain any derivative of the second order of the 
function /, for example, since the three functions /, <j>, \fr appear in 
it symmetrically. The terms containing the second derivatives of / 
can arise only from ((/, f) + (ty, /), *) = (f, /)) - (fc /))• 
Observing that (<£, /) and (^, /) are two linear homogeneous expres- 
sions in the derivatives of/, and setting 

(*,/) = *(/), (+,/)=¥(/), 
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the preceding expression can be written in the form 

F[X(/)]-X[F(/)]. 

Now we saw in § 88 that this expression does not contain any second 
derivatives of/. It follows that all the terms of the left-hand side 
of the equation (131) cancel each other in pairs. 

Finally, in order to integrate the involutory system (129), let us 
first try to find a function <£ independent of F , • • •, F r satisfying 
r linear homogeneous partial differential equations of the first order, 

(132) (F r *)=0, (F s ,*)=0, (F r> *)=0. 

These r equations form a Jacobian system. For if we set 

X t {*) = {F t ,<b), 

Poisson's identity, 

{{F a , J», *) + ((*>, *), Fa) + m F a ), J»= 0, 

becomes 

X, [^(fc)]-^ = 0, 

since (F«, F p )=0. 

Let F r+1 be an integral of this Jacobian system which forms with 
F v • • •, F r a system of independent functions of p , • • p n . We 
next proceed to form the new Jacobian system of r + 1 equations, 

(F 1 ,*)=0, (F P + 1 ,*)=0, 

and to find an integral of this system which is independent of 
F v • • •, F r+1 as functions of the and we continue in the same 
way. Finally, when we have found an integral of the last Jacobian 
system, 

(F l7 *)=0, . (^_i,^)=0, 

we can obtain a complete integral of the given system by a quadra- 
ture, as we have seen above. 

V. GENERALITIES ON THE EQUATIONS OF HIGHER ORDER 

93. Elimination of arbitrary functions. The study of partial differ- 
ential equations of the first order in a single dependent variable has 
led us to the following conclusions : 1) The integration of an equa- 
tion of this form reduces to the integration of a system of ordi- 
nary differential equations. 2) All the integrals of this equation are 
represented by one or more systems of equations in which appear 
explicitly one or more arbitrary functions and their derivatives. 

These properties are not extensible to the most general partial 
differential equations of order higher than the first. The problem 
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of the integration of such an equation cannot, in general, be reduced 
to the integration of a system of ordinary differential equations. 

We can easily generalize, however, the method of the elimination 
of arbitrary functions which leads to a partial differential equation 
of the first order (§§ 77 and 82), but the equations of higher order 
which we obtain in this way form only a very special class. 

Thus we have seen that the general integral of a linear equation 
in two independent variables Pp + Qq = R is obtained by associating 
the curves of a congruence according to an arbitrary law. Let us 
now consider a family of curves T that depends upon n + 1 arbitrary 
parameters a v a 2 , • • •, a n + 1 , (n >1), 

(133) F(x, y, z, a v . . •, a n+1 ) = 0, &(x, y, z, a v • • a B+1 ) = 0. 

If we establish n relations of arbitrary form between these n + 1 
parameters, we obtain a family of curves V that depends upon only 
one parameter. These curves generate a surface S, and all these 
surfaces S satisfy, whatever may be the n relations established 
between the n + 1 parameters, a partial differential equation of the 
nth. order, which is called the partial differential equation of the 
family of surfaces S. To prove this, let us observe that instead of 
establishing n relations between the n + 1 parameters a i} it amounts 
to the same thing to take for these parameters arbitrary functions 
a { (\) of an auxiliary variable A. The two equations (133) then define 
two implicit functions z = f(x, y), X = (x, y), and we have to 
prove that the function z — f(x, y) satisfies a partial differential 
equation of the Tith order, independent of the form of the arbitrary 
functions a { (\). Differentiating the first of the equations (133) with 
respect to x and then with respect to we obtain the two relations 



dF 




dF 


p + 


~dF 


dx 
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dz 
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dF 
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dF 


q + 


~dF 


dy 


dz 


da 1 



from which we derive 



dF 

dF 



K = o, 
K = °> 



dF 




dF 


dy 


-dz~ q 


dF 


+ 


dF 


dx 


Tz 1 ' 



Erom the second of the equations (133) we derive, similarly, an 
expression for the quotient A^/A^, which is deduced from the pre- 
ceding by replacing in it F by <1>. Equating these two expressions, 
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we adjoin to the equations (133) a new equation containing x, y, z, 

(134) ^(x, y, z, p, q, a v a 2 , • • a n + 1 ) = 0. 

Operating on this new equation as on the equation F = 0, we derive 
from it an expression for \' y /\' x which depends upon x, y, z, p, q, r, 
s, t, a v • • •, a n+v Equating this new expression to one of the expres- 
sions already obtained for this same quotient, we obtain a new 
relation containing the second derivatives of z, 

(135) %(x 9 y, z,p, q y r, s, t, a v a 2 , • • a n + 1 ) = 0. 

After n similar operations we adjoin to the system (133) a system 
of n relations containing a v a 2 , • • a n + 1 , x, y, z, and the derivatives 
of z up to those of the nth order. The elimination of a v a 2 , • • a n+1 
from these n + 2 equations will lead, in general, to one and only one 
equation between x, y, z, and the partial derivatives of z up to those 
of the nth. order. This is the partial differential equation of the 
surfaces generated by the curves T. 

Example 1. If the curves r are the straight lines parallel to the a^-plane, 
the equations (133) are 

2 = 0^, y = a 2 x + a 3 . 

Applying the general method, let us suppose that a x , a 2 , a 3 are functions of a 
parameter X. From the two preceding equations we derive for the quotient 
\' x /\' y the two values p/q and — a 2 , which leads to the relation p/q + a 2 = 0. 

Differentiating this last relation with respect to x and then with respect to 
2/, and dividing the corresponding sides of the resulting equations, we find 

K = pt-qs 
\; ps - qr 

Equating this value of the quotient to the expression q/p already obtained, we 
find again the partial differential equation of the ruled surfaces which have the 
x?/-plane for the directing plane (I, Ex. § 39, 2d ed. ; § 24, 1st ed.), 

q 2 r — 2pqs + p 2 1 = 0. 

Example 2. If the curves r are all possible straight lines, the equations (133) 
can be written in the form 

x = a 1 z + a 2 , y = a 3 z + a 4 . 
Applying the general method, we derive from them successively 

X; a 3 p a 3 ' 

or 

a>iP + a 3 q — 1 = 0. 
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From this new equation we then derive 

X y _ % s + a s t _ a 1 

or 

(A) a\r + 2a 1 a 3 s + a|« = 0. 
This last equation gives in turn 

K _ giggi + 2 a i a aPi2 + a sPo3 _ «i _ 5 l ' + *z 

X * a lP 3 + 2 a i a 5P21 + a lP 12 a 3 ' . " 5 ^ ^ V h 

or, clearing of fractions, 

(B) ajp 80 + 3 a? a 3 p 21 + 3 a x a|p 12 + a|p 03 = 0. 

Eliminating the quotient a x /a z from the relations (A) and (B), we obtain the 
partial differential equation of all ruled surfaces. We see that this equation 
contains only derivatives of the second and third orders. By its derivation 
we see that it states that at each point of the surface one of the asymptotic 
tangents has contact of the third order with the surface (I, § 223, 2d ed. ; 
§238, 1st ed.). 

Example 3. Let us consider the plane curves r represented by the two 
equations 

z=f(x, y, o»), y = a n + 1 . 

Instead of applying the general method, let us suppose that a x , a 2 , • • •, a n are 
functions of the last parameter a n + 1 . The surface S generated by these curves 
T has for its equation - r , , x . 

where 1? • . n are arbitrary functions of y. The elimination of these n func- 
tions from the preceding relation and the relations which give dz/dx, d 2 z/dx 2 , 
• • • , d n z/dx n leads to a partial differential equation of the nth order, 



/1QR\ ^ XT' / dZ C n ~ 1 z\ 

(lob) — = Fix, y. — , • • ), 



in which only derivatives with respect to x appear. 

Conversely, every partial differential equation of this type can be integrated 
as an ordinary differential equation containing a parameter. If z y, C 1? 

<?2> ' ' '» C«) is tlie general integral of such a differential equation, it will suffice 
to replace C 1 , C 2 , . • ., C n in it by arbitrary functions of ?/ in order to have the 
general integral of the same equation, considered as a partial differential equa- 
tion in two independent variables x and y. 

The general integral of a partial differential equation of the first 
order, of any form, in two independent variables, is obtained by tak- 
ing the envelope of a two-parameter family of surfaces when we 
establish an arbitrary relation between these two parameters (§ 82). 
To generalize this result, let us consider a family of surfaces 5 
which depends upon n + 1 parameters, 

(137) F(x, y, z, a v a 2 , • • a n + 1 ) = 0. (n > 1) 
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If we establish n arbitrary relations between these n + 1 parame- 
ters, or, what amounts to the same thing, if we replace a v a 2 , • • 
a n+i by arbitrary functions of an auxiliary variable A, we have a 
family of surfaces 2 which depends upon a single parameter. The 
envelope of this family of surfaces is a surface S which satisfies a 
partial differential equation of the nth order, independent of the 
form of the arbitrary functions a { (\). For we should obtain the 
equation of this surface by eliminating X from the two equations 

(137) and (138) 

(138) £<W+--- + £< +1 ^ = 0- 



But these two equations may be considered as defining two func- 
tions z = f(x, y) and A = (a*, y) of the two variables x and y. The 
partial derivatives p and q are given by the two equations (I, § 41, 
2d ed.; § 25, 1st ed.) 

n*Q\ dF dF dF dF 

Applying to this system (139) the method applied to the system 
(133), we can adjoin to it, step by step, n — 1 new relations between 
a v a 2 , • • •, a n+1 , x, y, z, and the partial derivatives of z of orders 
2, 3, • • •, n. The elimination of a v a 2 , • • •, a n+1 from these n — 1 
equations and the equations (137) and (139) will lead, in general, to 
a single relation independent of a v a 2 , • • •, a n+1 , in which will 
appear x, y, z, and the partial derivatives of z up to those of the 
nth order. 

Example. If the surface 2 is a plane, we find again the equation of the 
developable surfaces s 2 — rt = 0. If the surface 2 is a sphere with the constant 
radius 2?, the equations (137) and (139) become 

(140) { {X ~ a ^ + {V ~ a ^ + ( * - a * )2 - E2 = °' 
\x - a x + (z - a z )p = 0, y- a 2 + (z - a s )q = 0. 

Suppose that a 1? a 2 , a s are functions of a parameter X. Equating the values 
of the quotient Xy/X^ derived from the last two equations (140), we obtain the 
relation 

(141) (rt- s*) (z - a 3 ) 2 + [(1 + p *)t + (1 + q*) r - 2 pgs] (z - a 3 ) + 1 + p 2 + q 2 = 0. 

We shall obtain the desired equation by eliminating <2i, a 2 , a3 from (140) and 
(141). From the first we derive z — a 3 = E/V 1 + P 2 + 9 2 , and, replacing 2 — a 3 
by this value in (141), we obtain the partial differential equation of the tubular 
surfaces, 



(142) (rt- sZ)R*+[(l+p*)t+(l + q*)r-2pqs]RVl+p 2 + q 2 +(l+pZ + qZ)*=0. 
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The geometric meaning of this equation is easily verified. It states that 
one of the principal radii of curvature of the surface is equal to R (I, § 242, 
2d ed. ; § 241, 1st ed.). 

Note. Given a function of several variables which depends upon 
one or more arbitrary functions, it is not always possible, as in the 
two cases which have just been examined, to deduce from them 
one and only one relation, independent of the form of the arbitrary 
functions, between the independent variables, the function z and 
its partial derivatives up to a given order. Let us consider, for 
example, a function z = F(x, y, X, F), where F is a given func- 
tion of the four arguments which appear in it, and where X and 
F are arbitrary functions of the variables x and y respectively. The 
five derivatives q, r, s, t of the first and second orders depend 
upon X, X\ X", F, F', F", and it is in general impossible to elimi- 
nate these six quantities from the six equations. But if we continue 
up to derivatives of the third order, we have, in all, ten relations 
containing eight arbitrary quantities, X, X\ X", X'", F, F', F", F'", 
and the elimination will lead to a system of two equations of the 
third order. # 

94. General existence theorem. The proof given for a system of 
partial differential equations of the first order (§ 25) can be extended 
readily to the most general systems of the normal form, studied by 
Madame Kovalevsky, t 

F x (x v x 2 , • • •, x n \ z v z 2 , • - • , z p , - - •), 

F 2 (x v x 2 , • • •, x n \ z v z 2 y • • •, z py • • •), 



in which the right-hand sides contain the independent variables x v 
x 2 , • • ., x n , the dependent functions z v • . •, z p , the partial derivatives 
of z x up to and including those of order r v the partial derivatives of 
z 2 of orders up to and including those of order r 2 , • • and so on, 



* See Hermite, Cours d' Analyse, pp. 215-229. 

t Journal de Crelle, Vol. LXXX. In her proof, Madame Kovalevsky reduces the 
general case to the case of a linear system of the first order, but for us it will be 
sufficient to reduce the general case to the case of a system of the first order of any 
form whatever. 



(143) 



^z 2 
dx{2 
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but none of the derivatives d^zjdx 7 ^, d r *zjdx r f, • , d r pz p /dx\p. "We 
may then state the general theorem as follows : 

Regarding the quantities x v x 2 , • • x n , z v z 2 , • • • , z p , 

dx^ dxp - - • dx„ n 
which appear in the functions F { as independent variables, let 

be any system of values of these variables in whose neighborhood the 
functions F { are analytic. On the other hand, let 

<£i? * * *? <£i 1-1 > 
(144) W, *l, 4>l, ■ ■ ; 

? 

be functions of the n — 1 variables x 2 , x 3 , • • •, x n , regular in the 
neighborhood of the point a 2 , • • •, a n , and such that we have 

ybr # 2 = & 2 , • • •, = £Ae equations (143) Aawe owe 

(mZy one system of integrals, analytic in the neighborhood of the point 
(a v a 2 , • • •, a n ), and such that we have, for x 1 = a 1? 

To prove this we observe first that the equations (143), and those 
which we obtain from them by successive differentiations, enable us 
to express all the partial derivatives of the dependent variables in 
terms of the independent variables, the dependent variables, and the 
partial derivatives d a i + '- +a -z { /dx^ • • • da£», where a 1 < r x for i = 1, 
a < r 2 for i = 2, . • a x < r p for i = p. This follows, step by step, 
by a process of reasoning exactly like that of § 25. Now the ini- 
tial conditions determine immediately for x 1 = a v • • •, x n = a n the 
numerical values of the derivatives in terms of which all the 
others are expressible. Hence the coefficients of the developments 
in power series of the integrals whose existence we wish to prove 
can be calculated by the operations of addition and multiplication 
alone, in terms of the coefficients of the developments of the func- 
tions F { and of the functions of the array (144). 
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To finish the proof, it remains to establish the convergence of the 
power series thus obtained when the absolute values of the differ- 
ences x { — a { are sufficiently small. We have already proved this 
convergence when all the numbers r v r 2 , • • •, r p are equal to unity. 
We shall now show how to reduce the general case to this particular 
case by considering as dependent variables the functions z v • • z pJ 
and their partial derivatives up to those of order r { — 1, inclusive, 
for «,.(£ = 1, 2,. • . 9 p). 

Let us put 

aufiftrf. • • • 8a£- " (*o,o,...,o - *y 

The right-hand sides of the equations (143) contain the variables 
the dependent variables z v • • •, 2 p , the new dependent 
variables, and certain derivatives of the first order of these new 
dependent variables. But, by hypothesis, the derivatives of the varia- 
ble z { of order r { which can appear are different from the derivative 
4i,o,o,..-.,o- Hence at least one of the numbers a 2 , a n is differ- 

ent from zero. If, for example, a 2 > 0, we can replace z\ v ^ . . « n by 



dx 2 

when a x + a 2 + • • • + a n = r iy and similarly for the others. We can 
therefore write the given equations (143) in the equivalent form 

(145) 8 ^o,o,..,o = ^ . . . ? Xn . ^ ... fZp .. .), ({ = i, 2, • • .,^) 

the right-hand sides containing only the independent variables and 
the dependent variables with some of the partial derivatives of the 
first order taken with respect to one of the variables x 2 , • • •, x n . To 
these equations must be adjoined those which give the derivatives 
with respect to x x of the new dependent variables, other than those 
which we have already written. If we have a x -f- a 2 + • • • -f- a n ^ r { — 2, 
we can write immediately 

(146) 



and we have a x + 1 + a 2 H h a n ^ r t - — 1, so that the right-hand 

side is one of the dependent variables. If we have 

oc x + a 2 H h a n = r< - 1, 
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we must suppose a x < r { — 1, and, consequently, one at least of the 
numbers a , • • •, a n is different from zero. If, for example, we have 
a 2 > 0, we shall write 

^ ' dx x dx 2 

and the right-hand side is the derivative with respect to x 2 of one of 
the auxiliary dependent variables. The equations (145), (146), and 
(147) form a normal system of equations of the first order. The 
initial conditions which must be satisfied by the integrals of this 
new system result immediately from the initial conditions imposed 
upon the integrals of the original system, and it is clear that the 
power series obtained for the integrals z v z 2 , • • •, z p of the new sys- 
tem will be identical with the power series obtained for the integrals 
of the given system. These series are therefore convergent (see § 25) 
in the neighborhood of the point (a v a 2 , • • •, a n ). 

For example, the equation of the second order r =f(x, y, z, p, g, s, t) can be 
replaced by a system of three equations of the first order in the normal form, 

dz dp -I dp dq\ dq dp 

— = p, — =/ x, y, z, p, q, — > — , — = 

dx ^ dx \ ' ' ^ dy dy) dx dy 

If it is required that z = <f>(y), dz/dx = f(y), for x = x , the integrals of the 
auxiliary system must reduce respectively, for x = x , to the functions <£(?/), 

^(y), <t>\y)- 

This general theorem does not furnish a reply to all the questions 
which can be proposed on the existence of integrals of any system 
whatever of partial differential equations, for it applies only to sys- 
tems in the normal form considered. The most general systems have 
been the subject of a great number of studies, the most recent of 
which, due to Tresse, Riquier, and Delassus, have led to the gen- 
eral solution of the following problem : Given a system of m partial 
differential equations of any order in any number of independent 
and any number of dependent variables, to determine whether this 
system has any integrals and, if it has, to define the arbitrary quan- 
tities (constants or functions) upon which the integrals depend. * 

To sum up, every partial differential equation of any order in 
which both sides are analytic functions of their arguments has an 
infinite number of analytic integrals, but we cannot say, in general, 
as in the case of ordinary differential equations (§ 26), that all the 



* The investigations of Riquier have been collected by him in his work Sur les 
systemes d' Equations aux cterivtfes partielles (1910) . 
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Abel : 28, 15 

Abelian integral : 18, 11 

Abel's theorem, applied to Euler's 

equation : 28, 15 
Adjoint equation, polynomial : 115, 

42 ; 116, 42 
Adjoint system of equations : 156, 57 ; 

166, 62 

Algebraic critical points: 173, 63; 
183, 67 ; 199, 71 ; 201, 71 

Algebraic differential equations : 180, 
66 ; 182, 67 

Analytic extension of integrals: 101, 
37 ; 152, 56 ; 180, 66 ; 182, 67 ; 188, 68 

Analytic integrals: 45, 22; 49, 22 
50, ftn.; 51, 23; 53, 24; 54, 25 
57, 25 ; 59, 26 ; 60, 26 ; 26 ; 67, 29 
J?00, 37 ; 175, 64 ; 246, 84 ; #£4, 94 

Anharmonic ratio of integrals : 13, 7 

Antomari : #4£, ftn. 

Appell : 4i, ftn. ; 115, 42 ; m>, ftn. 

Approximate integration of differen- 
tial equations : 64, ftn. 

Arbitrary constants : 74, 31 ; see also 
Elimination of constants 

Asymptotic lines : 43, ex. 18 ; 91, 35 ; 
206, ex. 6 

Auxiliary equation, polynomial :12,6; 
117, 43 ; 124, 45 ; 163, 60 ; roots of : 
119, 43 ; for a system of equations : 
158, 58 ; 163, 60 

Bernoulli : ii, 5 
Bernoulli's equation : 11, 5 
Bertrand: 41, ftn. ; 80; ^20, ex. 21 
Bertrand's method : 80 ; 290, ex. 
21 

Bessel : 46 ; 142, 52 ; i£S>, ex. 8 
Bessel's equation : 126, 46 ; 142, 52 ; 

169, ex. 8 
2?oote : 212, ex. 1 
Bounitzky : 44, ex. 21 
Bracket [u, v] : 234, 81 ; 241, 83 



£no£ and Bouquet : 45, 21 ; 50, ftn. ; 

59, 26 ; 173, 64 ; i75, 64 ; 176, 64 ; 

i77, 64; 178, 65; ftn. 
Briot and Bouquet's equation : 173, 64 
Briot and Bouquet's method, analytic 

integrals : 50, ftn. ; 59, 26 
Briot and Bouquet's theorem : 175, 64; 

176, 64 ; 177, 64 ; 178, 65 

Calculus of limits: 45, 21 and 22; 65, 
ftn. ; 137,60; (system of equations) : 
4£,22; equations of the nth order : 49, 
22 ; 100, 37 ; non-linear equations : 
174, 64; partial differential equa- 
tions : 53, 25 ; (system of) : 56, 25 ; 
283, 94 ; 287, 94 ; system of linear 
equations : 50, 23 ; total differential 
equation : 51, 24; (system of) : 53, 24 

Canonical form,, of substitutions : 131, 
48 ; 132, 48 ; of a system of linear 
equations : 161, 59 ; 165, 61 ; 179, 65 

Cauchy : 35, 18 ; 45, 21 ; 46, 22 ; £Z 
27 ; 68, 30 ; 75, 30 ; 74, 30 ; 108, 
39 ; ftn. ; 128, 46 ; i54, ftn. 

172, 63 ; 67 ; 198, 71 ; 202, 71 
^4, 75 ; 217, 75 ; ^4£, 84 ; 249, 85 
^54, 85 ; 257, 85 ; ^57, Note ; 259, 
86 ; 260, Note ; ^i, 87 ; 264, 87 

Cauchy-Lipschitz method : 61, 27 ; 
30 ; 74, 30 

Cauchy's equation: 257, ex. 1. 

Cauchy's first proof : 68, 30 ; 73, 30 

Cauchy's method : non-homogeneous 
linear equations : 108, 39 ; 109, ftn. ; 
(system of) : 154, ftn. ; partial dif- 
ferential equations : 249, 85 ; 257, 
Note; 259, 86; m>, Note; (ex- 
tended) : 261, 87 

Cauchy's problem : 246, 84 ; %64, 87 

Cauchy's theorem : 45, 22 ; 172, 63 ; 
67 ; 198, 71 ; ^6>^, 71 ; (system 
of equations) : 48, 22 ; 217, 75 ; par- 
tial differential equations : 54, 25 
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Center, of integral curves: 180, 65; 
of similitude, 8, 3 

Characteristic curves : 219, 76 ; 224, 
77; 249, 85; 250, 85; #52, 86; 
261, 87 ; Cauchy's method : 249, 85 ; 
257, Note; #50, 86; £00, Note; 
261, 87; congruence of: 219, 76; 
#20, 76; ###, 77; derivation from 
complete integral : 259, 86 ; differen- 
tial equations of : 219, 76 ; 222, 77 ; 
224, 77; 251, 85; see also Char- 
acteristic strip 

Characteristic developable surface : 
252, 85 ; 259, 86 ; #6(9, Note 

Characteristic direction : 250, 85 

Characteristic equation: ISO, 47 ; 139, 
50 ; 140, 51 ; 143, 53 ; 147, 54 ; 165, 
61; 166,62; 179, 65; elementary 
divisors: 15#, ftn.; roots of: 130, 
47 ; 131, 48 ; 155, 50 ; 149, Note 2 

Characteristic exponents: 147, 54; 
150, 55 

Characteristic numbers : 147, 54 
Characteristic strip : 252, 85 ; 259, 86 ; 

260, Note; #61, 87; differential 

equation of : 262, 87 
Circles, differential equation of : 5,1; 

of double contact with a conic: 

206, ex. 4 
Cissoid : 206, ex. 5 
Clairaut : 17, 10 ; 41, ftn. ; 44, ex. 20 ; 

205, 72 ; #1#, 74 ; 239, ex. 1 
Clairaut' s equation : 17, 10 ; 41, ftn. ; 

44, ex. 20 ; #05, 72 ; generalized : 

212, 74 ; 239, ex. 1 
Cte&sc/i : 267, 88 

Complete integral : 236, 82 ; #59, 82 ; 
#41, 83 ; 247, 84 ; #60, Note ; 277, 
91 ; #75, 92 ; generalization of the- 
ory : 272, 90 ; geometric interpreta- 
tion : 238, 82 ; of involutory systems : 
#77, 91 ; see also Cauchy's method 
and Lagrange's theory 

Complete systems: 267, 88 and 89; 
equivalent: 268, 89; Jacobian sys- 
tems : 269, 89 ; 270, 89 ; #71, ex. ; 
#75, 91 ; 278, 92 ; method of inte- 
gration: 270, 89; change of varia- 
bles : 267, 89 



Completely integrable total differen- 
tial equations: 52, 24; 225, 78; 
system of equations : 53, 24 ; see 
also Condition for integrability 

Complex of curves : 259, 86 

Condition for incompressibility of a 
fluid : 86, 33 

Condition for integrability of total 
differential equations : 52, 24 ; 225, 
78 ; 230, 80 ; the bracket [u, v] : 
234, 81 ; #41, 83 ; invariance of : 
231, 80; involutory systems, Pois- 
son's parenthesis : 274, 91 ; the 
parenthesis (u, v) : 234, 81 

Conformal representation: ##, 13 

Congruence of curves : 209, 74 ; 219, 
76 ; ###, 77 ; focal points of, focal 
surface : 209, 74 ; 224, 77 ; see also 
Characteristic curves and Edge of 
regression 

Conical point : #57, 85 

Conies, differential equation of : 5, 1 ; 
having circles of double contact: 
206, ex. 4 

Conoids : ##0, ex. 1 

Constant coefficients in differential 
equations: 117, 43; (system of equa- 
tions) : 157, 58; 160, 58; D'Alem- 
bert's method : 122, 44 ; 161, 58 

Constants of integration : 74, 31 ; see 
also Elimination of constants 

Continuous one-parameter groups : 
87, 34 ; see also Groups 

Corresponding homogeneous linear 
equation : 107, 39 

Cotton : 64, ftn. 

Covariant : 80, Note 2 

Cremona transformation : 198, ftn. 

Critical points, algebraic : 173, 63 ; 
183, 67 ; 199, 71 ; #01, 71 ; infinite 
number of : 185, ftn. ; linear equa- 
tions: 129, 47; non-linear equa- 
tions: 173, 63; permutation of 
integrals about : 129, 47 ; 133, 49 ; 
transcendental : 197, 70 

Curves, asymptotic lines : 43, ex. 18 ; 
91, 35 ; #06, ex. 6 ; circles : see Cir- 
cles ; cissoid : #06, ex. 5 ; complex 
of : 259, 86 ; congruence of : see 
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Congruence of curves; conies: see 
Conies; cycloid: 41, 20; edge of 
regression : 209, 74 ; 212, 74 ; 240, 
ex. 2 ; 257, 85 ; elastic space curve : 
99, ex. 7; ellipse: 18, 10; enve- 
lope : see Envelope ; family of : 5, 1 ; 
helices : 220, ex. 2 ; isothermal : 43, 
ex. 12 ; orthogonal : 14, 7 ; 55, 17 ; 
##0, ex. 3 ; 00£, 78 ; parabola : 6, 
1 ; parallel : 42, ex. 9 ; similar : £, 
3; straight lines : 4,1; trajectories: 
14, 7; 54, 17; 93, 36; unicursal 
quartic: 19, ex. 2; 005, 72; see also 
Cusps Integral curves, Lines of 
Curvature, Locus 
Cusps of integral curves : 41, 20 ; 
201, 71 ; 000, 71 ; 208, 73; 010, 74; 
213, ex. 2 ; see also Locus of cusps 

Darboux: 29, 16; 41, ftn.; 45, 21; 

75, ftn. ; 116 ftn. ; 005, ftn. ; 213, 

ex. 2 ; 239, ftn. ; 055, 85 
Darboux' s theorems : 29, 16 
D'Alemberti 122, 44; 1S1, 58 
D'Alembert's method: 100, 44; 161,68 
Definite integrals as solutions, of Bes- 

sel's equation : 126, 46 ; 169, ex. 8 ; 

of Laplace's equation : 124, 46 
Delassus : 286, 94 

Depression of order : 36, 19 ; 109, 40 

Derivative in non-linear equations, 
infinite : 172, 63 ; indeterminate : 
173, 64 ; 177, 65 ; see also Briot and 
Bouquet's equation and Briot and 
Bouquet's theorem 

Developable surfaces : 040, 82 ; 257, 
85 ; 282, ex. ; see also Character- 
istic developable surfaces 

Differential equations : 5, 1 ; admit- 
ting a group of transformations : 
89, 35 ; 91, 35 ; 95, 36 ; 96, 36 ; 97, 
36 ; 98, ex. 4; algebraic: 180, 66; 
182, 67 ; algebraic, of deficiency 
zero or one: 18, 11 ; Bernoulli's : 11, 
5; Bessel's: 126, 46 ; 142,62; 169, 
ex. 8; Briot and Bouquet's: 173, 64; 
Cauchy's: 257, ex. 1; of character- 
istic curves: 219, 76; 000, 77; 224, 
77 ; 251, 85 ; of characteristic strip : 



262, 87; of circles: 5, 1; Clairaut's: 
see Clairaut's equation ; of conies 
(Halphen's method) : 5, 1 ; Dar- 
boux's theorems : 29, 16 ; depression 
of order of: 36, 19; 109, 40; differ- 
ential notation : 7, 2 ; elastic space 
curve: 99, ex. 7; equations F(x,y') 
= 0, ^(y,^) = : 1£, 11 ; Euler's : 
see Euler's equation; Euler's linear : 

123, 45; existence theorems: see 
Existence theorems ; of first order : 
6, 2 ; 180, 66 ; Gauss's : 140, 51 ; 
geometric representation of : 14, 8; 
of higher order : 35, 18 ; 196, 70 ; 
homogeneous : 8, 3 ; 16, ftn.; 38, 19 ; 
50, 35 ; of incompressible fluid : 84, 
33 ; integrals of : see Integral curves, 
Integral surfaces, and Integrals ; of 
isothermal curves: 43, ex. 12 ; Jaco- 
bi's : see Jacobi's equation ; La- 
grange's : 16, 9 ; 204, 72 ; 005, 72 ; 
Lamp's : 146, 53 ; Laplace's linear : 

124, 46; Legendre's: 112, ex. ; lin- 
ear: 9, 4; 90, 35; Liouville's : 79, 
ex. 3 ; of the nth order : 4, 1 ; 6, 
2; 49, 22; 100, 37; order of: 4, 
1 ; of orthogonal trajectories : 14, 
7; 55, 17; 228, 78; PainlevC's : 
196, 70 ; 197, 70 ; of parabolas : 6, 
1 ; with periodic coefficients : see 
Periodic coefficients ; Picard's: 143, 
53 ; raising order of : 41, Note ; 
regular: 134, 50; Riccati's: see Ric- 
cati's equation ; of similar curves : 
8, 3 ; singular points of : see Singu- 
lar points ; of straight lines : 4, 1 ; 
of trajectories: see Trajectories; see 
also special classes of differential 
equations and systems of equations 

Differential notation : 7, 2 

Differential operators: 97, 36; 100, 
38 ; 113, 41 ; bracket [u, v] : 234, 
81 ; 241, 83 ; the parenthesis (u, v) : 
234, 81; Poisson's parenthesis: 274, 
91; X[Y(f)]-Y[X(f)]: 97, 36; 
266, 88 ; 278, 92 

Dixon : 44, ex. 21 

Dominant functions: 45, 21 ; 47, 22 ; 51, 
23 ; 50, 24 ; 55, 25 ; 155, 50 ; 174, 64 
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Doubly periodic functions of the sec- 
ond kind: 145, 53 

Edge of regression: 209, 74; 212, 74; 

240, ex. 2 ; 257, 85 
Elastic space curve : 99, ex. 7 
Element : 251, 85 ; 261, 87 
Elementary divisors : 182, ftn. 
Elimination, of arbitrary functions: 

222, 11 ; 238, 82 ; 259, 86 ; 273, 90 ; 

278, 93; of constants: 5, 1; 208, 

74 ; 030, 82 ; #55, ftn. ; 272, 90 
Ellipsoid, lines of curvature of : 41, 

Note 

Elliptic functions: 23, 14; as coeffi- 
cients of a linear equation: 144, 
53; 146, 54; existence proof from 
Euler's equation : 23, 14 ; 194, 69 ; 
as integrals: 19, ex. 3 ; 39, 20 ; 144, 
53 ; iS0, 68 ; Picard's equation : 
144, 53 

Envelope, of asymptotic lines: 206, 
ex. 6 ; of integral curves : 17, 10 ; 
203, 71 ; 0(94, ftn. ; 205, 12 ; 005, 74 ; 
213, ex. 8 ; of integral surfaces : 238, 
82 ; 281, 93 ; of straight lines : 18, 10 

Equations of first order, higher order: 
see Differential equations and special 
classes of equations 

Equivalent complete systems: 268, 89 

Essentially singular points : 131, 47 ; 
134, 49 ; movable : 196, 70 

Euler : 19, 12 ; 23, 14 ; 27, 14 ; 28, 
15; 29, 16; 41, ftn. ; 43, ex. 17; 
117, 43 ; i03, 45 ; 194, 69 ; 205, 72 ; 
00i, ex. 3 

Euler's equation : 23, 14 ; 28, 15 ; 41, 
ftn. ; 69 ; 205, 72 ; Abel's the- 
orem : 28, 15; existence of elliptic 
functions: 23, 14; 194, 69; La- 
grange's integral of: 43, ex. 17; 
Stieltjes's general integral : 27, 14 

Euler's linear equation : 123, 45 

Euler's relation for homogeneity : 221, 
ex. 3 

Exceptional initial values : 172, 63 ; 

173, 64 ; 177, 65 
Existence theorems : 45, 22 ; 98, ex. 

1 ; analytic integrals : see Analytic 



integrals and Briot and Bouquet's 
method; calculus of limits: see 
Calculus of limits ; for elliptic func- 
tions: 23, 14; 194, 69; for inte- 
grating factors: 57, 26; successive 
approximations : see Successive ap- 
proximations ; for systems of partial 
differential equations in normal 
form : 283, 94 ; see also Exceptional 
initial values 
Extended group : 94, 36 

First integrals : 74, 31 ; 76, 31 ; 81, 

32 ; 83, 32 ; 157, 57 ; 216, 75 
Fixed singular points : 181, 66 ; 182, 67 
Floquet: 151, ftn. 
Focal point : 209, 74 
Focal surface: 209, 74; 224, 11 
Focus : 180, 65 

Fuchs : 134, 50 ; 139, ftn. ; 150, ftn. ; 
ftn. 

Fuchs' theorem : 134, 50 

Functions defined by differential 

equations : 182, 67 
Fundamental characteristic equation : 

139, 50 ; see also Characteristic 

equation 

Fundamental system of integrals: 
103, 38; 105, 38; 129, 47; 130, 47; 
147, 54; for a system of linear 
equations : 153, 56 

Gauss : i4C>, 51 

Gauss's equation : 140, 51 

General integral : 3,1; 12, 1 ; 59, 26 ; 
74, 31 ; of homogeneous linear 
equations: 103, 38; i#5, 38; of 
partial differential equations: 217, 
75 ; 238, 82 ; 273, 90 ; of a system 
of equations : 57, 26 ; 152, 56 

Goursat: 83, ftn.; 170, exs. 14, 15; 
m?, ftn.; 265, ftn. 

Group, differential equations admit- 
ting a: 89, 35 ; 91, 35 ; 55, 36 ; 96, 
36 ; 57, 36 ; 98, ex. 4 ; differential 
equations of a : 88, 34 

Groups, one-parameter continuous : 
86, 34; 91, 36; application to differ- 
ential equations: 89, 35; 96, 36; 
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57,36; functions admitting: £3,36; 
of infinitesimal transformations : 
91, 36 ; 93, 36 ; invariants : 93, 36 ; 
similar: 88, 34; of translations: 
89, 34 ; see also Transformations 

Halphen : 5, 1 ; 115, 42 

Hedrick : 255, f tn. 

Helices : ##0, ex. 2 ; 83 

Helicoid : 220, ex. 2 ; 245, 83 ; lines 
of curvature of : 91, 35 

Hermite: 99, ex. 7; 53; 169, ex. 
8; 1S>3, ftn.; 283, ftn. 

Homogeneity of functions, Euler's re- 
lation : 221, ex. 3 

Homogeneous equations: 8, 3; 16, 
ftn. ; 38, 19 ; S<9, 35 

Homogeneous linear equations: 102, 
38 ; 107, 39 ; adjoint equation, poly- 
nomial: 116, 42; analogies with 
algebraic equations : 113, 41 ; anal- 
ogies with the Galois theory, with 
symmetric functions of roots : 115, 
41 ; auxiliary equation, polynomial : 
117, 43 ; Bessel's equation : 126, 46 ; 
142 , 52 ; 169, ex. 8 ; common inte- 
grals of two equations : 114, 41 ; 
constant coefficients: 117, 43; 
(D'Alembert's method): 122, 44; 
corresponding: 107, 39; critical 
points : 129, 47 ; depression of order : 
109, 40; elliptic coefficients: 144, 
53 ; 146, 54 ; Euler's linear equation: 
123, 45; Fuchs theorem: 134, 50; 
fundamental system of integrals: 
103, 38 ; 105, 38 ; 129, 47 ; Gauss's 
equation : 140, 51 ; general integral : 
103, 38 ; 105, 38 ; greatest common 
divisor : 113, 41 ; group of substitu- 
tions: 132, 48; 134, 48; invariants: 
115, 41 ; Lamp's equation : 146, 53 ; 
Laplace's equation : 124, 46 ; Legen- 
dre's equation: 112, ex.; linearly 
independent integrals : 103, 38 ; 105, 
38 ; periodic coefficients : 128, 47 ; 
146, 54; 150, ex.; 151, ftn.; per- 
mutations of integrals around a 
critical point: 129, 47; Picard's 
equation: 143, 53; ratio of two 



integrals : 169, ex. 10; regular: 134, 
50 ; regular integrals : 128, 47 ; 131, 
47; 49; relation to Rieeati's 

equation : 111, 40 ; 112, ftn. ; roots 
of integrals, Sturm's theorem : 111, 
ftn.; solution as a definite inte- 
gral : see Definite integrals ; system 
of : see System of homogeneous lin- 
ear equations ; Wronskian : 129, 47 ; 
see also Characteristic equation, 
Characteristic numbers, and Char- 
acteristic exponents 
Ilouel : 212, ex. 1 
Hyperelliptic functions : 193, 68 
Hypergeometric series: 140, 51; de- 
generate cases : 142, 52 

Identical transformation : 88, 34 ; 91, 
36 

Incompressible fluid, condition for : 
86, 33 ; invariant integrals : 84, 33 

Independent equations: 265 y SS 

Independent integrals : 81, 31 ; line- 
arly : 103, 38 ; 105, 38 

Infinitesimal transformations : 86, 34 ; 
91, 36 ; 93, 36 ; 98, 36 

Initial conditions : 45, 22 ; 48, 22 ; 49, 
22; 50,23; 52,21; 53,21; 61,26; 
defining an integral : 100, 37 ; partial 
differential equations : 54, 25 ; 57, 
25 ; 214, 74 ; 221, 76 ; 246, 84 ; 284, 
94 ; see also Cauchy's problem, De- 
rivatives in non-linear equations, 
and Exceptional initial values 

Integrable combination : 77, 31 ; 78, 
exs. 1, 2 ; 220, 76 ; 245, 83 

Integral curves I 4,1; 60, 26 and ftn. ; 
61, 26 ; 79, Note 1 ; 173, ftn. ; 179, 
65 ; 199, 71 ; center : 180, 65 ; cusps : 
see Cusps; envelope of: 17, 10; 203, 
71 ; 204, ftn. ; 205, 72 ; 209, 74 ; 
ex. 8; focus: 180, 65; in para- 
metric form : 16, 9 ; of a partial dif- 
ferential equation: ^57, 85; 258, 
ex. 2; ex. 15; saddleback: 

179, 65 ; see also Integrals 

Integral equation : 61, 27 

Integral surfaces: 218, 76; 76; 
^7, 78 ; 246, 84 ; 250, 85 ; #55, 85; 
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envelope of : 238, 82 ; 281, 93 ; see 
also Cauchy's problem and Integrals 
Integrals : Abelian : 18, 11 ; analytic: 
see Analytic extension and Analytic 
integrals ; anharmonic ratio of : IS, 
7 ; Cauchy's problem: 246, 84 ; 264, 
87; complete: see Complete inte- 
gral; common to two linear equa- 
tions: 114, 41; denned by initial 
conditions: 100, 37; in form of 
definite integrals: see Definite in- 
tegrals; elements of : 251, 85; 261, 
87; elliptic functions : 19, ex. 3; 39, 
20 ; 144, 53 ; 192, 68 ; of equations 
of higher order : 196, 70 ; existence 
of : see Existence theorems ; first : 
see First integrals; fundamental 
system of : see Fundamental system 
of integrals ; general : see General 
integral ; general properties of : 
100, 37 ; hypergeometric series : 140, 
51 ; 142, 52 ; independent : 81, 31 ; 
initial conditions : see Initial condi- 
tions ; invariant : see Invariant inte- 
grals; Legendre's polynomials: 112, 
ex. ; Lie's enlarged definition : 264, 
Note; linearly independent: 103, 
38 ; 105, 38 ; non-analytic : see Non- 
analytic integrals; particular: 3, 1; 
12, 7 ; 14,7; 20, 12 ; 107, 39 ; 109, 
40; periodic: 192, 68; permutation 
of integrals around a critical point: 
129, 47 ; 133, 49 ; rational functions : 
144, 53; 192, 68; rational functions 
of constants: 10, 4; 12,7; 186, 67; 
regular: 128, 47; 131, 47; 134, 49; 
roots of, Sturm's theorem: 111, 
ftn.; singular: see Singular inte- 
grals ; singular points : see Singular 
points; Wronskian : 129, 47; see 
also Integrable combination, Inte- 
gral curves, Integral surfaces, and 
special types of equations 
Integrating factors : 19, 12 ; 81, 32 ; 83, 
32 ; 96, 36 ; 98, exs. 3, 4 ; 115, 42 ; 231, 
80 ; 290, ex. 20 ; existence of : 57, 26 
Integration by raising order : 41, Note 
lnvarianceof condition of integrability: 
231, 80 



Invariant functions : 93, 36 

Invariant integral : 83, 33 ; of homoge- 
neous linear equations : 115, 41 ; of 
incompressible fluid: 84, 33; line 
and surface : 84, 33 ; multiple : 85, 
33 ; volume : 86, 33 

Involutory systems : 274, 91 ; com- 
plete integral : 277, 91 ; Jacobi's 
method : 277, 92 ; Poisson's paren- 
thesis : 274, 91 

Isothermal curves : 43, ex. 12 

Jacobi: 11, 6; 25, 14; 32, 16; 74,31; 
81, 32 ; 163, 60 ; 269, 89 ; 270, 89 ; 
271, ex. ; 275, 91 ; 277, 92 ; 278, 92 

Jacobi's equation: 11, 6; 32, 16; re- 
lation to a system of homogeneous 
linear equations : 163, 60 

Jacobi's method, involutory systems: 
277, 92 

Jacobi's multipliers : 74, 31 ; 81, 32 
Jacobian system: 269, 89; 270, 89; 
271, ex. ; 275, 91 ; 278, 92 

Kovalevsky, Madame : 45, 21 ; 283, 94 
and ftn. 

Lagrange: 16, 9 ; 41, ftn. ; 43, ex. 17 ; 

107, 39 ; 109, ftn. ; 115, 42 ; 203, 

71 ; 204, 72 ; 205, 72 ; 213, ex. 4 ; 

236, 82 ; 239, 82 ; 240, 83 ; 241, 83 ; 

251, 85 ; 255, ftn. ; 258, ex. 1 ; #52, 

86 ; 277, 92 
Lagrange and Charpit's method : 240, 

83 ; 277, 92 
Lagrange's equation : 16, 9 ; #04, 72 ; 

#05, 72 

Lagrange's integral of Euler's equa- 
tion : 43, ex. 17 
Lagrange's method : 241, 83 ; 251, 85 
Lagrange's method of the variation of 
constants: 107, 39; 109, ftn.; 255, 
ftn. 

Lagrange's theory of the complete in- 
tegral : 236, 82 ; 239, 82 ; 258, ex. 
1 ; 259, 86 

Laguerre : i!5, 41 

Lame : i46, 53 

Lamp's equation : 146, 53 
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Laplace : 124, 46 ; 127, Note 

Laplace's linear equation : 124, 46 ; 
127, Note 

Legendre : 16, ftn. ; 28, 15 ; 112, ex. 

Legendre's equation : 112, ex. 

Legendre's polynomials : 112, ex. 

Legendre's transformation : 16, ftn. 

Leibnitz : 118, 43 

Leibnitz's formula : 118, 43 

Liapunof: 151, 55 and ftn.; 166, 62 

Zte: 43, ex. 12; ftn.; 98, 36; 
#04, Note ; 289, ex. 15 

Lie's enlarged definition of the inte- 
gral : 264, Note 

Lie's theory of differential equations : 
86, 34 ; see also Groups 

Lindeldf: 61, 27 ; 98, ex. 1 

Linear equations : 9, 4 ; 90, 35 ; 100, 
37 ; ZtfS, 39 ; 186, 67 ; coefficients 
depending upon a parameter: 65, 
Note ; depression of order : 109, 40 ; 
general properties of integrals : 100, 
37; see also Homogeneous linear 
equations, Integrals, Non-homoge- 
neous linear equations, Partial differ- 
ential equations, and Singular points 

Linearly independent functions : 103, 
38 ; integrals : 103, 38 ; 105, 38 

Lines of curvature: 206, 72; of an 
ellipsoid : 41, Note ; of a helicoid : 
91, 35 

Liouville : 79, ex. 3 

Liouville's equation : 79, ex. 3 

Lipschitz : 68, 30 ; 287, 94 

Lipschitz condition : 68, 30 ; 287, 94 

Locus, of characteristic curves: 219, 
76 ; of cusps of integral curves : 
201, 71 ; 202, 71 ; 206, 72 ; 208, 73 ; 
212, 74; 213, ex. 2; of points of 
inflection of integral curves : 213, 
ex. 2. 

Mayer i 229, 79 

Mayer's method : 229, 79 

Meray : 45, 21 

Moigno : 68, 30 ; 212, ex. 1 

Monge : 41, Note 

Monge's method of finding the lines of 
curvature of an ellipsoid : 41, Note 



Movable singular points : 181, 66 ; 
185, 67; 197, 70 and ftn.; for 
equations of higher order : 196, 70 ; 
essentially singular: 196, 70; lines 
of : 197, 70 ; poles : 197, ftn. ; tran- 
scendental critical points: 197, 70 

Multipliers: 74, 31 ; 81, 32 ; 85, 33 

Non-analytic integrals : 50, 22 ; 255, 
ftn. ; Briot and Bouquet's theorem : 
175, 64 ; 176, 64 ; 177, 64 ; 178, 65 ; 
see also Analytic integrals and Briot 
and Bouquet's method 

Non-homogeneous linear equations : 
100, 37; 106, 39; analytic exten- 
sion of integrals: 101,31; Cauchy's 
method: 108, 39; 109, ftn.; con- 
stant coefficients : 120, 43 ; corre- 
sponding homogeneous equation : 
107, 39; depression of order: 110, 
40 ; general integral : 107, 39 ; La- 
grange's method of the variation of 
constants: 107,39; 109, ftn.; singular 
points: 100,31 ; system of equations: 
see Systems of non-homogeneous 
linear equations 

Non-linear differential equations, 172, 
63; 179, 65; algebraic equations of 
the first order: 180, 66; 182, 67; 
Briot and Bouquet's problem : 193, 
ftn.; having single-valued inte- 
grals: 187, 68; 192, 68; 193, ftn.; 
exceptional initial values : 172, 63 ; 
(derivative infinite): 172, 63; (de- 
rivative indeterminate) : 173, 64 ; 
177 , 65 ; integrals : see Envelope of 
integrals, Integral curves, Integrals, 
Locus of cusps, and Singular inte- 
grals ; functions defined by y' — 
R(x, y) : 182, 67 ; non-analytic inte- 
grals : see Non-analytic integrals ; 
singular points: see Critical points, 
Fixed singular points, Movable sin- 
gular points, Singular points; sys- 
tems of : 208, 74 ; see also Equations 
of Briot and Bouquet, Clairaut, 
Euler, Lagrange, and Eiccati 

Normal form of a system of partial 
differential equations : 283, 94 
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Order of a differential equation : 4,1; 
depression of : 36, 19 ; 109, 40; first 
order : 6,2; 180, 66 ; higher order, 
nth order : 4, 1 ; 6, 2 ; 35, 18 ; 196, 
70; integration by raising order: 
41, Note 

Orthogonal trajectories: 14, 7; 33, 

17; 220, ex. 3 ; 228, 78 
Orthogonal surfaces : 223, 77 

Painleve: 59, ftn. ; 74,30; 196,70; 

197, 70 ; 213, ex. 7 
Painlevd's equation: 196, 70; i37, 

70 

Parallel curves : 42, ex. 9 
Parallel surfaces : 289, ex. 19 
Parenthesis (u, v) : 234, 81; Poisson's : 
274, 91 

Partial differential equations : 76, 31 ; 
of first order : see Partial differential 
equations of the first order; of 
higher order: 278, 93; (system of 
equations) : 283, 94 ; of ruled sur- 
faces : 280, ex. 1 ; 281, ex. 2 ; of 
tubular surfaces : 240, ex. 3 ; 282, 
ex. ; see also Systems of differential 
equations and Existence theorems 

Partial differential equations of the 
first order, linear : 75, 31 ; 214, 75 ; 
characteristic curves: see Character- 
istic curves; of conoids: 220, ex. 1; 
general integral : 217, 75 ; geomet- 
ric interpretation : 218, 76 ; general 
method of integration : 214, 75 ; of 
helicoids: 220, ex. 2 ; 245, 83; initial 
conditions, 221, 76 ; integral surface : 
218, 76; 219, 76; singular integral, 
surface : 224, 77 ; see also Systems 
of differential equations 

Partial differential equations of the 
first order, non-linear: any num- 
ber of variables : 261, 87 ; Cauchy's 
equation: 257, ex. 1; Cauchy's 
method: 249, 85; 259, 86; 260, 
Note; (extended): 261, 87; Cauchy's 
problem: 246, 84; characteristic 
curves, characteristic developable 
surface, characteristic direction, 
characteristic strip: see these titles; 



Clairaut's equation, generalized : 
239, ex. 1; complete integral: 236, 
82, and see also Lagrange's theory ; 
element: 251, 85; envelope of sur- 
faces: 238, 82; general integral: 
288, 82; integral, Lie's enlarged 
definition: 264, Note; integral 
curves: 257, 85; 289, ex. 15; La- 
grange and Charpit's method : 240, 
83 ; 277, 92 ; separation of variables : 
244, ex. 3 ; singular integrals : 224, 
77; 237, 82; 238, ftn.; 272, 90; 
three variables : 236, 82 ; see also 
Involutory systems 
Particular integral, solution : 3, 1 ; 
12, 7; 14, 7; 20, 12; 107, 39; 

109, 40 

Periodic coefiicients : 128, 47 ; 146, 
54 ; 150, ex. ; 151, ftn. ; elliptic : 
144, 53 ; 146, 54 ; Picard's equa- 
tion : 144, 53; system of linear 
equations : 164, 61 ; 166, 62 

Picard: 59, ftn.; 61, 27; 74,30; 115, 
42 ; 144, 53 ; 177, 64 

Picard's equation : 144, 53 

Picard's method of successive approxi- 
mations : see Successive approxima- 
tions 

Poincare: 83,33; 126, ftn.; 151, ftn.; 

177, 64 ; 180, 65 ; 194, ftn. 
Poisson : 274, 91 ; 277, 92 
Poisson's identity : 277, 92 
Poisson's parenthesis : 274, 91 
Poles of integrals : 143, 53 ; 183, 67 ; 

185, 67; movable : 186, 67 ; i#7, ftn. 
Properties, of differential equations of 

higher order: 196, 70; of e x t tan x: 

213, ex. 6 

Quadratures : 7, 2 ; 10, 4 ; 7 ; 
7; i4, 7; 16,9; 19,12; 78,31; 79, 
Note 1 ; 88, 32 ; 90, 35 ; 39 ; 

110, 40 ; iil, 40 ; 154, 56 ; 278, 92 

2?c#i/ : 44, ex. 21 

Ratio, of similitude : 8, 3 ; of two 
integrals : ex. 10 

Rational functions, of constants as in- 
tegrals : 10, 4; 12, 7; 186, 67; of 
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variables as integrals : 144, 53 ; 192, 
68 

Reducible systems : 165, 62 
Regular differential equations : 134, 
50 

Regular integrals : 128, 47 ; 131, 47 ; 
134, 49 ; Fuchs' theorem : 134, 50 ; 
substitutions : 132, 48 ; 134, 48 

Riccati : 12, 7 ; 13, f tn. ; 43, ex. 13 ; 
79, ex. 2; 111, 40; 112, 40 and ftn.; 
143, Note; 157,57', 169, ex. 9; 17tf, 
ex. 15; 67; i£7, 67 and ftn.; 
194, ftn. ; 197, ftn. ; £i3, ex. 7 

Riccati's equation : 12,1 \ 43, ex. 13 ; 
7S, ex. 2 ; lil, 40 ; 112, 40 and ftn. ; 
143, Note; 157,51) 169, ex. 9; i7tf, 
ex. 15 ; 67 and ftn. ; 186, 67 ; 

i54, ftn.; 213, ex. 7; generalization 
of: 197, ftn.; linear transformation 
of : i^, ftn.; relation to linear equa- 
tions: 111, 40; 112, ftn. 

Riquier : 45, 21 ; £56, 94 and ftn. 

Roots of characteristic equation : 130, 
47 ; 131, 48 ; 139, 50 ; 149, Note 2 ; 
elementary divisors : 132, ftn. 

Roots of integrals : Sturm's theorem : 
111, ftn. 

Ruled surfaces : 280, ex. 1 ; 281, ex. 2 

Saddleback : 179, 65 

Sauvage : i#£, ftn. 

Schlomilch : 212, ex. 1 

Separation of variables : 6, 2 • 8, 3 ; 
iS, 12 ; £44, ex. 3 

Serret : £i£, ex. 1 ; 213, ex. 3 

Similar curves : 8, 3 

Similar groups : 88, 34 

Single-valued integrals : 144, 53 ; of 
(y') m = li (y), classification of equa- 
tions : 187, 68 ; 192, 68 ; 193, ftn. 

Singular integral, curve, surface : 17, 
10 ; 27, 14 ; 76, ftn. ; 198, 71 ; 202, 
71 ; 205, 72 ; £6>6, 72 ; 208, 74 ; £ltf, 
74; 224,11 ; £37, 82; £55, ftn.; as 
an envelope : £#3, 71 ; £&?, 82 ; geo- 
metric interpretation : 207, 73 

Singular integral, curves and surfaces : 
determination of : 205, 72 ; of first- 
order equations : 198, 71 ; 202, 71 ; 



206, 72; geometric interpretation: 

207, 73 ; of partial differential equa- 
tions : ££4, 77 ; 237, 82 ; 238, ftn. ; 
272, 90 ; of a system of equations : 

208, 74 ; 210, 74 

Singular lines, movable : 197, 70 

Singular points : algebraic critical 
points: 173, 63 ; 183, 67 ; 184, 67 ; 
201, 71 ; Briot and Bouquet's theo- 
rem : 176, 64; center: 180, 65; of 
equations of the first order: 180, 
66 ; essentially : 131, 47 ; 134, 49 ; 
essentially singular movable : 196, 
70 ; fixed : 181, 66 ; 182, 67 ; focus : 
180, 65; of linear equations: 65, 
28 ; 100, 37 ; 129, 47 ; 140, 51 ; 142, 
52 ; 143, 53 ; indeterminate deriva- 
tive : 173, 64 ; infinite derivative : 
172, 63 ; infinite number of critical 
points : 185, ftn. ; movable : see 
Movable singular points ; poles: 131, 
47 ; 143, 53 ; 144, 53 ; 183, 67 ; 184, 
67 ; 185, 67 ; 197, ftn. ; saddleback : 
179, 65 

Solution : see Integral 

Star : 67, 29 

Stationary flow : 86, 33 

Stieltjes : 27, 14 

Stieltjes's general integral of Euler's 
equation: 27, 14 

Straight lines, differential equation 
of : 4, 1 

Sturm : 111, ftn. 

Sturm's theorem: 111, ftn. 

Substitutions : linear equations : 129, 
47; 132, 48; 134, 48; canonical 
form : 131, 48 ; 132, 48 ; system of 
linear equations, canonical form : 
165, 61 ; Wronskian : 129, 47 

Successive approximations: 61, 27; 
analytic functions: 66, 29; 102, 37; 
175, 64 ; Cauchy-Lipschitz method : 
61, 27 ; 68, 30 ; 74, 30; Cauchy's first 
proof : 68, 30 ; 73, 30 ; coefficients 
functions of a parameter : 65, Note ; 
Lindelof's addition: 61, 27; linear 
equations: 64, 28; Lipschitz condi- 
tion : 68, 30 ; ££7, 94 ; non-analytic 
integrals: 175, 64; real variables: 



Hosted by V^iOOQle 



300 



INDEX 



61, 27; 62, 27; 68, 30; 78, 30; 150, 
55 ; star : 67, 29 

Surfaces, conoids : 220, ex. 1 ; develop- 
able : 240, 82; 257, 85; 282, ex.; 
ellipsoid: 41, Note; focal: 209, 
74 ; ##4, 77; helicoids: 220, ex. 2 ; 
245, 83 ; orthogonal : 223, 11 ; par- 
allel: 289, ex. 19; ruled: 280, ex. 
1 ; ex. 2; tubular: #40, ex. 3 ; 
282, ex. ; see also Characteristic de- 
velopable surfaces, Envelopes, and 
Integral surfaces 

Symbolic polynomial : 118, 41 ; 116, 
42; 118, 43; divisor: 114,41; great- 
est common divisor : 113, 41 

Systems of differential equations : 60, 
26 ; 74, 31 ; 79, Note 1 ; covariant : 
80, Note 2 ; existence theorem : 
see Existence theorem; first inte- 
grals: see First integrals; general 
integral: 57, 26; integral curve: 
60, 26; invariant integrals: see 
Invariant integrals ; multipliers : 
74, 31 ; 81, 32 ; 85, 33 ; singular inte- 
grals : 208, 74 ; see also Integrable 
combination, Systems of homoge- 
neous linear equations, and Systems 
of non-homogeneous linear equations 

Systems of homogeneous linear equa- 
tions : 152, 56 ; adjoint system : 
156, 57 ; 166, 62 ; auxiliary equa- 
tion : 158, 58 ; canonical form : 
161, 59; 165, 61; 179, 65; con- 
stant coefficients: 157, 58; 160, 
58; (ITAlembertfs method): 161, 
58; fundamental system of inte- 
grals : 153, 56 ; periodic coefficients : 

164, 61 ; 166, 62 ; reducible systems : 

165, 62 ; relation to Jacobi's equa- 
tion: 163, 60; substitutions: 165, 61 

Systems of non-homogeneous linear 
equations: 154, 56; Cauchy's 
method : 154, ftn. ; existence theo- 
rem : 50, 23 

Systems of partial differential equa- 
tions : of first order : 272, 90 ; nor- 
mal form, general existence theo- 
rem : 283, 94 ; see also Existence 
theorems, Involutory systems, and 



Systems of homogeneous linear par- 
tial differential equations of the first 
order 

Systems of partial differential equa- 
tions, homogeneous linear equa- 
tions of the first order : 265, 88 ; 
independent equations: 265, 88; 
X[Y(f)]-Y[X(f)]: 266, 88; see 
also Complete systems 

Tannery : 139, ftn. 
Taylor : 35, 18 

Total differential equations : 51, 24 ; 
225, 78; 241, 83; 276, 91; Ber- 
trand's method : 232, 80 ; 290, ex. 21 ; 
completely integrable : 52, 24 ; 225, 
78 ; existence theorem : 51, 24 ; 
geometric interpretation : 227, 78 ; 
integral surface: 227, 78; Mayer's 
method: 229, 79; method of inte- 
gration: 225, 78; 232, 80; Pdx + 
Qdy + Rdz =0 : 230, 80 ; see also 
Condition of integrability 

Trajectories: 18, 7; 14,1; 34, 17; 
93, 36 

Transcendental critical points : 197,10 
Transformations : 82, 32 ; 83, 32 ; 
84, 33 ; admitting a group of : 89, 35 ; 
96, 36 ; of complete systems : 267, Si) ; 
covariants : 80, Note 2 ; Cremona : 
198, ftn.; extended group of : 94, 36 ; 
identical: 88, 34; 91, 36; infinites- 
imal : 86, 34 ; 91, 36 ; 93, 36 ; 98, 36 ; 
inverse : 89, 34 ; Legendre's : 16, 
itu.; oi linear equations: 115, 41 • 
162, 59 ; of Riccati's equation : 13, 
ftn. ; see also Groups and Invariants 
Tresse : 286, 94 

Tubular surfaces : 240, ex. 3 ; 282, ex. 

Unicursal quartic : 19, ex. 2 ; 205, 72 

Variation of constants : 107, 39 ; 109, 
ftn. ; 255, ftn. 

Weierstrass : 45, 21 ; 182, 48 and ftn. 
Weierstrass's elementary divisors : 

132, ftn. 
Wronskian : 129, 47 



